Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



PROPERTY OF 




Jmnms, 




«8'7 



ARTES SCIENTIA VERITAS 



ARTIFICIAL KLKCTRIC LINKS 



'M \m .h:itllllllll!^|iiiliillii M.Lil'M jy rtJHi!HliilllH!ii;^li 'mm 



McGraw-Hill BcK^kCompair^ 

Puj66cs/iers qfSooJos/br 

Electrical World TheEngineGiing and Mining Journal 
EngiaGGring Record Engineering News 

Railw^ A^ Gazette American Machinist 

Signal EnginQGr American Engneer 

Electric Railway Journal Coal Age 

Mptallurgical and Chemical Engineering Power 



ii!n;iii!W'!i';^if7^r:^'n'PH^w^wi^:B^T^MM!n^^ 



ARTIFICIAL 
ELECTRIC LINES 



THEIR THEORY, MODE 
OK COXSTRIC TION AND TSES 



BY 

A;'E. KENNELLY, A. M., Sc. D. 

PR0FEB80R OF ELECTHICAL KNUINEERINO, HAKVAKD UNIVEKttlTY AND 

THE MAMACHUSETTB INSTITUTE OK TECIINOLOQY; UIKECTOK 

RBSEABCH DIVISION OP ELEC. ENQ. DEPT.; PAST PRESIDENT, 

AM. INST. ELEC. ENORS.; PAST PRESIDENT, ILLUM. 

RNG. SOC; PAST PRESIDENT, INST. RADIO 

ENORS.; OENL. BECV., INT. RLEC. 

CONURKHH, ST. LOUIS 



First Edition 



McGRAW-HILL BOOK COMPANY, Inc. 

239 WFST 39T1I STRI:ET. NEW YORK 



IX)NDOX: HILL PUHLLSHIXO CO., Ltd. 

(i & S BOUVKKIH ST., K. C. 
1017 



. • " • . 



(^OPYRKJUT, 1917, BY THK 

Mc(iKA\v-JIiLL Book Company, Inc. 



TMf MA^'l.^ MWJ S', ^OWK PA 



PREFACE 

Artificial linos are now in practical use in various electrical 
industries; namely, in telegraphy, telephony, railway-track sig- 
nalling and power transmission. The principles, construction 
and tests of such lines are therefore important industrially. 

Artificial lines have already found their way, and are continu- 
ing to find their way, into the laboratories of engineering colleges, 
as aids to the class-room studies of electric transmission and dis- 
tribution. The laboratory-class student who actually measures, 
in the concrete, the electric behavior of such lines, has a great 
advantage over the student who merely studies the same phe- 
nomena, in the abstract, out of a book. Moreover, to a student 
who may be apt to apply Ohm's law too generally, the fact that 
the current entering a line, under a constant impressed alter- 
nating e.m.f., is frequently greater when the distant end is freed, 
than when the distant end is grounded, is apt to come as a para- 
dox and shock. A few tests on an alternating-current artificial 
line may quickly exorcise the mystery. The properties and utili- 
ties of engineering-laboratory artificial lines are therefore im- 
portant educationally. 

The engineering theory of artificial lines is far simpler in hyper- 
bolic functions than in any other quantitative terms. Hyper- 
bolic functions form the natural solution of the fundamental 
differential eciuations which all lines in the steady state neces- 
sarily obey. It is therefore important to develop the engineering 
theory of artificial lines in the direction of greatest simplicity. 
There is need. Engineering literature in the i)ast contains some 
terrible examples of complexity in the non-hyperl)olic theory of 
the subject. 

In applied math(»matics, generalized trigonometry is of enor- 
mous importance. Circular trigcmometry has hitherto claimed 
almost exclusive ccmsideration. A plea should l)e made for the 
beauty, simplicity and serviceability of hyper!)()lic trigonometry, 
in those regions wh(»re it naturally dominates. 

It is the hope and purpose* of this l)()ok to serve as a text-l)ook 
on artificial lines for engin(»(Ming-lai)(>rat()ry students, and also 
as a reference book for students of electric transmission gentMally. 

V 
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vi PREFACE 

The subject matter is a recent development of part of the con- 
tents of the author's earlier book on **The Application of Hyper- 
lx)lic Functions to Electrical Engineering Problems." Some of 
the propositions offered here rest upon demonstrations already 
presented there. 

A complete analysis and study of the behavior of electric lines 
would naturally include Iwth transient and steady-state phe- 
nomena. The work here presented is restricted almost entirely 
to the phenomena of the steady state. For this reason, no at- 
tempt, has been made to discuss the transient phenomena which 
occur on the artificial lines used in duplex t^^legraphy. 

The author desires to express his indebtedness to the Xew 
England Telephone and Telegraph Co. and to the General Rail- 
way Signal Co. and Mr. C. F. Estwick for pictures and data 
of their artificiid lines, also to Mr. H. F. Dodge. S. B.. M. I. T., 
for assistance in preparing illustrations throughout the book: 
also to Mr. P. L. Alger, A. M., S. B., M. I. T.. for assistance in 
the computations presented in Figs. 178 and 171>. and to Mr. C. W. 
Whitall, S. B., M. I. T., for assistance in the tests; also to Dr. 
F. A. Wolff of the Bureau of Standards, for suggestions. 

The author in this text is also under obligations to the writings 
and publications of many scientists antl engineers wlu»se names 
would make too long a list to permit of attempting an enumera- 
tion; but particularly to Heaviside and Fleming. 

It is hoped that the book may serve as a stimulus to the study 

of the electrical phenomena of line conduct* »rs, a graml. absorlv 

ing, and practically most important subject. 

A. E. K. 

Cambridge. M.\ss.. 
March, 1917. 
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ARTIFICIAL ELECTRIC LINES 

CHAPTER I 

DESCRIPTIVE OUTLINE OF ARTIFICIAL LINES, THEIR 
EARLY fflSTORY, AND THEIR USES 

An artificial electric line is a model line constructed of such 
materials, dimensions, and parts, so connected, that it shall at 
certain assigned terminals, be the electrical counterpart of a cor- 
responding imitated real electric line. When the artificial line 
is connected to suitable terminal apparatus, such as a generator 
at one end, and a motor at the other, the voltage, current and 
power, at its assigned terminals, will be respectively the same 
as the corresponding quantities on the imitated real line, similarly 
connected to the same terminal apparatus. 

The principal purpose of an artificial line is^ thus to furnish an 
electric model of a corresponding real line; so that the electrical 
behavior of the real line can be imitated by the model, in a man- 
ner suitable for either demonstration or observation in the labora- 
tory. Not only may the electrical behavior of a projected real 
line be predetermined from observations on its model in the labora- 
tory; but the behavior of an existing long real line may also be 
measured much more conveniently on a laboratory model, than 
is possible from simultaneous measurements at distant points on 
the real line. 

The behavior investigated may relate either to the steady state 
of electric flow over the line, or to the transient states of electric 
flow, during disturbances. Since, however, the steady state is 
much the easier to examine, and is much more thoroughly under- 
stood in the present state of engineering knowledge, we shall 
confine ourselves, in the main, to the study of the steady states 
of artificial and real lines. 

Artificial lines may be divided into two general types, namely: 

1. Smooth lines, or lines in which the linear constants are dis- 
tributed smoothly and uniformly throughout. Thus a smooth 
a.c. artificial line would have its resistance, inductance, capaci- 

1 



2 ARTIFICIAL ELECTRIC LINES 

tance and leakance all intimately associated and continuously 
distributed. 

2. Lumpy lines, or lines in which the linear constants are con- 
nected in successive lumps or localized units. Thus a lumpy a.c. 
artificial line would have alternate lumps of conductor impedance 
and dielectric admittance; t.e., alternate reactors in series and 
condensers in shunt. 

Smooth artificial lines have the advantage of being capable of 
imitating the electric conditions of real lines for all frequencies 
and transient conditions. Lumpy artificial lines have the ad- 
vantages of being much simpler, more compact, more durable, 
cheaper and easier to construct. They react differently, however, 
to different frequencies; so that either some correction, or some 
examination for assurance, is necessary to make certain that the 
electrical behavior of a lumpy line is applicable to the real line 
imitated. 

The theory of both real and artificial lines in the steady state 
naturally finds expression in hyperbolic functions. With the aid 
of these functions all the essential formulas are brief, easy and 
difficult to forget. Without them, the expressions to a like de- 
gree of precision are lengthy, ponderous and hard to remember. 
Examples of the contrast between hyperbolic and non-hyperbolic 
formulas will be presented, as occasion may serve, in the following 
pages.* 

Historical Outline of Artificial Lines. — The artificial line of 
series resistance and shunt capacitance first came into use as an 
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Fig. 1. — Varlcv artificial submarine cable uf 1802. 



adjunct of duplex submarine-cable telegraphy. In its first form 
it was a lumpy line with alternate lumps of resistance and 
capacitance, as represented in Fig. 1. A similar artificial line 
for duplex telegraphy was also employed by J. B. Stearns. 

In a later form, introduced by Messrs. H. A. Taylor and Alex. 
Muirhead, the artificial line for duplex submarino-cal)Ie toleg- 

* In partic\ilar, see page 1G3, at the end of Chapter X. 
t C. F. Varley, British Patent No. 3,453 of 1862. 



OUTLINE OF ARTIFICIAL LINES 3 

raphy was a smooth line* in which resistance and capacitance 
were distributed uniformly together, as shown in Fig. 2. The 
construction employed for effecting the distribution of resistance 
and capacitance is indicated in Fig. 3. The first or upper elec- 
trode sheet of each paraffined paper layer is cut out into the 
form of a grid of such dimensions that the resistance of the strip 
between its ends A and B is such as should be associated with the 

T T T T I 







Fio. 2. — Muirhcail smooth artificial cable of 1875. 

capacitance of the condenser. The second or opposing sheet 
electrode remains uncut. All the upper sheets in each box 
are then connected in series, and all the lower sheets in 
parallel. 

In the ordinary duplex system of land-line telegraphy, only a 
very crude model of the real line needs to be embodied in the 
artificial line, because the duplex balance is so crude, and the 
receiving instrument so relatively inscnsi- ^ 
tive to imperfections of balance. In the 
duplex system as applied to long submarine 
cables, however, the siphon recorder, or 
other receiver used, is relatively very sen- 
sitive to feeble current changes; so that a 
high degree of electrical symmetry is re- 
quired between the artificial and real 
cables at and near the sending ends. That 
is, the artificial cable must imitate the real I — I 



cable closely, not only in steady states, y\q. 3. 

but also throughout a large class of un- 
steady or transient states. A lumpy artificial line is, therefore, 
likely to be serviceable for submarine long-cable duplex balances 
only at a certain electrical distance from the sending end. Close 
to the sending end, it is important to have the artificial cable 
smooth and in close imitation of the real cable. Beyond the 
design of the artificial cable so as to attain the required degree 
of electrical imitation, the operation of duplex-cable telegraphy 

• H. A. Taylor and Alex. Muiruead, British Patent Xo. 684 of 1875. 



4 ARTIFICIAL ELECTRIC LLVA'.S' 

did not demand a knowledge of the quantitative relalions of 
artificial lines in the steady state. 

An artificial line with distributed resistance, inductance and 
capacitance was constructed by Prof. M. I. Pupin in 1898, and 



—Longitudinal soction of one coil of Pupin line conluiuinR r 
inductance and capacitunm 



measurements on it were published by him in 1899.* Th*! sec- 
tions of this line consisted of coils of insulated wire having tinfoil 
sheets between the layers. These tinfoil sheets, connected to- 
gether, formed one plate of a condenser, the other plate of which 




<H o! IT 



was formed by the insidated wire. A longitudinal section of one 
coil is shown in Fig. 4. One assemhiance of coils into an arti- 
ficial line is :*liown in Fig. 5. 

A smooth arlificial |K»wor-t runsinission lino with dislriliutcii 

• " I'roiKiKHlioii of Ixiiig Eleclricnl Whvpm," by M. I. Fri'is, Titui^. 
A. I. E. E., March, 1899, vol. xvi, pp. 93-142. 



OUTLINE OF ARTIFICIAL LINES 5 

resistance, inductance and capacitance is described in the 
A. I. E. E. Transactions for 1912,* as having been installed at 
Union College, Schenectady. Its electrical length is stated as 
being 130 miles (209 km.) of a one-wire line of No. 1 A.W.G. 
copper wire, with resistance 93.6 ohms, inductance 0.3944 henry 
and capacitance 1.135 mf. The wire. No. 8 A.W.G. copper, was 
wound on glass cylinders, in 240 turns per cylinder. On the 
inside of each such tube was a tinfoil layer forming the grounded 
side of the condenser. There were about 400 of these wound 




Fio. 6. — Unit tube of smooth artificial power line. 

glass tubes. Each tube was about 4^^ ft. (1.37 m.) long, and 
6 in. (15 cm.) in diameter, weighed complete some 40 lb. (18 kg.), 
and represented about 0.5 km. (0.3 mile) of the imitated line. 
The tubes were mounted on wooden racks, each about 9 ft. 
(2.74 m.) long, by 4^ ft. (1.37 m. wide) and 8 ft. (2.44 m.) high, 
occupying about 324 cu. ft. (9.15 cu. m.) and holding 100 tubes. 
The total space occupied was thus about 1,300 cu. ft. (36.8 cu. m.) 
with over 7,000 lb. (3,180 kg.) of copper wire. A unit tube is 
illustrated in Fig. 6. Such a line is particularly well adapted 
for the study of very rapid transient phenomena. 

*** Design, Construction and Test of an Artificial Transmission Line," 
by J. H. Cunningham, Trans. A. I. E. E., February, 1911, vol. xxx, part 1, 
pp. 245-256. 



CHAPTER II 

ELEMENTARY TRIGONOMETRICAL RELATIONS 
APPLYING TO REAL AND ARTIFICIAL LINES 

Before commencing the study of the electrical properties of 
artificial lines, it is important to define certain fundamental 
trigonometrical relations. 

Real Circular Angles. — ^Let a radius-vector OP, Fig. 7 start, 
with center fixed at 0, from an initial position 0.4, of unit length, 
on the reference line OX, and with its free end P on the circle 
APB defined by 

x2 + 2/2 = 1 (units of length) 2 (1) 

and sweep over or describe the circular sector AOP^ in the posi- 
tive or counter-clockwise direction. Then the circular angle of 
the sector AOP is determined by the area of the sector AOP, 
and may be expressed in circular radians. We may for conven- 
ience construct a negative sector AOpy equal in area but opposite 
in direction, to the sector AOP. Then the magnitude of the 
circular angle AOPy in circular radians, will be numerically equal 
to the area of the double sector POp. In the case represented 
in Fig. 7, the radius OA of the circle being say 1 in., the shaded 
double sector is drawn to enclose an area of 1 sq. in., and the 
angle of the circular sector AOP is, therefore, 1 circ. radian. A 
positive circular angle is one which is described from the initial 
line OA in the positive or counter-clockwise direction of rotation. 
A negative circular angle, on the other hand, is described in the 
negative or clockwise direction. Circular angles may be reck- 
oned from to either -|- or — infinity; but for practical purposes 
they are usually limited to 360° (27r radians or 4 quadrants), 
excess revolutions being ignored. 

Real Hyperbolic Angles. — ^Let a radius-vector OP, I'ig. 8, 
start with center fixed at 0, from an initial position 0.4, of unit 
length, on the reference axis OA", and with its free end P on the 
rectangular hyperbola, pAP, defined by 

x2 - y2 = I (units of length)^ (2) 
6 



TRIGONOMETRICAL RELATIONS 7 

sweep over or describe the hyperbolic sector AOP, in the positive 
or counter-clockwise direction. Then the hyperbolic angle of 
the sector AOP is determined by the area of the sector AOP, 
and may be expressed in hyperbolic radians. We may, for con- 
venience, construct a negative sector AOp, equal in area but 
opposite in direction, to the sector AOP. Then the magnitude 
of the hyperbolic angle A OP, in hyperbolic radians, will be numer- 
ically equal to the area of the double sector POp. In the case 
represented in Fig, 8, the radius OA of the hyperbola being say 
1 in., the shaded double area is drawn to enclose an area of 1 





Fig. 7. — Circular angle. 



FiQ. 8. — Hyperbolic angle. 



sq. in., and the angle of the hyperbolic sector AOP is therefore 
1 hyp. radian. 

A positive hyperbolic angle is one which is descril>ed from the 
initial line OA in the positive or counter-clockwise direction of 
rotation. A negative hyperbolic angle, on the other hand, is 
described in the negative or clockwise direction. Hyperbolic 
angles extend from zero to either -t- or — infinity. 
. Commoii Properties of Real Circular and Hyperbolic Angles. — 
It will be evident from the foregoing, that, in radian measure, 
the magnitudes of circular and hyperbohc angles are similarly 
defined with reference to the area of circular and hyijcrbolic w?c- 



8 ARTIFICIAL ELECTRIC LINES 

tors. A number of such geometrical analogies may be presented 
between circular and hyperbolic angles. One only may be 
noticed here; namely, that if the free end P of the radius-vector 
OPf Fig. 7, describes a very small circular arc ds, the magnitude 
of the very small circular angle thereby described is 

(iff = - = - = d,9 circ. radians (3) 

P 1 

where p is the unit length of the constant circular radius-vector 
OP. Similarly, if the free end P of the radius vector OPy Fig. 8, 
describes a very small hyperbolic arc rfs, the magnitude of the 
very small hyperbolic angle thereby described is 

ds 
do = - hvp. radians (4) 

p 

where p is the instantaneous length of the hyperbolic radius- 
vector OP.* The total circular or hyperbolic angle described in 
passing from one position to another of the radius-vector is, 
therefore, 

ff = 6 = I -' radians (5) 

J P 

but whereas p is constant in the circular case, it is variable in 
the hyperbolic case. In fact, if fi is the circular angle and 6 the 
hyperbolic angle of the hyperbolic segment AOP in Fig. 8, 

P = Vsec 2/3 =\/cosh 26 units of length (6) 

Thus, if we consider the case represented in Fig. 8, of a hyper- 
bolic angle of 1 radian, the circular angle fi of the aperture AOP 
is 0.65088 circ. radian, or 37° 17' 33.67". The secant of 74° 35' 07" 
is 3.762196, which is also the cosine of 2 hyperbolic radians. The 
radius-vector p in Fig. 8, therefore, has a length of 

\/3. 762196 = 1.93964 

unLts, the unit being represented by the length OA. 

Numerical Values of the Sines, Cosines and Tangents of Real 
Circular and Hyperbolic Angles. — Figs. 9 and 10 represent re- 
spectively a certain positive circular angle AOPy and a certain 
positive hyperbolic angle apo. The radius OA of the circle, and 

* For a demonstration of (4), see Appendix L of "The Application of 
Hyperbolic Functions to Electrical Engineering Problems." 



TRIGONOMETRICAL RELATIONS 9 

oa of the hyperbola, are each equal to unit length. In Fig. 10, 
OS and os' are the asymptotes of the hyperbola, or the two 
straight lines, each inclined 45® with the radius oa^ which the 
hyperbola continually approaches but never meets. Then, if we 
consider only numerical magnitudes, and ignore directions in 
the plane, we may find the sine, cosine and tangent of the two 
angles compared, fi and 6 respectively, by following the same con- 
struction in each case. 

To Find the Numerical Value of the Sine. — From the free end 
of the radius-vector, drop a perpendicular on the initial radius. 
The length of this perpendicular measures the sine of the 
circular or hyperbolic angle. In Fig. 9, it is sin /3 = PQ. In 
Fig. 10, it is sinh 6 = pq. The sine of a real circular angle 
cannot exceed unity, and changes sign twice per revolution. 
The sine of a positive real hyperbolic angle is always positive, 
and may range from to + « . 

To Find the Numerical Value of the Cosine. — The intercept 
on the initial Une OA, between the origin and the perpendicu- 
lar let fall from the free end of the radius- vector, measures the 
cosine of the circular or hyperbolic angle. In Fig. 9, it is cos 
fi = OQ. In Fig. 10, it is cosh d = oq. The cosine of a real 
circular angle cannot exceed unity, and changes sign twice per 
revolution. The cosine of a real hyperbolic angle cannot be 
less than unity, and is always positive. It ranges between +1 
and + oc . 

To Find the Numerical Value of the Tangent. — Carry a per- 
pendicular from the end of the initial radius (reversed for cir- 

cular angles between ^ and « ) up to the radius-vector or its 

production. The length of this perpendicular measures the tan- 
gent of the circular or hyperbolic angle. In Fig. 9, it is tan 
0= AT. In Fig. 10, it is tanh d = at. The tangent of a real 
circular angle may range between and ± oc . It changes sign 
twice per revolution. The tangent of a positive real hyperbolic 
angle varies between and +1. 

The rules for finding the numerical values of the same trigo- 
nometrical functions of negative angles are identical. Thus 
taking AOP^ and ap^o as the negative circular and hyperbolic 
angles, QP' and qp^ are their respective sines, OQ and oq their 
respective cosines, AT' and at' their respective tangents. In 



10 
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either case, the sine of a negative angle is the negative of the 
sine of the same angle positive; the cosine of a negative angle is 
the same as the cosine of the same angle positive; the tangent 
of a negative angle is the negative of the tangent of the same 
angle positive. 





Fio. 9. — Con- 
structions for the 
sine, cosine and tan- 
gent of a circular 
angle. 



Vuj. 10. — Constructions for 
the sine, cosine and tangent of 
a hyperbolic angle. 



Fig. 11 shows the graphs of the sines, cosines and tangents of 
positive real circular and hyperbolic angles. The circular angles 
are expressed in quadrant measure and the hyperbolic angles in 
hyf)erbolic radian measure. 

Reduction of Forx^ulas from Circular to Hyperbolic Trigonome- 
try. — From (482) and (483), we may write 

cos P = coshjp = cosh (— jff) = cosh numeric (7) 

if we assign to 6 the value 6 = — j/3, and similarly, 
sin /3 = — j sinh jp = j sinh ( — jp) = j sinh 6 numeric (8) 
also 

tan P = — j tanh J/3 = j tanh (— j(i) = j tanh 6 numeric (9) 
Any su(^h identity involving circular function.s in circular 



TRIGONOMETRICAL RELATIONS 11 

trigoDometry can be reduced to a corresponding identity in 
hyperbolic trigonometry, by substituting cosh 6 for cos fi, j ainh 6 
for sin 0, and j tanh d for tan 0. 
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;u1ar and hyperbolic functions. 

Thus, taking the well-known identity in circular trigonometry: 

cos'i3+ sin'jS = 1 (10) 

we have cosh' 6 + j' sinh' 9=1 

or cosh'ff - 8inh*fl = 1 (11) 

which is the corresponding hyperbolic identity. Again, 

Bin {/3, + /3j) = sin /3, cos /3j + cos ^, sin &■<. (12) 

whence 

jsinh (fli + flj) = jsinh tf, oush flj + cosh 9i jainh flj 
or sinh (fli + 9j) = ainh fl, cosh ffj + cowh ff, sinh flj (13) 
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Similarly, 

cos (01 + 02} = cos /3i cos 02 — sin 0\ • sin 02 (14) 

whence 

cosh (^1 + ^2) = cosh ^1 cosh O2 — j sinh ^1 • j sinh ^2 
or cosh (^1 + ^2) = cosh ^1 cosh 62 + sinh ^1 sinh 62 (15) 

In this manner, any transformation formula involving sines, 
cosines or tangents in circular trigonometry, can be immediately 
converted into the corresponding formula of hyperbolic trigo- 
nometry; so that it is not necessary to learn independently the 
formulas of hyperbolic trigonometry, in order to deal quantita- 
tively with real or artificial electric lines. 

A list of circular and hj'perbolic formulas is given in Appendix 
A, for reference. 

Geometrical Interpretation of the Exponentials ^^ and €~^^, — 
If we expand ^^ by Maclaurin^s theorem, we obtain 

« 1 -I-JP -r 2! -f- 3! -f- 4! ^ 5! ^ 

.... numeric (16 

\ 2!'^4! • • • /"^-^r 3! "^ 5! • • / 

= cos + j sin numeric (17) 

Thus if we construct, as in Fig. 12, cos + j sin /3, we obtain a 
plane vector or complex quantity OP, of unit length, making a 
circular angle radians with the initial radius OA. The ex- 
ponential €^^, applied to any numerical quantity, thus leaves 
the numerical value of that quantity unchanged, but rotates it 
about the origin through a positive angle of radians. Simi- 
larly, €~'^ = cos — jsin /3; so that OP'^ Fig. 12, would repre- 
sent such a quantity. The coefficients t^^ and e"-'^ therefore 
modify only the polar circular angle, or "slope" of the quantity 
to which they are applied, and may be regarded as twisting 
operators. • If /3 is taken large enough, the oiiorator €*''^ may 
cause the operand to be rotated many times about the origin 
in the plane of reference. 

An exponential of the form e"'"', where / is an elapsed time in 
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seconds, is a rotor which causes the operand to rotate positively 
about the origin in the plane of reference at the velocity of w 
radians per sec. Similarly, €~^"' is a rotor in the clockwise or 
negative direction. 

Geometrical Interpretation of the Exponentials 6^ and e"^, — 
If (Fig. 13) we draw the Cartesian axes OX, OY through the origin 
0, in the plane of reference XOF, and draw through a point A, 
whose coordinates are a: = 1, !/ = 1, a rectangular hyperbola of 
radius OA, having OX and OF as asymptotes, then a radius- 
vector OPf starting from the initial position OA, with one end 
fixed at 0, sweeping with its free end P in the positive direction 




Fio. 12. — Graphical representation of the exponential e^^^ in relation to an 

angle of ±/3 circular radians. 



over the hyperbola, will describe a hyperbolic angle $, measured 
by the area through which it has swept. The projection p of 
P, on the Y axis, will then measure €* units of length from 0. 
In Fig. 13, the successive positions of P for hyperbolic angles, 
differing by 0.1 hyp. radian, arc indicated on the curve up to 
^ = 1.2 hyps., with the corresponding exponentials e^ indicated 
on OY. 

Similarly, if the radius-vector, starting from OA moves clock- 
wise or negatively along the curve AP'Q\ describing an angle 
— d hyp. radians, the corresponding projection p' on OY will be 
Op' = €~' units from O. 

An exponential e**, may thus be interpreted as the orthogonal* 

* An orthogonal projection is defined ius a projection iiuide perpendicularly 
to the line or plane of projection. 
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projection of the free end of a radius-vector which has described 
a hyperbolic angle ± 6 radians. 

Again, an exponential €-"', where t is an elapsed time in 
seconds, may be interpreted as the orthogonal projection of the 




Fig. 13. 



free end of a radius-vector moving over a rectangular hyperbola, 
with uniform angular velocity a hyp. radians per sec. describing 
equal areas in equal times. 



CHAPTER III 

TRIGONOMETRICAL PROPERTIES OF REAL 
CONTINUOUS-CURRENT LINES 

Every c.c* line, operated in the steady state, possesses two 
essential electrical properties, namely: (1) conductor resistance, 
and (2) dielectric leakance. Uniform c.c. lines have constant 
linear resistance, i.e,, constant conductor resistance in ohms per 
mile, or per kilometer, or other selected linear unit; and also con- 
stant linear leakance; i.e., constant insulation leakance in mhos 
per mile, per kilometer, etc. Strictly speaking, in no actual line 
are these linear constants ever completely uniform. The re- 
sistance of equal lengths of conductor are never precisely equal, 
if only owing to accidental variations of temperature; or of con- 
ductor diameter; or of material quality. The dielectric leakance 
is still more liable to vary, over a certain range, along a line, if 
only owing to variations of temperature, humidity, dimensions 
and quality of the insulator. Nevertheless, if we consider any 
section of actual line having uniform dimensions and structure, 
we may, if the line is not defective or faulty, regard it as though 
it possessed a certain average linear resistance and average linear 
leakance. The more nearly the line conforms to these average 
values, the more nearly should its actual electric behavior con- 
form to the behavior computed on the basis of the said[ averages. 
Unless we are entitled to assume some average linear constants 
from statistical knowledge of the line, we are debarred from mak- 
ing any logical quantitative estimate of the line's behavior. 
If the line is composite y i.e., if it consists of a plurality of succes- 
sive sections, each having its own linear constants, the behavior 
of the line can be predicated by taking each section into separate 
account (see Chapter XIV). If the line is discontinuous, in the 
sense of having a uniform section or sections, except at particular 
points where definite deviations or loads occur, such as an in- 
serted resistance, or a known applied leak, then the effects of 

*The contraction c.c. stands for continuous-current and a.c. for alter- 
nating-current. 

15 



16 ARTIFICIAL ELECTRIC LINES 

these loads can be taken into separate aecount (see also Chapter 
XIV). 

Hyperbolic Angle of a Line. — Consider the case of a single 
uniform line of length L kvt., such as is represented in Fig. 14, 
having a total actual aggregate conductor resistance oi R = Lr 
ohms, where r is the linear resistance in ohms per wire kilometer, 
also a total actual aggregate dielectric leakance of G = Lg mhos, 
where g is the linear leakance. The number of leaks may be re- 
garded as very great, and sufficiently uniform, so that the leak- 
ance of each or any particular kilometer of line is substantially 
constant at g mhos. Then the line will subtend or contain a 






' = Vrg 



(19) 



Fio. 14. — Diagram of a. smooth single-wire line. 

hyperbolic angle, 6, as is demonstrated in the next chapter, and 
which is defined by the relation 

9 = Ls/rg = La = y/liG hyp.* radians Z (18) 

Here the linear hyperbolic angle of the line is 

hyp. radians 
km. 

a is also failed the attenuation conslant, or the propagation con- 
stant of the line. It should be noted that the unit of length does 
not affect the value of 6. In other words, the angle subtended by 
any uniform line is independent* of the unit of length; but the 
attenuation constant a is directly dependent on the unit of length; 
so that if T and g are respectively the resistance and leakance of 
the line per wire mile, then a will l)c 1.609 times larger than if t 
•The aiiti;'^' "'It" Z in nppondi-d tii thp unit of tliis iinrl iitluT following 
furmuliu< to inilicuti- that nIthouKh, in the r.r. cahc, the units iirc i^iwt'ntially 
real, yet Ihey may be Kgiinled as ronipbx or plane vector units in the 
general a.c. cuhi'. 
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and g are taken with reference to the wire kilometer. On the 
other hand, the angle ^ of a line increases directly as its length, 
whereas the linear hyperbolic angle a is a characteristic of a 
given type of uniform line and has the same value whether the 
line is long or short. 

As an example, let us take the case of a line of L = 200 km. 
(124.3 miles), r = 4 ohms per wire km. (6.437 Q/w.m.) and g = 
10-« mho^ per wire km. (1.609 X lO"* U/w.m.). Then a = 
\/4 X 10"^ = 0.002 hyp. per km. This is the linear hyperbolic 
angle, or the attenuation constant. The angle subtended by 
the whole line {R = 800 ohms, G = 2 X 10"* mho) is ^ = 
\/800 X 2 X 10~* = 0.4 hyp. radian, which is also equal to 
the length multiplied by the linear hyperbolic angle. 

Significance of the Term Linear Hsrperbolic Angle or Attenua- 
tion Constant. — A physical interpretation which may be placed 
upon a, the linear hyperbolic angle of the line, is that when the 
line is very long, either the current or the voltage, at the end of 
any selected kilometer length, is €~" of that existing at the be- 
ginning of that kilometer length. In other words, the linear 
attenuation factor is the numeric €~". If V is the potential in 
volts at any point on the line, in the steady state, then the 
potential 1 km. further along the line in the direction of flow of 
energy is Vi = TV" volts. Similarly, the current being / amp. 
at the same point, the current 1 km. further on is /i = /€~" amp. 
If, as is necessarily the case in practice, the value of a is small 
with respect to unity, since 

€~" = 1 — a + f.. — ,..+ . . . numeric Z (20) 

^ I o\ 

a} 
we may, for most practical purposes, neglect the term ^f and 

all its successors, 

so that Vi = V{\ - a) volts Z (21) 

and /i = /(I - a) amp. Z (22) 

Thus, in the case considered, a = 0.002 and 

]', = T^l - 0.002) = 0.998 r volts, 

or the voltage falls by 0.2 p(»r cent., or 0.002 per unit, in each 
kilometer of line length. The linear hyperbolic angle is thus the 
perunitage of attenuation, of either voltage or current, in a line 

2 
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that is so long that there is no appreciable reflection from the 
distant end. If the line is short, the steady-state linear attenua- 
tion factor will, in general, differ from a. In such a case the 
actual linear attenuution factor differs from the normal linear 
attenuation factor €~». 

Normal Attenuation Factor. — A line of large real hyperbolic 
angle 6 is necessarily a line of large attenuation, or one in which 
the current received at the distant delivery end is very weak 
with respect to the current at the generator end. If the line is 
grounded at the receiving end through a resistance equal to the 
"surge resistance*' (see page 45), then the attenuation of voltage 
and of current will be €"'" = €~*; so that if the potential and cur- 
rent at the generating end A are respectively V^ and I a, the 
values at the receiving end, B, will be 

Vb = Va^-' volts Z (23) 

and Ib = Ia^~^ amp. Z (24) 

The ratio €~^ = c~^" of received to generated voltage or current 
is called the normal attenuation factor of the line. In the case 
considered, this normal attenuation factor is €""•'*= 0.6703; 
so that the percentage value of the generated current and vol- 
tage received at the distant end is 67.03; or the perunitage value 
0.6703. The normal attenuation factor of a line may, therefore, 
be defined as equal to the perunitage value of the gemmated cur- 
rent or voltage received at the distant end of the lino, when the 
line is grounded through its normal surge resistance. If the line 
is actually grounded through a resistance other than the surge 
resistance, the actual attenuation factors of voltage and current 
Vb/Va and Ib/Ia, respectively, will, in general, differ from each 
other and from the normal attenuation factor €"^. 

Surge Resistance. — A uniform line of linear conductor re- 
sistance r ohms per wire km., and linear dielectric loakance g 
mhos per wire km., possesses a surge resistance ro which is the 
square root of their ratio 

To = \' ohms Z (25) 

\g 

This resistance is not affected by the length of tlie uniform line. 
If we consider a length L km. of the hne, having a total conductor 
resistance R = Lr ohms, and a total dielectric Icakance G = 
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Lg mhos, the square root of their ratio will still be the surge 
resistance 

This resistance has been called various names by various writers, 
such as the "characteristic resistance/' the '* natural resistance/' 
or the "iterative resistance/' Any of these terms may be used. 
The term surge resistance has the advantages of brevity and dis- 
tinctiveness. It was first applied* as meaning that resistance 
which a line automatically offers to its surges or free oscilla- 
tions at the high-frequency limit, see formula (371). A physical 
meaning may be given to the term by noticing that, as will be 
shown later, the resistance which a uniform wire of indefinitely 
great length offers, between the home end and ground, is always 
equal to the surge resistance ro, whether the distant end is 
free, grounded or in any intermediate condition, assuming that 
the line is devoid of e.m.f. before applying the measuring appa- 
ratus. But although the surge resistance may conveniently 
be defined as the resistance offered by an infinite length of the 
uniform line considered, it should be remembered that any 
finite length of the line possesses a surge resistance, and the same 
surge resistance in all parts. Another way of presenting the 
same fact is that if for any length of the uniform line considered, 
we take the conductor resistance R = Lr, and the resistance 
corresponding to the total leakance G = Lg, then calling this 
equivalent leak resistance 

/?' = J, ohms Z (27) 

KJ 

the surge resistance will always he the geometrical mean of R and R\ 
or 

ro = y/RR' ohms Z (28) 

If the length L is great, the value of R will be large and that of R' 
small; while, on the contrary, if the length is short, 72' will be 
large and R small; but their geometrical mean ro will not change. 
Moreover, if the uniform line of an>; length L km. be suc- 
cessively freed and grounded at the distant end, its resistance to 
ground as measured at the home end will be say Rf and Rg ohms 
respectively. Then, as we shall see later, the geometrical mean 

•"Surges in Transmission Circuits" by A. ¥j. Kennklly, Electrical 
World, Nov. 23, 1901. vol. xxxviii, No. 21, pp. 847-849. 
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of these two resistances, if correctly measured, will always be 
equal to the surge resistance ro ohms, no matter what the length 
of line; or 

ro = VR/'Rg ohms Z (29) 

Single-wire and Two-wire Lines in Relation to a, 6 and ro- — 
We have hitherto considered only single-wire d.c. real lines using 
ground return, such as those used in ordinary wire telegraphy. 
We shall now examine two-wire lines forming a metallic circuit, 
such as are used in ordinary wire telephony. 

In Fig. 15 a two-wire or metallic circuit is indicated as being 
voltaged at one end with an e.m.f. E,, volts at battery terminals, 
and being loaded at the other end with a resistance R,, ohms. 
A single kilometer length of this circuit ab 6'a' is selected from this 
line circuit for examination. Let the linear resistance of this 
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Fig. 15. — Two-wire line with 
metallic circuit. 
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Fio. 16. — Two-wire line divided into 
two single-wire lines, each with perfect 
ground return circuit. 



pair of wires be r,, ohms per loop km., and let the linear leakance 
be g,, mhos per loop km. Then, if the system is completely sym- 
metrical, it is clear that there will be zero potential at the middle 
of the battery, and also at the middle of the load resistance. 
No electrical change can l)e made in the system by connecting 
either or both of these zero-potential points to ground. If they 
are both perfectly grounded, the system may properly be divided, 
as in Fig. 16, into two entirely separate and ecjual parts, AB and 
A^B\ each employing perfect ground-return circuit. The ter- 
minal voltage at A and also at A' will be E, = E,j2; while the 
terminal rec(4ving-end load resistance at B and also at B\ Fig. 16, 
will be R, = R,,/2. In the selected kilomet(»r of Fig. 16 there will 
be in each circuit a conductor resistance of r, = r,,/2 ohms; 
while the leakance to ground will be g' =2g" mhos, since two 
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equal conductances in series produce a total conductance one-half 
of either taken singly. 

The linear hyperbolic angle of either ah or a'V in Fig. 16 will 
be y/r,g, radians per km.; while that of the loop kilometer abb'a' 
in Fig. 15 will be 



ct,, = \/T\,g„ = J2r, . ^' = Vr,g, = a, radians per km. Z (30) 

It is evident that the linear hyperbolic angle will be the same 
whether reckoned on a loop-kilometer or on a wire-kilometer 
basis. 

As an example, a two-wire line may be considered having a lin- 
ear resistance r,, = 10 ohms per loop km., and a linear leakance 
flf,, = 4 X 10~^ mho per loop km. Then, if the system were split 
into halves as in Fig. 16, we should have two ground-return sys- 
tems in each of which the linear resistance was r, = 5 ohms per 
wire km., and a linear leakance g, = S X 10~^ mho per wire km. 
The linear hyperbolic angle on the two-wire basis would then be 
a,, = VlO X 4 X 10-' = 0.002 radian per loop km. ; while on the 
single-wire basis it would be a, = \/5 X 8 X 10"' = 0.002 
radian per wire km. It is evident that the linear hyperbolic 
angle would be the same for either case. 

It, therefore, follows that since 

S,, = La,, = La, = S, hyp. radians Z (31) 

the total hyperbolic angle 6 subtended by a uniform two-wire 
line is the same as that subtended by either of the two single-wire 
lines into which it might be resolved. 

If we form the surge resistance of the two-wire line based on 
formula (26) with the data for 1 loop km. we have 



ro,. = J"= 1^'' =2J'"'=2ro, 



ohms Z (32) 



from which it appears that the surge resistance of a two-wire line 
is just double that of either of its single-wire components. This 
simple relation is easily borne in mind, if we notice that the two- 
wire circuit of Fig. 15 has twice the terminal e.m.f. of either com- 
ponent single- wire circuit of Fig. 16; so that with twice the ter- 
minal voltage the same current would flow through the doubled 
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surge resistance of Fig. 15 as with the single voltage and single 
surge resistance of Fig. 16. 

In the case considered, the two-wire surge resistance would be 

while the single-wire surge resistance of each component circuit 
in Fig. 16 would be 

To, = yj^ ^ jQ_-7 = 2,500 ohms 

We, therefore, conclude that when a two-wire circuit is under 
consideration, it is a matter of indifference whether we form the 
angle 6 and surge resistance ro of the line from either loop-kilo- 
meter or from wire-kilometer constants, provided we adhere to 
one or the other set throughout. The values of 6 and of a for 
the line will be the same in either case. The value of ro will bear 
a simple and self-evident 2 to 1 relation. Since, however, single 
wires are easier to represent and to carry in the mind than double 
wires, we shall continue to discuss only single-wire lines with per- 
fect-ground or zero-potential return circuit, on the understanding 
that the results obtained are immediately applicable to two-wire 
or metallic-circuit lines. As for three-wire three-phase circuits, 
they are very commonly treated in single-wire star-branch single- 
phase components for general analysis; so that the single- wire 
mode of representation conveniently applies to them also. 
Since there is no numerical distinction between 6, and 6^, or 
between a, and a,,, we shall drop these subscripts, and employ 
only the symbols S and a. Similarly, we shall continue to use ro 
in preference to ro, for the surge resistance of a single-wire uniform 
line. 

Fundamental Constants of a Real Line. — In the theory of elec- 
tric lines, the line angle 6 with its linear value 6/L = a, as well as 
the surge resistance ro are to be regarded as the fundamental 
constants; while the resistance and Icakanco of the line, together 
with their linear values, are secondary constants which readily 
follow. Thus 

r = aro ohms per wire km. Z (33) 
g = a/ro mhos per wire km. Z (34) 
also 

R = ^ro ohms Z (35) 

G = e/ro mhos Z (36) 
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Having postulated the relations between these fundamental 
constants of a real line, we shall proceed in the next chapter to 
demonstrate these relations in the theory of real lines, as a pre- 
liminary step to demonstrating their corresponding relations to 
the theory of artificial lines. 



CHAPTER IV 

THE STEADY-STATE DIFFERENTIAL EQUATION OF A 

UNIFORM REAL LINE 

The Fundamental Dififerential Equations. — The differential 
equations of potential and current on a real uniform line, in the 
steady a.c. state, were given by Heaviside, with their algebraic 
solutions, in 1887; although the solutions offered were very lengthy 
and unserviceable.* The following presentation relates to the 
c.c. case, but applies also to the a.c. case, when the mathematical 
reasoning is extended from real to complex quantities, in a man- 
ner to be considered later. 
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Fio. 17. — Longitudinal sort ion of an element of leaky conductor. 

Fig. 17 represents the longitudinal section of a short length 
of single-wire uniform cable conductor, with a metallic conductor 
PQ insulated from the grounded metallic sheath PiQi, P2O2. 
Two neighboring parallel planes PiPo, O1O2, dx km. apart, cut- 
ting across the cable perpendicularly, are indicated by the dotted 
lines. The plane PyP^ is at a distance x km. from the origin of 
the line on the left hand, not shown on the drawing. The plane 
Q1Q2 is therefore at a distance ol x + dx km. from the origin. 
The electrical conditions at the origin, and at the distant right- 

* The Electrician^ London, January-February, 1887; Reprinted in "Elec- 
trical Papers" by Oliver Heaviside, Ltmdon, 1892, vol. ii, pp. 247-250. 
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hand end, of the line are not known, but the potential of the con- 
ductor PQ is V volts, at the point P, with respect to ground. 
The current in the conductor is also / amp. at the point P. 
This current is flowing from P to Q, or in the direction of increas- 
ing X, 

Then the potential at Q will be V + dV volts. The reason 
for the change of voltage in dx is the drop of potential in the 
conductor impedance. If r be the linear conductor impedance 
(linear resistance in the d.c. case), in ohms per kilometer, the re- 
sistance of the element of conductor is rdx ohms Z, and the 
change in potential from P to Q will be: 

» 

dY = - Irdx volts Z (37) 



or 



dV 
dx 



= "Ir 



volts 
km. 



^ (38) 



The current at P, or at x km. from the origin, being given at 
/ amp., the current at Q, or x + dx, will be / + d/ amp. The 
current will change between P and Q, owing to dielectric leak- 
ance. If g be the linear admittance of the dielectric in mhos 
per kilometer (a real leakance in the d.c. case), the total leakance 
of the element PQ will be gdx mhos Z, and the change of current 
in dx is. 



rf/ = - Vgdx 
dl 



dx 



= - Vg 



amp. Z 

amp. 
km. 



If we differentiate (38) and (40), each with respect to x, 

obtain 

dW dl volts , 

^ — T Z 

dx^ dx. km.* 



and 



rf2/ ^ ^ dV 
dx^ ^ dx 



amp. 
km.* 



Substituting (40) in (41), and (38) in (42), we find 



d'V .r 

dx^ = ^'"•^ 



and 



r/2/ 



dx' 



.> = gr-l 



volts 
km. 2 

amp. 
km.* 



39) 

40) 

we 

41) 

42) 



43) 



44) 



Graphical Relations. — E(iuations (38) and (40) show that if 
we plot, for any d.c. case, tlie voltage and the current as ordi- 



( 
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nates, against the distance x as abscissas, in the manner indicated 
in Fig. 18, where VjV is the curve of potential and /,/ the curve 
of current along the Hne, then if the gradients of these eurv'es 

are plotted, as in the broken curves, the gradient of V, or , » 

is the same, when taken to a suitable scale of ordinates, as the 
/,/ curve negatived, and similarly for the gradient of /. 
These relations must hold, in view of (38) and (40), whatever 
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Fio. 18. — Graphs of potential and current and their gradients. 



may be the terminal conditions of the line considered. Morc- 

dV dW 

over, if we plot the gradient of the , curve, or , > we repro- 
duce the V curve to a suitably selected scale, and if we plot the 
gradient of the , curve, or , » we reproduce the / curve to 

another particular scale. 

In the case represented by Fig. 18, a single- wire uniform line 
of length L = 200 km. (124.3 miles), is freed at the distant end, 
and connected at the home end x = 0, to a potential V'o = + 100 
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volts, supplied by a storage battery, whose negative pole is 
grounded. The linear constants of the line are r = 10 ohms 
per wire km. (16.09 ohms per wire mile), and ^ = 0.4 X 10~' 
mho per wire km. (0.6436 X 10~® mho per wire mile). The 
total resistance of the conductor is thus 2,000 ohms, and the total 
leakance 0.08 X 10~' mho, corresponding to a line angle 6 = 
0.4 hyp. radian, an attenuation constant a = 0.002 hyp. radian 
per km., and a surge resistance r© = 5,000 ohms. 

Table I 

Particulars Relating to a Line of d = 0.4 Hyp. and ro = 5,000 Ohms 

Freed at Far End 
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5.6337 


56.337 38.678 


386.78 


22.535 


75 


125 


0.25 


1.03141 


0.25261 


95.406 


4.6734 


46.734 


38.163 


381.63 


18.693 


100 


100 


0.20 


1. 02007 ;0. 20134 


94.357 


3.7247 


37.247 


37.743 


377.43 


14.899 


125 


75 


0.15 


1.01127 


0.15056; 93.543 

1 


2.7854 


27.854 


37.417 
37.1J85 


374.17 


11.142 


150 


50 


0.10 


1.00500 


0.10017 92.964 


1.8531 


18.531 


> 

371.85 


7.412 


175 


25 


0.05 


1.001250.05002, 92.616 


0.9254 


9.254 


37.047 


370.47 


3.702 


200 





0.00 


1.00000 0.00000 92.501 


0.0000 


0.000 


37.000 


370.00 


0.000 



The preceding table shows the values of the voltage, current, and 
their respective gradients, at various distances along the line. 
Distances x km. from the home end appear in the first column, 
with corresponding distances L2 from the far end, in the second 
column. 

Fig. 18 gives the graphs of the values contained in the last six 
columns. The voltage curve, or catenary FF, falls from 100 at 

-4, to 92.501 at B, The descending or negative gradient, dV/dx, 

dV 
of V, is given by the broken ascending line marked , , which 

commences at — 75.99 millivolts per km. at -4, and ends in zero 
at B. This curve is the image, or negative counterpart, of the 
/,/ curve of current, which falls from 7.599 milliamp. at -4, to 
zero at the open end B. The lowest and broken curve, marked 

,-' is the graph of the gradient of / and is the image or negative 

counterpart of the V curve. 
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If we plot the values of j 2 from the last column of Table I, 

in Fig. 18, i.e., the gradient of , ' we should reproduce the /,/ 

current curve, provided that we take the full ordinate Aa, as 

dW 
40 X 10"* amp. per km.^ Similarly, if we plot -f-^ from the 

dV 
preceding colurhn of the table, or the gradient of -1— » we should 

reproduce the potential curve, provided that we take the full 
ordinate as 400 microvolts per km^. The change of scale is 
represented by the factor gr in (43) and (44). 

Expressing (38) and (40) in words, we may say that on any 
uniform c.c. line, in the steady state, whatever the terminal 
conditions may be, the voltage and current at any point are always 
so related that the local gradient of the one is proportional to the 
local value of the other. Moreover, including the disclosures of 
(43) and (44), at any point, the gradient of the gradient, of the 
potential or the current, either one, is always proportional to the 
local value of the same. If the current /, say, falls in a certain 
distance to one-half, the gradient of the potential falls likewise 
to one-half, and the gradient of the gradient of / also falls to one- 
half, in the same distance. We shall see that corresponding con- 
ditions apply in the a.c. case. 

Overhead Aerial Lines with Their Multiple Segregated Leaks. — 
The type of cable conductor indicated in Fig. 17 may be regarded 
as having continuously distributed leakance, such as is con- 
templated and required in the reasoning of equations (37) to 
(44). In the case of an overhead aerial-line conductor, such as 
a telegraph wire, supported on insulators, spaced say 25 to the 
kilometer, or 40 to the statute mile, it is evident that the leak- 
ance is no longer strictly continuous, but occurs in little lumps 
40 m. apart, and that these individual leaks are usually far from 
being all alike. However, actual tests show that except where 
faults or localized leak-disturbances interfere with the law of 
averages, an aerial-line conductor normally behaves substantially 
as though it had strictly continuous leakance. In other words, 
the deviation from theory in the observed properties of a not very 
short line, due to lumpiness, is ordinarily insignificant, when the 
lumps of leakance are only a few dekameters apart. 

Primitive Equations, or Complete Solutions of the Funda- 
mental Differential Equations. — Equations (43) and (44) arc 
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the essential and fundamental differential equations for V and / 
on a uniform line in the steady state. Being of the second order, 
we must expect that the complete solution of either one will con- 
tain two arbitrary constants, to meet the terminal conditions of 
any particular case. Moreover, since these two equations are 
identical in form, their solutions must also be identical in form. 
Taking (43), the solution is* 

V = A„ cosh (\/gr ' x) + B^ sinh (\/gr • x) volts Z (45) 

where V is the potential at point x; while Av and B^, are the 
two arbitrary voltage constants. In view of (19), this may 
be written 

V = Av cosh ax + Bv sinh ax volts Z (46) 

Or, we may use the transformation of (506), Appendix -4, and 
put 

V = A'r cosh {ax + A') = A'\ sinh {ax + A") volts Z (47) 

Either (46) or (47) may be regarded as the complete solution 
of the fundamental differential equation (43), and, by differ- 
entiating either twice, we can obtain (43). In (46), we have V 
expressed as the sum of two hyperbolic functions, each involving 
an arbitrary or condition-satisfying coefficient. In (47), we have 
V expressed as a single hyperbolic function with one arbitrary 
coefficient; but the hyperbolic angle includes another arbitrary 
constant, which is a condition-satisfying hyperbolic angle. In 
c.c. cases, there is usually but little choice between these two 
forms of the primitives (46) and (47) ; but in a.c. cases, we shall 
see that (47) is ordinarily the easier to compute with. 

From the type identity of (43) and (44), we may infer that 
there is a corresponding pair of equivalent solutions of (44), 
namely: 

/ = Ai cosh ax + Bt sinh ax amp. Z (48) 

or 

/ = A^i cosh {ax + A,) = -4"i sinh {ax + A,,) amp. Z (49) 

where / is the current at any point x along the line, i4„ /?,, A^i, 
and A"i are condition-satisfying currents in amperes; while 
A, and A,, are condition-satisfying hyperbolic angles. 

Another form of primitive equation which satisfies the funda- 

• O. Heavihide, ''Electromagnetic Theory," 1893, vol. i, p. 451. 
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mental differential equation (43), and which may be obtained 
by transformation from either (46) or (47) is 

V = A'\ 6"' + B'\ €- -' volts Z (50) 

with a similar expression for /; but except in the case of indefi- 
nitely long lines, or of ordinary lines behaving as such, by being 
grounded through a load equal to their surge resistance-, this 
exponential form does not lend itself to computation so well as 
the hyperbolic forms. 

Evaluation of the Arbitrary Constants in the Primitive Equa- 
tions. — The assignment of particular values to the arbitrary con- 
stants in the primitive equations (45) to (50), in order to meet a 
given set of terminal conditions, ordinarily requires that both 
the current and the potential shall be given at one end of the 

4 f 

^ 
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ViG. 19. — Line loaded at tlic motor end. The potential and current at the 

generator end arc given. 

line. If we consider a line AB, Fig. 19, we may suppose that .4 
is the generator end, and B the motor end of the line; so that, in 
the steady state, electrical energy shall flow from A to B. In 
order, therefore, to reduce any of the primitive equations (45) 
to (50) to a definite arithmetical basis, we need, in general, to 
know either Va and /^, the potential and current at A; or else 
Vb and /a, the potential and current at B. While, theoretically, 
it would suffice to have one of these data from the A end, and the 
other from the B end, yet, from a practical standpoint, this 
would be an unlikely condition. Although two terminal data 
from one end, therefore, arc sufficient for tlio evaluation of the 
two arbitrary constants of any of the primitive equations (45) 
to (50), yet we shall see that if we know the terminal motor load; 
i.e., the impedance at the receiving end B, only one* other datum, 
say the potential or current at either A or B, is needed for the 
complete solution of the case. 
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Evaluation from Data at the Generator End. — Taking first the 
case where the i4-end potential and entering current I a are given, 
let AB, Fig. 19, be any uniform single-wire line, with an impressed 
potential of Va volts at A, as observed by voltmeter F, and with 
any load whatever of a ohms at B. This load may also contain 
any steady counter e.m.f. Let the steady current entering the 
line at A observed on the ammeter / be Ia amp. then let the 
voltage be required at the point P, distant x km. from A, The 
uniform linear constants r and g of the line are supposed to be 
known; so that the linear angle a hyp. radians per km. is found 
by (19). Then the angular distance of the position P from A 
is di = ax hyp. radians. We may therefore, write the primi- 
tive equation (46) in the form 

Vp = Av cosh $1 + Bv sinh ^i volts Z (51) 

Since the distance x is here quite arbitrary, we may assign to it 
the particular value x = 0, which means moving the point P 
up to the end Aj where the potential is Va volts by hypothesis, 
and the distance angle 6'i = 0; so that we have: 

Va = A„ cosh + By sinh volts Z (52) 

But cosh = 1, and sinh = 0; so that Av = Va, and if this 
happens when x = 0, it is evident that it must happen in (51) 
for any value of x. Hence, rewriting (51) 

Vp = Va cosh $1 + Bv sinh ^i 

= Va cosh ax + Bv sinh ax . volts Z (53) 

If we differentiate (53) with respect to x, we have 
, = aVx sinh ax + aJ5„ cosh ax 

= aVA sinh Si + aB„ cosh ^i k^ ^ ^ ^^^^ 

and substituting (38) 

volts 
— //>r = aVA sinh 6i + aJ9„ cosh ^i , Z (55) 

where Ip is the current strength at the selected point P. If, as 
before, we move P up to A , so as to make x = 0, and $i = 0, 
Ip becomes I a and 

- IaT = aVA sinh + aB, cosh ^^*® Z (56) 
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f 

whence B„ = — Ia volts Z (57) 

a 

or by (33) = - IaVo volts Z (58) 

or Bp is the drop in potential produced by the entering current 
in resistance equal to ro; so that rewriting (51), we have: 

Vp = Va cosh ^1 — Ia^o sinh ^i 

= Va cosh ax — IaTq sinh ax volts Z (59) 

This formula expresses the potential Vp at any point P, along 
the line, distant ^i hyp. radians from the generator end, in 
terms of Vaj I Ay and line constants. 

Similarly, from (48), we have for the current in the line at the 
point P: 

/p = il » cosh ax + B, sinh ax = ili cosh ^1+ St sinh ^1 amp. Z (60) 

Taking x = 0, and ^i = 0, this places P at -4 and makes Ip = I a] 

so that Ia = Ai cosh + Si sinh amp. Z (61) 

whence Ai = Ia amp. Z (62) 

a condition which must hold for all values of x, and rewriting 
(60), we obtain 

//. = I A cosh ax + S, sinh ax = I a cosh ^i+ S, sinh ^i amp. Z (63) 

Differentiating with respect to x, it follows that: 

, = alA sinh ax + aBi cosh ax 

= alA sinh 0i + aSj cosh Bi ^j^" - Z (64) 

and by (40) 

— gVp = alA sinh 0i + aBi cosh 0i amp. Z (65) 

where Vp is the potential at the selected point P. If we move 
P to il so that X = and 6i = 0, Vp = Vaj and 

— qVa = (xIa sinh + aBi cosh amp. Z (66) 
= + aBi 

^^ Bi = -^ Va amp. Z (67) 

a 

Substituting (34), S, = - ^^ amp. Z (68) 
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so that rewriting (60) and (63) 

y 
Ip = I A cosh ax ^ sinh ax 

To 
Va 

= I A cosh ^1 sinh ^i amp. Z (69) 

To 

This formula expresses the current strength Ip at any point P 
along the line, distant ^i hyp. radians from the generator end, 
in terms of Va, I a and line constants. 

As an example, let us take the case of the line referred to in 
Table I and Fig. 19. Here the observed impressed terminal 
potential is Va = 100 volts, and the terminal entering current 
I A = 7.599 X 10~' amp. The surge resistance of the line is 



X km 




T 

Fig. 20. — ^Line voltaged at A and loaded at B. The potential and current 

at the B end are observed. 

To = 5,000 ohms. Then the potential at a point P, 50 km. 
from A, and, therefore, removed from A by an angular distance 
of 0.1 hyp. radian, is by (59) 

Vp = 100 cosh 0.1 - 7.599 X 10"' X 5 X 10' X sinh 0.1 
= 100 X 1.00500 - 37.995 X 0.10017 
= 100.500 - 3.806 = 96.694 volts. 

The current strength at the same point is also by (69) 
Ip = 7.599 X 10-3 cosh 0.1 - ^^ sinh 0.1 

0,UUU 

= 7.599 X 10-3 X 1.00500 - 0.020 X 0.10017 

= 7.637 X 10-» - 2.0034 X lO"' = 5.6336 X lO"' amp. 

The above values are in close conformity with those given in 
Table I, which were computed in a somewhat different way. 

Evaluation from Data at the Motor End. — If the potential 
and current are ol)servc(l at the H end of the line, Vb and /« 
resj)ectively, as indicated in Fig. 20, then we may reckon the 
distance (L — x) km. from B toward A, and take 

3 
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$2 = {L — x) hyp. radians Z (70) 

as the hyperboUc angular distance of the point P and B. 
We may then rewrite (46) 

Vp = Av cosh a(L — x) + Br sinh a{L — x) 

= Av cosh $2 + Bv sinh $2 volts Z (71) 

If now we bring the point P into coincidence with B, so that 

X = L and O2 = 0, W = Vb 
and Fb = il,, cosh + B, sinh volts Z (72) 

or Ao = V'b 

We therefore rewrite (71) 

Vp = Vb cosh a(L — x) + J?p sinh a{L — x) 

= Vb cosh ^2 + S, sinh 62 volts Z (73) 

If we differentiate this with respect to increasing x, we have, 
by (38), 

dV 
,— = — Vboc sinh a(L — x) — B^a cosh a{L — x) 
ax 

= — Vboi sinh ^2 — Bvoi cosh ^2 = — /pr -j-~ Z (74) 

Bringing P up to B once more, with 62 = 0, Ip =' Ib 

volts 
Vb a sinh + B, a cosh = /^r "jy^j" /^ (75) 

r 

whence B^ = Ib = ^b^o volts Z (76) 

a 

Consequently (46) becomes in the general case: 

Vp = Vb cosh a(L — x) + IbTq sinh a(L — x) 

= Vb cosh $2 + Ian sinh ^2 volte Z (77) 

Similarly, to find the current Ip we may rewrite (48), and, in the 
same way as before, obtain: 

V 

To 

y 

= Ib cosh a{L — x)+ ^ sinh a{L — x) amp. Z (79) 

^0 



Ip = Ib cosh ^2 + sinh Oo 



As an example, we may consider the case represented in Fig. 
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21, of a line AB, 150 km. in length, with 100 volts impressed at 
Ay and the B end grounded through a resistance <r = 1,000 
ohms. The linear constants are r = 4 ohms/wire km. and 
g = 10~* mho/wire km. To these correspond the values a = 
0.002 hyp./wire km., 6 = 0.3 hyp. and ro = 2,000 ohms. In this 
case, the receiving end potential Va is 60.446 volts, and the re- 
ceiving-end current Ib is 60.446 milliamp. Starting with these 
data, and taking a point P 50 km. from B, ^2 = 0.1 hyp. radian, 
we have by (77) 




Fig. 21. — Case of a line with $ = 0.3 hyp. and ro = 2000 ohms, grounded 
at B through a resistance a of 1000 ohms and with an impressed potential 
of 100 volts at A. 



Vp = 60.446 cosh 0.1 + 60.446 X lO"' X 2 X 10» sinh 0.1 
= 60.446 X 1.00500 + 120.892 X 0.10017 
= 60.748 4- 12.109 = 72.857 volts. 

Similarly, by (78) 

60 446 
Ip = 60.446 X 10-' cosh 0.1 + ^ qqo ®^^^ ^'^' 

= 60.446 X 10-' X 1.00500 + 30.223 X 10"' X 0.10017 
= (60.748 + 3.027)10-' = 63.775 X 10"' amp. 

The distributions of potential and current over the line are 
given in Table II. 
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Table II 

Particulars relating to a Line AB oi — 0.3 hyp. and ro = 2,000 ohmsi 
grounded at B through a = 1,000 ohms, and with an im- 
pressed potential at A of 100 volts 

I II III IV V VI VII ' VIII IX X 

km. 'km' hy%. «^»' ^» "'^^^ ^' vlua amp. \fj '^^^ ^P «^»^ *P 

] ! X io-» 

150 0.30 1.04534 0.30452 100.000 72.390 0.849311.38287 95516 
25 125 0.25 1.031410.25261 92.884 69.980 0.799311.33683 0.88719 
50 100 0.20 1.02007 0.20134 85.998 67.743 0.749311.294110.82142 

75 75 0.15 1.01127 0.15056 79.329 65.677 0.699311.25464 0.75771 
100 50 0.10 1.00500 0.10017 72.857 63.775 0.64931 1.21831 0.69590 
125 25 0.05 1.00125 0.05002, 66.568 62.033 0.599311.18502 0.63583 

' I I 

150 0.00 1.00000 0.00000 60.446 60.446 0.549311.15470 0.57735 



Degradation to Ohm's Law in the Case of Negligible Leak- 
ance. — If we take formulas (53) and (59) with (57), we have for 
the potential TV at any point P, 

T 

Vp = Va cosh Lia — I A sinh Lia volts Z (80) 

a 

where a = y/rg^ according to (19). 

If now the Hnear leakance becomes extremely small, so that 

we may virtually take g = 0, it follows that a = 0, and that 

L\a = 0. Hence, 

Vp = r^ cosh - I AT ''"-*' ^-" volts Z (81) 

a 

We know from tables, or from elementary hyperbolic trigonometry, 
that cosh 0=1, and it is evident from (475) of Appendix A that 

Sinn Lia = Lia + ... + «, + . . . numeric Z (82) 

.3! o! ^ ' 

1 7 

SO that, when Lia becomes indefinitelv small, ' - - tends to 

a 

the limit Li. 

Formula (80) thus becomes when 

TV = Va - I.iLir volts Z (83) 

which is the ordinary Ohm's law value of TV, in terms of the 
terminal potential Va and the IR drop from A to P. 
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Again, taking (69) and remembering that ro = « when ^ = 0, 
we obtain for the leakanceless condition: 

Ip = I A cosh — sinh amp. Z (84) 

= I A amp. Z (85) 

which expresses the constancy of current along the line. 
Similarly, taking (79) with (76), we have, when g = 0, 

Vp = Vb cosh O + IbT ^'""^ ''-(^- ^^ volts Z (86) 

a 

= Vb + IbT (L - x) volts Z (87) 

which is the corresponding Ohm^s law value of Vp in terms of 
Vb and the IR drop from P to B. The formula (79) for current 
similarly degrades to 

Ip = Ib amp. Z (88) 

General Solution in Terms of Position Angles. — If a line ABy 
having a surge resistance ro, see (26), and subtending B hyp. 
radians in accordance with (18), is grounded at J?, through a 
terminal impedance of <r ohms, and receives an impressed vol- 
tage at il, so that electrical energy flows in the steady state from 
A to B, then the series load, being devoid of lateral Icakance, 
has no hyperbolic angle in itself, but the end B of the line, im- 
mediately connected thereto, acquires a hyperbolic position angle 
bB of B' hyp. radians, defined by the condition: 

tanh 0' = numeric Z (89) 

Having assigned the position angle bt of the end B in this way, 
the position angle* of the end A is: 

bA-- B + B' hyps. Z (90) 

and at any intermediate point P, distant Bo hyps, from B, by 
(70), the position angle is: 

5p = ^2 + ^' . hyps. Z (91) 

In words, the position angle of a point P, distant B^ hyp, radiaris 
from the energy-receiving end B, is always found by adding to B2 

* **()n Electric Conducting Lines of Uniform Conductor and Insulatioti 
IlcMistancc in the Steady State," by A. E. Kknnklly, Harvard Engineering 
Journal, vol. ii, pp. 135-16S, May, lOOIi. 
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the angle 0\ subtended ai Bbythe terminal load a. Position angles 
are of great importance in the electrical computations of steady- 
state lines, either with alternating or continuous currents. 

Formula for Potential in Terms of the Position Angle. — The 
formula which expresses the potential at any point P of a line in 
terms of the position angle of P, belongs to the type (47), and may 
be derived by direct transformation either from (59) or from (77). 
We may proceed to obtain it from the latter. 



Vp = Vb cosh 6t + IbTq sinh 6t 
= r. cosh e. + ^> r„ sinh 6. 

= Vb (cosh Ot + ^^ sinh M 

and from (89) this is 

Vp = Vb (cosh 02 + coth 6' sinh Si) 
using (506) Appendix A, 



volts Z 
volts Z 



(92) 
(93) 



volts Z (94) 



volts Z (94a) 



= VBVcoih^B'- Isinh (^2 + tanh-^ tanh $') volts Z (946) 
= ^'sinbfl'«^"^ ("* + '''> 



volts Z (94c) 



_ y. sinh Jp 
" •^^sinh"^' 



and 



volts Z (95) 
numeric Z (96) 



numeric Z (97) 



numeric Z (98) 



TV _ sinh 8p 
Vb sinh 5b 

If we take P at A, where 8p = 8a =" + 6' 

Va ^ sinh 5^ 
Vb sinh 8b 

and dividing (96) by (97), 

Vp __ sinh bp 
Va " sinh 5a 

In general, if at any reference point C on the Hne, which may or 
may not be a terminal, we happen to know the potential Fc, and 
the position angle 5c, then the potential Vp at any other point 
P of the line having a position angle bp is obtainable from 

Vp sinh bp . , ,rtrt\ 

-, , = . , ■ numeric Z (99) 

V c smh 5c 

which we can express in language, by saying that the potentials 
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of any and all points of a line are as the sines of the corresponding 
position angles; so that, knowing the distribution of position 
angles, any single observed potential suffices for the determina- 
tion of the entire potential distribution. 

In the case where the line is grounded directly at B, or <r = 0, 
8b = 0, 5^ = 6, and 8p = ^2. 

In the case of a line freed at B, <r = « , ^u = j ^j and (96) 

becomes by (502) 

Vp = Vb cosh $2 volts Z (100) 

and Vb = YaI cosh ^ = F^ sech ^ volts Z (101) 

As an example of (98), we may take the case presented in 
Fig. 21 and Table II, where a = 1,000 ohms, ro = 2,000 ohms, 
and tanh 6' = 0.5; whence by Tables, 0' = 5^ = 0.549307 hyp. 
At a position P, 50 km. from B, ^2 = 0.1 hyp., and 5p = ^2 + 
e' = 0.649307 hyp. The position angle at A where Va = 100 
volts, is 5^ = ^ + ^' = 0.849307 hyp. Consequently, 



Vp ^ sinh 0.649307 ^ 0.69590 
100 sinh 0.849307 " 0.95516 

or Vp = 72.857 volts. 



= 0.72857 



Formula for Current in Terms of the Position Angle. — The 
formula which expresses the current strength in the line at any 
assigned point P, in terms of the position angle dp belongs to 
the type (49), and may be derived by direct transformation from 
either (69) or (79). We may select the latter. 

Ip = Ib cosh $2 + sinh 62 amp. Z (102) 

= /i,(cosh $2+ ^ sinh ^2) amp. Z (103) 

= Ib (cosh $2 + tanh 6' sinh ^2) by (89) amp. Z (104) 

= IbVi ~- tanh2 6' • cosh(^2 + tanh'^ tanh 6') by (506) 

amp. Z (105) 

= Ib ^^{^ ^, ' cosh (^2 + e') amp. Z (106) 

J cosh dp . ,-^_. 

Ip cosh Jp . 

/. = c-08h«. numeric Z (108) 
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If we move the point P up to A, where 5p = 5^ = ^ + 0', and 
Ip = Ia, 

I A cosh 5a . - /^nf\\ 

J = ,• numeric/ (109) 

Ib cosh ha 



Dividing (108) by (109) 



Ip cosh 5p /iin\ 

y = , ^ numeric Z (110) 

/a cosh bA 



Finally, if at any datum point, say C, on the line, where the posi- 
tion angle is 5c and the current Ic are known, we obtain: 

Ip cosh 5/» . /1,1^ 

^ = ,- numeric Z (111) 

Ic cosh 5c 

In language, the current strengths at any and all points along 
the line are as the cosines of the corresponding position angles. 

As an example, we may find the current at the point selected 
in the last case 50 km. from J5, in the line shown at Fig. 21, where 
8p = 01649307 hyp., the current at A being given as /^ = 
72.3896 X 10-3 amp. 
Here 

Ip ^ cosh 0.649307 ^ 1.21831 ^ nooioo^ 

72.3896 X 10-3 cosh 0.849307 1.38287 "-^^^^^ 

or Ip = 63.7754 X 10-^ amp. 

In the particular case, when the line is grounded at B, or <r = 0, 
d' = 0, and 5b = 0, so that 5a = ^, and 5i> = ^2; whence 

Ip cosh 02 . y /110\ 

, = , - numeric Z (112) 

I A cosh 6 

Case When a > ro. — In the c.c. case, there is no difficulty in 
applying the position-angle formulas (99) and (109), so long as 
<r is distinctly less than ro; but in the opposite case, when the 
terminal load a is distinctly greater than ro, we are faced with the 

condition 0' = tanh-M 1, or 



■(:)• 



tanh 0' = = k numeric (112a) 

ro 

a number greater than unity, which is an impossible condition, 
so long as 6\ a and ro, are all real quantities. 

Table III gives the values of tanh 6 and coth B for various hyper- 
bolic angles. Referring to columns I and II, it is clear that as B 
increases from to « ^ tanh B increases from to 1 . If, however, 
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Table III. — Tangents and Antitanoents 



I 


II 


III 


: IV 


V 


VI 


$ 


tanh9 


coth S 


$ 


tanh9 
<x 


coth 








1 
cc 


+jl 





0.5 


0.4621 


2.1640 


0.5 +i2 


2.1640 


0.4621 


1.0 


0.7616 


1.3130 


1.0 +i2 


1.3130 


0.7616 


1.5 


0.9052 


1 . 1048 


1 

1.5 +i| 


1 . 1048 


0.9052 


2.0 


0.9640 


1 . 0373 


2.0 +J2 


1 . 0373 


0.9640 


2.5 


0.9866 


1.0136 

1 


2.5 +;2 

1 


1.0136 


0.9866 


3.0 


0.9951 


1 
1.0050 ' 


3.0 +J2 


1.0050 


0.9951 


oc 


1.0000 


1.0000 


« +J2 


• 1.0000 


1.0000 





we use formula (504), Appendix Aj we obtain the entries in col- 
umns IV and V. That is, if we add j « to any real number its 
tangent is greater than unity, and is equal to the cotangent of 
that real number. Thus tanh(1.0 + i 9) = 1313 = coth 1.0. 

In fact, as we increase d from (0 + i o ) to ( « + j j , the tangent 

decreases from « to 1. The same conditions are indicated 
graphically in Fig. 22. In order to solve (89) for 6' when a/ro 
exceeds unity, we have only to find in tables the real angle whose 



. TT 



cotangent is equal to (t/Vo, and then add j ^ to that angle. Since 



IT . 



, in circular radians, is the same as 90°, or one circular quadrant, 

it follows that any receiving-end load cr, greater than the surge 
impedance ro of the line, involves position angles having an 

imaginary circular quadrant, of the type 5p = 5V -\- j hyps. 

When we come to apply (99) to a line having a super-surge- 
im[)edance load, we must use formula (502), Appendix A, thus: 
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Vp _ sinh 5p _ ^ J'* _^2l j cosh 5 V _ cosh 5 V 

Vc sinh 5c • r /,./ , -irv / cosh 5'c cosh 6'c 

sinh(^5'c + Jg) 

numeric (113) 
Similarly (111) l>ecomes by (503), Appendix A, 

Ip _ cosh 5p _ ^^^ ^_^_ 1^- j sinh 5p _ sinh S'p 

Ic cosh5c u /*/ . -'X J sinh 5'c ~ sinh 5'c 

cosh yS'c + J 2/ 

numeric (114) 

Table IV 

Particulars relating to a lioe ^4^ of ^ = 0.3 hyp., and r© = 2,000 ohms, 
grounded at B through a = 4,000 ohms, and with an impressed 

potential at A of 100 volts 

I II III IV V VI VII VIII IX , X 

X L - X 0i ci>bh ei sinh ffi ^'p ^p *p = », + r.«»** «p sinh ip 

km. km. hyp. volta amp. hyp. I 



I 



X io-» , X' ' x> 

150 0.30 1.04534 0.30452 100.000 34. 535 0.849307 +; 0.95516 1.3S287 

I 
25 125 0.25 1.03141 0.252Cr 90.671 32.078 0.799307 H-> 0.88719 1.33683 

I I 

50 100 0.20 1.02007 0.20134 93.582 29.700 0.749307+; 0-82142 1.29411 

75 75 0.15 1.01127 0.15056 90.727 27.396 0.699307+;' 0.75771 1.25464 

100 50 0.10 1.00500 0.10017 88. 100 25. 162 0.649307+;' 0.69590 1.21831 

125 25 0.05 1.00125 0.05002 85.693 22.990 0.599307+;' 0.63583 1. 18502 

150 0.00 1.00000 0.00000 83.500 20.875 0.549307+;' 0.57735 1.15470 

The eflfect, therefore, of a super-surge-impedance load at J5, 
is to introduce imaginary quadrants into the position angles 
along the line, and to interchange the use of sines and cosines 
in the general formulas for potential and current, so far as re- 
lates to the real components of the position angles. 

As an example, we may take the case of the line AB last con- 
sidered (Table II and Fig. 21) with 100 volts at A, but grounded 
at By Fig. 23, through a = 4,000 ohms. The numerical par- 
ticulars of this case are presented in Table IV. Here tanh 6' = 

4,000/2,000 = 2.0; whence 6' = 0.549307 + jg hyp. The posi- 
tion angle at any point P is found by adding 02 for that point 



DIFFERENTIAL EQUATION 

to e'. Such values are given in column VIII. The currents 

then as the cosines and the potentials as the 

sines of these complex position angles, and are 

respectively as the sines and cosines of their real 

parts, as will be seen by comparing Tables II 

and IV. The values of Vp and Ip appear in 

columns VI and VII respectively. They may 

also be computed from formulas (77) and (79), 

using the data of columns IV and V. 

At the point a: = 25 km., or 0a = 0.25 hyp., 
the position angle i, = 0.799307 + j^, and the 
potential, by (113), is 

sinh (o. 799307 + jZ) 
Vr = 100 X-—^^ --- 



sinh (0.849307 + j") 

- 100 V <'°«*' 0-799307 _ ,00 y 1-33683 

- ^"^^ cosh 0.849307 " '"" ^ 1.38287 

= 96.671 volts. 

Again, since the current /» at B is Vb/o amp., 
the current at i = 25 km. becomes, by (114) 



/,.= /, 



cosh (0.799307 + j^) 
cosh (o. 549307 + j^) 



= 0.020875 X ■'o 577J5 = 0.032078 amp. 

It is remarkable that in a.c. cases, the ques- 
tion as to whether the terminal-load impedance 
is greater or less than the surge impedance, has 
no significance and, as we shall see, has never to 
be considered. In this respect, the a.c. case is 
easier to deal with than the c.c. case. 

Cue of (T = rt. The Virtually Infinite Line. — 
In the particular case when the load at the 
motor end has a resistance equal to the surge 
resistance of the line, the hyperbolic functions 
expressing the potential and current distributions 
reduce, as we shall see, to exponentials. 
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The position angle at B is then defined by (89), 



tanh ^' = ""^ = 1 

To 



numeric (115) 



'The solution of which is ^' = « . Entering (98) with this value 
of d'j we have 

Vp _ sinh 6p __ sinh (02 + « ) 
Va sinh 5a sinh {B + oc ) 

_ sinh 02 cosh « + cosh Bo sinh « 
sinh B cosh « + cosh B sinh oc 



numeric (116) 



numeric (117) 




Fig. 23. — Caso of a line with 6 = 0.3 hyp. and f*o = 2000 ohms grounded 
at B through a resistance* of 4000 ohms, and with an impressed potential 
of 100 volts at A. 



But sinh a = cosh oc , and we may assume that since the same 
infinity occurs in both numerator and denominator, we may 
divide throughout by sinh oc ; so that 

Vp sinh 02 + cosh 02 e^' (a a^ « • • /ito\ 

,, = . , ; I ^ = fl = €-^*-^-) = €-^' numeric Z (118) 

I A smh B + cosh B e^ ^ ^ 

ir 1- _fl T _/.« 1' <'t>f^b 01 - sinh Bi , /iin\ 

V/> = \ a€ ^' = T .i€ ^''^ = y A- 2 ^'^^*''*^ "^ (119) 

It is evident that the potential falls from A toward B according 
to a simple exponential law. It also follows inmiediately from 
either (97) or (119) that 
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Fp = V%€*' = Fi,€^« = 1 



B^' 



, cosh ^2 + sinh 62 



volts Z (120) 



Similarly, the fundamental equation for current strength (110) 
becomes 

T r a T T T cosh ^1 — sinh ^1 ^ /^r»^v 

Ip = /.4€-** = /^€-^^« = I A 2 ^"^P- "^ (^^^) 



= //,€^ = /b€^« = / 



cosh ^2 + sinh 62 



B 



amp. Z (122) 



This type of simple exponential attenuation, peculiar either to an 
infinitely long line, or to a finite line which has been made vir- 





^0^ hypa.S 



Fig. 24. — Case of a line with 9 = 0.3 hyp. and r^ = 2000 ohms grounded 
at B through a resistance = 2000 ohms and with an impressed potential 
of 100 volts at A. Exponential case. 

tually infinite, i.e., to behave like a portion of an infinite Une by 
surge-impedance loading at B, is called norinnl attenuaiion. The 
normal attenuation factor of a line L km. long is €~^". Both the 
potential and current on such a line undergo normal attenuation. 

As an example, we may take the case of the line already con- 
sidered (L = 150 km., a = 0.002 hyp./km., 6 = 0.3 hyp., ro 
= 2,000 ohms), and with an impressed potential of 100 volts 
at A. If this line is grounded at B through a surge-impedance 
load (T = ro = 2,000 ohms, we find the conditions set forth in 
Table V and Fig. 24. 

If we seek the potential at P, 100 km. from -I, we have ^1 = 
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0.2, €-0 2 = 0.818731, and Vp = 81.8731 volts. The current at 
P is similarly 50 X lO"' X 0.818731 = 40.9866 X 10-»amp. 

Single Values of Either Potential or Current Needed in Certain 
Cases. — It has already been pointed out, in connection with 
formulas (45) to (50), that since the fundamental dilTerential 
equation (43) for potential is of the second order, two condition- 



Tablb V 

Particulars relating to a line AB o( d — 0.3 hyp. and r© = 2,000 ohms, 
grounded at B through a — 2,000 ohms, and with an impressed potential 
at A of 100 volts. Exponential case. Virtually infinite line. 



X 

kni. 



ei 
hyps. 



$t 
hyps. 



•-«t 



volts 



miniamp. 






0.00 


0.30 


1.000000 


100.0000 


50.0000 


25 


0.05 


0.25 


0.951229 


95 . 1229 


47.5615 


50 

m 


0.10 


0.20 


0.904837 


90.4837 


45 . 2419 


75 


0.15 


0.15 


0.860708 


86.0708 


43 . 0354 


100 


0.20 


0.10 


0.818731 


81.8731 


40.9866 


125 


0.25 


0.05 


0.778801 


77 . 8801 


38.9400 


150 


0.30 


0.00 


0.740818 


74.0818 


37.0409 



satisfying or arbitrary constants must be forthcoming, if a numer- 
ical solution is to be obtained. Similar conditions apply also 
to solutions for current strength. In certain cases, however, only 
one such arbitrary constant is needed, when the conditions are 
such as to imply the second arbitrary constant. Thus, if a line 
AB is known to be grounded at B, this condition is equivalent 
to establishing one arbitrary constant; so that only one other 
arbitrary constant, such as a potential, or a current, needs to 
be given, in order to determine the complete distributions of 
voltage and current over the line, using (99) and (111), with 
d^ = 0. The single necessary quantity to obtain the complete 
solutions may be either a potential or a current, at some par- 
ticular point on the line. The potential at B is, however, in this 
case, an insufficient datum, because we know that this potential 
must be zero, and no new datum is provided by offering the 
gratuitous information that Vb = 0. 

Similarly, if the line is freed at B, the same formulas (99) and 
(111) will serve to evaluate the complete distribution, if we re- 
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member that 6' = j o ^yps-j and have one independent datum 

given, of a potential or a current at an assigned position. 

Moreover, if the terminal load at B is given in the form of an 
actual or equivalent resistance <t, we know the terminal posi- 
tion angle 8b = 0\ by (89), and can then evaluate the entire 
potential-current system from a single independent datum. 

The transition from the potential to the current distribution, 
or vice versa, usually requires a knowledge of the impedance 
offered by the line, and this will be considered in the next chapter. 



CHAPTER V 

IMPEDANCE, ADMITTANCE AND POWER OF A 
SMOOTH LINE AT ANY POINT 

It is evident that if we consider any line, having a steady dis- 
tribution of potential and current, the ratio, at each and every 
point, of the potential to the current is equal, in the general 
case, to the impedance (in the d.c. case, to the resistance) of the 
line at and beyond that point, in the direction of the flow of 
energy. In other words, if at any point P, of a single line, ABj 
the potential with respect to ground is Vp volts, and the current 
is Ip amp., then their ratio Vp/Ip = Rp ohms. If the line were 
cut at the point P, and the end toward B were connected to a 
Wheatstone bridge or other resistance-measuring apparatus, Rp 
would be the resistance measured to ground, including the effects 
of the distributed conductor resistance, the distributed dielectric 
leakance and the terminal load, if any, at B, Similarly, and re- 
ciprocally, the ratio Ip/Vp would be the admittance Gp in the 
general case (the conductance in the c.c. case) of the line, at and 
beyond P, as measured from P to ground. 

If we divide (99) by (111), we obtain 

Rp tanh 8p • • /ioo\ 

n = ^ 1 ^ numeric Z (123) 

Re tanh 8c 

or, in words, the impedance at and beyond any point of a line varies 
as the hyperbolic tangent of the position angle. If we know the 
distribution of position angles and the impedance at any point C, 
such as the home end or the far end, then we can find at once the 
impedance offered at and beyond any or all other points of the 
line. Similarly, dividing (111) by (99) we have 

., = - ,, - numeric A (124) 

Gc coth be 

or the line admittances are as the cotangents of the position angles. 
Formulas (123) and (124) express g(»neral laws of smooth lines. 

For example, consider the line of hyperbolic angle 6 = 0.3 
hyp. and ro = 2,000 ohms, grounded at B, through 1,000 ohms, 
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as represented in Fig. 21. The following Table, No. VI, shows, 
in connection with Fig. 25, the values of x, {L — x), ^2, 5/*, tanh 8p, 
coth 8p, Rp and Gp. 



1400 



1200 



0.0010 



O.OUOB 



0.0006 




O.OOM 



0.0002 



® X km. i9 



FiQ. 25. — Diagram showing changes of resistance and conductance along 
the line AB oi 6 — 0.3 hyp. and Tq = 2000 ohms, grounded at B through 
1000 ohms. A Wheatstone bridge is indicated as ready to connect to the 
section PB at P. 

Table VI 

Values of Line Resistance and Conductance at various Point* along a Line of 
e « 0.3 hyp., and Tq = 2,000 ohms, grounded at B through <r = 1,000 ohms 



I 

X 

km. 



II 
L - X 



III 
9t 



km. ! hyps. 



I 



150 ' 0.30 
25 ; 125 0.25 
50 100 0.20 



75 75 0.15 
100 I 50 1 0.10 
125 25 0.05 



IV 

9' 
hyps. 



0.549307 



»»+»' 



hyps. 



VI I VII 
tanh 6p i coth 6p 



VIII 
Rp 

ohms 



0.849307 0. 69071 j 
0.799307 0.66368 
0.749307 0.63473, 

0.099307 0.60393 
0.649307 0.57121 
. 599307 . 53656 



1.4478 1,381.4 
1.5068 1,327.4 

1.5754 1,269.5 

I 

I 

1.6559 1,207.9 
1.7507 1,142.4 
1.8637 1,073.1 



IX 
Gp 

mhos 

X io-» 
. 7239 
0.7534 
. 7877 

. 8280 
. 8754 
0.9319 



150 



I 0.00 0.549307 0.5000 2.0000 1,000 1.0000 
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Here the line resistance is 1,000 ohms at 5 where 6b = 0.549307 
hyp.; so that entering (123) with these values of Re and 6c 
respectively, we obtain the values recorded in column VIII. 
Similarly, entering (124) with Gc = 1.0 X 10"', and 5c = 
0.549307 hyp., we obtain the values of line conductance recorded 
in column IX. Manifestly the numerical values of Rp and Gp, 
at any point x, should be mutually reciprocal. 




2C00? - - *? 

(L.x)kin.3 



O.OOOU 



0.00082 



s 

ja 



0.01090 



0.0000} 



-'?— ^ -^o.oooa 




T ^ ^ v^A»V^^^v^ . 

Fi(5. 26. — Diagram .showing chanKC of resistance and conductance along 
the line .4/^ of 6 = 0.:^ liyp. and Tq = 2000 ohms, grounded at B thnmgh 
4000 ohms. A Wheat.stone bridge is indicated as connected to the section 
PB at B. Rising curve for resistance, falling cur\'e conductance. 



As another example, consider the same line grounded at B 
through the super-surge impedance of 4,000 ohms. In this case, 
as we have already seen, the position angles from B to A all 

contain one imaginary quadrant, or j ,^ radians. Referring to 

formula (504), Appendix A, it is to be observed that this extra 
imaginary quadrant virtually exchanges the tangent and cotan- 
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gent of the real component. We thus obtain the valjues con- 
tained in Table VII and Fig. 26. 

Table VII 

Values of Line Resistance and Conductance at various points along a line of 
e = 0.3 hyp. and r© = 2,000 ohms, grounded at B through a = 4,(K)0 ohms 



I 

X 

km. 


II 
L - X 

km. 


. Ill 
: Bt 
hypa. 


IV 
hyps. 


V 

«p - ^» + ^ 

hyps. 


VI 
tanh 


VII 
coth 


VIII 
ohms 


IX 
mhos 



25 


150 
126 
100 

75 
50 
25 




0.30 
0.25 
0.20 

0.15 
0.10 
0.05 

0.00 


0.549307 H-ig 


1 
1 

0.849307 +;^'l. 4478 0.69071 

1 ! 

. 799307 +j^ 1 . 5068 . 66368 


2.895.6 
3.013.6 


0.34536 
0.33184 


50 


• 


0.749307 +i| 
0.699307 +j~ 


1.5754 0.63473 


1 
3,150.8 0.31737 


75 




1 . 6550 


0.60393 
0.57121 


3,311.8 


0.30106 


100 




0.649307 +i« 1.7507 


3..'S01.4 0.28560 


125 




0.699307+;^ 
0.549307 +jj 


1.8637 
2.0000 


0.53656 3.727.4 2682S 


150 




0.50000 


4,000.0 


0.25000 










1 


i 





Taking Tables VI and VII together, as well as Figs. 25 and 26, 
we may safely conclude that when a line is grounded through an 
infra-surge-resistance load at the far end, the line resistance falls 
as we approach that end, while the line conductance reciprocally 
rises. On the other hand, when the line is grounded at the far 
end through a super-surge-resistance load, the line resistance 
rises as we approach that end; while the line conductance re- 
ciprocally falls. A glance at Table V will likewise show that in 
the intermediate case, when a line is grounded at the distant end 
through a surge-resistance load, the line resistance neither rises 
nor falls, but remains constant all along the line. 

Line Resistance in the Unsteady and Steady States. — If we 
took up the consideration of the transient building up of poten- 
tial and current along a line prior to the establishment of the 
steady state,* we should see that any line having a surge im- 
pedance of To ohms, offers this resistance at any point to each 
single advancing electric wave in the unsteady state; so that if 
Vp is the instantaneous potential at point P, the instantaneous 
current in that wave is 

•See Chapter VI of **The Application of Hyperbolic Functions to 
Electrical Engineering Problems"; also Chapter III of Fleming's *'Tho 
Propagation of Electric Currents in Telephone and Telegraph Conductors." 
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Ip = = VpQo amp. Z (125) 

where go is the surge admittance, the reciprocal of the surge im- 
pedance. But any outgoing wave tends to be reflected, when 
reaching the end of the Hne toward which it moves. After a5 
many of these successive reflections have taken place as need to 
be taken into consideration when watching for the establish- 
ment of the steady state, the effect on the outgoing stream, of all 
the superposed reflections of current, is to change the resistance 
at any point of the line to 

Rp = To tanh 8p ohms Z (126) 

or Gp = go coth $p mhos Z (127) 

so that the final current strength becomes 

Ip = Vi'Gp = Vp ' go • coth 6p = Vp • gfo/tanh 8p amp. Z (128) 

Here the factor tanh 8p covers all the effects of reflected waves 
to infinity in number and time. If the line is so long that no 
reflected waves ever come back from the distant end, then the 
initial surge resistance ro remains the final line resistance at 
any and every point, as in the case presented in Table V and 
Fig. 24. 

Sending-end Impedance. — The line impedance at A the send- 
ing or generator end, in the steady state, whatever load there 
may be at the receiving or motor end, is called the sending-end 
impedance Ra (in an a.c. case Z^), and by (126) it is 

Ra = To tanh 8a ohms Z (129) 

In the particular case when the line is grounded at the motor end, 
so that <T = 0, and 0' = 0, 5a = 6, and 

RgA = To tanh e ohms Z (130) 

In the particular case when the line is freed at the motor end, so 

TT TT 

that or = oc , and ^' = J 9' ^/i = ^ + J <v ^^^^ 

R/A = To coth d ohms Z (131) 

Receiving-end Impedance. — The ratio of the potential Va 
at the generator end to the current In at the motor end, is defined 
as the ^^receiving-end impedance'' Ri (in the a.c. case Zi) 

Ri = /' ohms Z (132) 
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The receiving-end impedance is, therefore, the impedance which 
the line appears to offer to an observer of the current at the 
receiving end, who is informed of the voltage at the sending 
end. 

Using (126), if the line is loaded at B with an impedance <r, 

such that 6b = 6' = tanh"^ [)> 

J _ Vb _ Va sinh 6b _ Va ^ cosh 8b 
To tanh Bb sinh Sa tq tanh Sb sinh 6a ro 

amp. Z (133) 
and 

R, = V^ = !L«.«inh a. ^ r„ sinh (M-_0 ^^ms Z (134) 

Ib ^ cosh 6b cosh 6 

= To sinh d + ff cosh 6 ohms Z (135) 

In the particular case when the line is grounded directly at B, 
<T = 0,6' = 0, 6b = Oy 6a = e 

Ri = To sinh ohms Z (136) 

which is a simple but important formula. As an example, a 
line of ^ = 1.2 hyps, and ro = 1,500 ohms, is grounded at B 

through a = 1,000 ohms. The angle subtended by this load is 

(1 000\ 
l'500/ "" ^•^^''^ = 6b. The receiving-end im- 
pedance, by (134), is then 1,500 sinh 2.00472/co8h 0.80472 = 
1,500 X 3.6446/1.34164 = 4,074.8 ohms. By (135), it would be 
1,500 sinh 1.2 -h 1,000 cosh 1.2 = 1,500 X 1.50946 + 1,000 
X 1.81066 = 4,074.8 ohms. The current strength at the re- 
ceiving end from say 100 volts impressed at the sending end, 
would then be 100/4,074.8 = 0.02454 amp. 

Power in the Steady State at Any Point along the Line. — If 
wo know the potential Vp and current Ip at a point P on the line 
in the steady state, the power at the point, ?.e., the rate at which 
electrical energy is carried past P to the rest of the line beyond, 
is 

Pp = Vplp volt-amp. (137) 

and this is ordinarily the most conveni(»nt method of determin- 
ing the power at P, We may nev(»rthel(»ss asc(»rtain the power 
as a function of the position angle of a point on the line as follows: 
By (99) and (HI) 
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Pp Vpip sinh6/> cosh 6p sinh 25p ^„_«„-^ /lQc^ 

Pc Vclc smh be cosh be sinh 26c 

so that, in language, the volt-amperes ai any point vary as the 
sine of twice the position angle (see (383)). 

As an example, we may consider the line represented in Fig. 
38, of ^ = 1.75868 hyps, and u = 1,436.1 ohms, 100 km. long, 
and grounded at the far end through 750 ohms resistance. Hav- 
ing given that the distant-end potential is Vb = 11.931 volts, 
and the distant-end current 11.931/750 = 0.015908 amp., with 
a delivered power of 11.931 X 0.015908 = 0.1898 watt; also 
that the distant-end position angle is 5c = 0.57941 hyp., required 
the power at a point P, 20 km. from the distant end, where the 

position angle is 0.93114 hyp. 
Here 

Pp_ ^ sinh (2 X 0.93114J ^ sinh 1.86228 ^ 3.^416 
0.1898 sinh (2 X 0^57941) " sinh 1.15882 1.43615 " 2.1875 

so that Pp = 2.1875 X 0.1898 = 0.4152 watt (139) 



CHAPTER VI 

LUMPY ARTIFICIAL LINES 

Lumpy artificial lines have already been described in Chapter I. 
They may be classified both in regard to the number of their 
main wires, and in regard to the nature of their terminal elements. 

Classification According to Number of Main Wires. — Artificial 
lines are one-wire, two-wire, or three-wire, according to the 

Zx «i ^» 





FiQ. 27. — Diagram of connections between series and shunt elements in a 

single-wire artificial line. 

number of their main-line conductors. A typical one-wire 
lumpy line is indicated, in part of its length at Fig. 27. Here 
Zu zi, z\ are three equal sections or lumps of line impedance, 
(in c.c. cases, resistance), y y y are three equals leak of ad- 
mittance (in c.c. cases conductance), all connected to the common 

Zi Zi 

y 
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Z2 Z2 ^2 

Fio. 28. — Diagram of connections between series and shunt elements in a 

two-wire artificial line. 

ground wire, or neutral connection G G. The type of impedance 
2, and the type of leak admittance y, depend on the line to bo 
imitated. Thus, z may be a pure resistance, or a reactance coil, 
or a condenser, or any combination of such elements, and 
similarly for y. Single-wire lines, in practice, are characteristic 
of wire telegraphy. 
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A typical two-wire artificial line is shown, in part of its length, 
at Fig. 28. Here there are three sections, each having equal 
impedances Zi Z\ Zi in one line, and similarly equal impedances 
Zt Z2 Z2 in the other line. Between the corresponding lumps of 
opposite line impedances are branched the equal leak admittances 
y y y. Two-wire lines, in practice, are characteristic of wire 
telephony. 

A typical four-wire artificial line is similarly shown in Fijr. 
29, for three sections. Zi Z\ Z\ are three equal impedances in 
line I, Zt Z2 22 three similar equal impedances in line II, z\ Zi zi 
in line III. Leak admittances yi yi ?/i, 2/2 2/2 2/2, yz y-\ t/s, are tapped 
off between corresponding line lumps of impedance to the ground 
wire or neutral connection G G, Three-wire lines, and four-wire 
lines, in practice, are characteristic of three-phase a.c. systems. 



II "• 
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Fkj. 29. — Diugniiii of connections hetwoon series and shunt elements in a 

four-wire tliree-phtwe artificial line. 

In theory, it is unnecessary to employ any except one-wire 
artificial lin(\s; l)(»cause any symmetrical two-wire or three-wire 
system can always he subdivided into a like number of virtually 
independent single-wire systems. We shall, therefore, study 
only the theory of single-wire artificial lines, on the understand- 
ing that th(» results can be readily applied to either two-wire or 
three-wire artificial lines. 

Classification According to Terminal Elements. — Artificial 
lines which terminate in half-lumps of line impedance, are called 
T lines; while those which terminate in half-lumps of leak ad- 
mittance are callcul II lines. 

If r be the line impedance per seirtion (ohnisZ) and g the leak 
admittance per section (nihosZ), then if the leak g is applied at 
the middle of the line section as in Fig. 30, the section is called a 
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T section, as is suggested by the diagram. If on the other hand, 
the leak g is divided into two half-leaks, each of g/2 mhos; and 
one half-leak is applied at each end of the line impedance sec- 
tion r, as shown in Fig. 31, the section is called a II section, as 
is also suggested by the diagram. 



k r— 



mmmmmm 



e 



Fio. 30. — T section, compris- 
ing two equal-series elements 
and a leak or shunt element be- 
tween them. 



g 
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e 



Fig. 31. — II section, compris- 
ing one-series element with a leak 
or shunt element at each end. 



If a number of T sections are connected in series, the result is 
a simple alternation of r and g lumps except at the terminals, 
where half-sections, r/2, of line impedance supervene. Thus 
Fig. 32 shows an artificial line of four T sections. The sum total 



— 4r ■ 



MM/W\AAWAMA/WW\AMA^ 



_r 

2 



e 



e 



e 



r 

2 



e 



4g 

Fia. 32. — Four-section T lino. 



of all the line impedances is 4r ohms, and the sum total of the 
leak admittances is 4g mhos. 

If, on the other hand, a number of II sections an* connected in 
series, the result is a simple alternation of r and g lumps, except 
at terminals, where half-sections of leak admittance supervene. 
Thus Fig. 33 shows an artificial line of four II sections. The 
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sum total of all the line impedances is 4r ohms, and the sum tot^l 
of all the leak admittances is 4g mhos. 

Away from the ends, there is no necessary difference between 
a T line and a II line. The distinction lies in the terminal ele- 
ments only. Each type has, as we shall see, its own relative 
advantages and disadvantages. 

We shall also see that each T section, or n section, of artificial 
line subtends a certain hyperbolic angle 6 radians. A line of v 
sections then subtends a total angle of = nO hyps. A T line 
or a n line also possesses a surge imi)edance ro ohms, which is 
independent of the number of sections. 

The natural line which a given artificial line imitates, and to 
which it corresponds, has the same angle and surge impedance 
ro as the artificial line. The first problem which presents itself, 
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Fig. 33. — Four-section II lino. 

therefore, in considering an artificial line of a given number of 
7" or n sections, each having definite lumps of line impedance 
and leak admittance, is the determination of its total line angle 
9 hyps, and its surge impedance ro ohms. 

First Approximation to the Section Angle B and Surge Impe- 
dance ro of a T or II Section. — If a single uniform smooth line has 
a total conductor resistance of R ohms, and a total dielectric 
leakancc of (/ mhos, then we know from (18) and (26) that its 
line angle is 

= Vhlf hyps. Z (140) 

and its surge inii)e(Ianco 

ro = VR/G ohms Z (141) 

In the same way, ignoring the lumpiness of the leaks in an arti- 
ficial line section, having a line resistance r ohms, and a section 
leak of g mhos (Figs. 30 to 34), the uncorrected section angle 
will be 

da = \/rg ai)parent hyps. Z (142) 
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whether the section be a T or a 11 section. Likewise, the surge 
impedance will be 

To = \/r/g apparent ohms Z (143) 

The total uncorrected angle of a line of n such sections will then 
be 

Oa = n \/rg apparent hyps. Z (144) 

and the surge resistance of the line 

To = \/r/g apparent ohms Z (145) 

These values require to be corrected for lumpiness. The lumpi- 
ness errors tend to increase, the larger and fewer the line 
sections. 

There are two ways of arriving at the lumpiness corrections of 
6 and vo in an artificial line. One is to solve the problem hy. con- 
tinued fractions. The other is to find the ^^ equivalent** T or 11 
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Fio. 34. — Four-section T line grounded at motor end B through a load of 

a ohms. 

of a section. The two methods are mutually illustrative, and 
wc shall consider both, reserving the second method for the next 
chapter. 

Impedance of a T Line Grounded through a Load at the Far 
End. — ^Let us consider a line of T sections, four of which arc 
indicated in Fig. 34, grounded at B through an impedance of a 
ohms Z. Each section has a line impedance of r ohms Z, and a 
leak of admittance of g mhos Z. Required the impedance ofifered 
by this line at and beyond any section junction; i.e.j at the iVth 
junction. At, but not including leak I, the impedance beyond 
I to ground at B is 



Ri = ^ -\- a = m 

Converting this impedance into an admittance, 

1 



ohms Z (146) 



Ch = 



m 



mhos Z (147) 
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Adding to this the leak admittance at 1, of g mhos, we have for 
the total admittance at I, leak included, 

* G[ = g+ ^ mhos Z (148) 

Converting this into an imi^edance, the impedance at and 
beyond I is 

R'i= "^ - ohms Z (149) 

« + .>, 

171 

Shifting the point of observation back to leak //, the impedance 
there, excluding that leak, is (see Appendix B) 

Rii = T+ ^- = l/Fn(T,g) 1 ohms Z (150) 

1 m 

8 + m 
Or as an admittance, 

Gil = -— -T = F2(g,r)_i mhos Z (151) 

Adding in leak II, 

Oii = g+ -^ , = 1/F3(g,r)i mhos Z (152) 
r+ - 

Or, as an impedance at and including leak II, 

Rli = ^ =F^ig^)i ohms Z (153) 

Proceeding in this way along the lino, we find that the impedance 
at leak N, including that leak, may be expressed as a terminally 
loaded alternating continued fraction (see Appendix B) of the 
typeFn,(g|r) 1 ^ n, being an odd number, and connected with the 

m 

leak number N bv the relation 

71, = 2N — 1 numeric Z (154) 

At the section junction .V next behind leak N (having the same 
numeral in arabic), the impedance at and beyond, will be 
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fl.v = 2 + «'■• = 2 + ^"X8»r) 1 ohms Z (155) 



m 



Turning to (563) Appendix B, this is found to be: 

R.w = \ ' ^^^ ^'* ^^^^ {(^, + 1) t^ + t^'l ohms Z (156) 

where by (546) 

V = sinh-> ( y^) hyps. Z (157) 

and, by (553) 




':!i"^-i...-.Ht:^] 



f' = tanh""^ » , , — »,c*ii** 1 , , 

cosh V 7 \ cosh y / 

hyps. Z (158) 

In (156), it is evident from (143), that ViTg is a first-approxima- 
tion surge impedance, which we may denote by r'o, that is 

r'o = J^ ohms Z (159) 

Thus 

/?Ar= r'o cosh i; • tanh ( {n, + l)v + v'\ ohms Z (160) 
where 

2 +^ _ Vrg 

•/ = tanh-' \ '■'" . ^ / = tanh-' \- '■'•-,, - 

cosh I' 

= tanh-' ( , " , ) hyps. Z (161) 

Vr cash f/ 

When (T = 0, y' = 0; when <t = ro, y' = « ; when <t = ^ )^' — J o' 

v' is wholly real from (t = to (t = ro, and contains an imagi- 

nary quadrant or j ^y from <r = ro to <r = « . Moreover, from 

(142), it is evident that v is the angle whose sine is the uncorrected 

angle « of a half-section. That is a half-section having a line 

resistance of r/2 ohms Z, and a half-lcakance of g/2 ohms Z 
would subtend, ignoring lumpiness, an apparent angle 

Va = 2 =^ \/2 2 apparent hyps. Z (162) 
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If, therefore, we define the surge impedance of the artificial 

T line as ro = r'o cosh u ohms Z (163) 

(160) reduces to 

Rs = To tanh {2\v + i-') = ro tanh{2A> + tanh-> (-) 



fa\ ) 

i 

ohms Z (164) 
where 



sinh 



V = ^x • ^ = ?•<,; or r = sinh~^ Va numeric Z (165) 



which connects the true and apparent semi-section angles. 
Further, if we write 

e' = da = tanh-i (^ ) hyps. Z (166) 

e = 2u hyps. Z (167) 

ds = A- ^ + 8b = e + Sb hyps. Z (168) 

This becomes R.\ = ro tanh (A'^ + Sb) = ro tanh Sy 

ohms Z (169) 

which is identical with formula (126) correspondingly developed 
for smooth lines. 

If then we form the angle subtended by a section as 

6 = 2 sinh-^ \^^ = 2v hyps. Z (170) 

and form the surge impedance of the section or line by 

ro = \ cosh V ohms Z (171) 

in accordance with (163), and finally determine the angle sub- 
tended by the load in position angle at 7?, by (166), it foUow^s that 
the iTupcdance at and beyond any junction of a T line is the same as 
at the corresponding position angle of a smooth line of the same G 
and ro, loaded at B with the same a. The line impedance at and 
beyond each junction of the T line will correspond precisely 
with that at the corresponding position angle on the conjugate 
smooth line. Awa\' from junctions, of course, the correspondence 
must cease, owing to the lumpiness of the T line. 

If the terminal load a exceeds ro, then, as in (112o) and (89), an 
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. TT 



imaginary quadrant, or j f^» will appear in 6' = 8b, which will 

replace tangents by cotangents in the application of (169). We 
shall see that this distinction disappears in a.c. cases, and (166) 
applies universally. 

Formulas (170) and (171) are thus the corrections for the lumpi- 
ness of a T line. 

As an example, we may take (see Fig. 35) the five-section T line 
shown in Fig. 38, loaded at the motor end with a = 750 ohms. Here 
r = 500 ohms, andg = 0.00025 mho. The first-approximation sec- 
tion angle is, therefore, \/500 X 0.00025 = Vo. 125 = 0.35355 hyp. , 

and the first-approximation surge impedance /o = ^^ 0009*^ ~ 




V 4 

* km. § 

Fig. 35. — Line resistance at and beyond leaks and junctions of loaded 
T line, and at corresponding position angles on the conjugate smooth line. 
See Fig. 38. 



\/2,006,000 = 1,414.2 ohms. The corrected section angle is, by 

0.35355 



(170),^ = 2 8inh-i 



= 0.35174 hyp. The corrected surge 



impedance is, by (171), ro = 1,414.2 X cosh 0.17587 =1,436.1 
ohms. The angle subtended by the load is also, by (166), O' = 

tanh-^ ( : .^6 t) = 0.57941 hyp. If we add 6' to .V^, we obtain 

the position angles of the junctions shown in Fig. 35. At each 
junction, the resistance is given by (169). The resistance com- 
mences at 750 ohms for junction 0, rises steadily to 1,000 
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ohms by leak I; then falls, owing to the effect of the leak to 800 
ohms; then rises to 1,050 ohms at junction 1, and so on, follow- 
ing the set of zigzag straight lines indicated. The conjugate 
smooth line of 1.7587 hyps, and surge impedance 1,436.1 ohms, 
loaded at B with 750 ohms, would offer a continuous line resist- 
ance from point to point, following formula (126), which corre- 
sponds exactly to (169) at section junctions, as shown by the contin- 
uous curve ARB in Fig. 35. It is evident that each and every 
point of an active smooth lines possesses a corresponding posi- 
tion angle 8p; but an artificial line can be said to have position 
angles only at its junctions and mid-sections. 
At and excluding the Nth leak, the line impedance is, from (150) 

^ _ , sinh {(2N — l)v + v^\ __ sinh 5r sech v 

^" " ''' cosh {(2N -'2)tr+V} " ^'~ cosh s;;::!" 

ohms Z (172) 

while at and including the Nth leak, the line impedance falls 
by (153) to 

j^, _ , sinh {(2N - l)v + t/} _ sinh 8n sechj; 
^ " " ''' cosh ((2Ni; + v'f " '■' ""cosh 5^" 

ohms Z (173) 

Thus, at and including leak /// in Fig. 38, the line impedance 

would be 

1414 2 V ^^^^ ^^ ^ 0.17587 + 0^57941) _ 
' • cosh (6 "X 0.17587 + 0.57941) " 

1 ^i 4 r» sinh 1.45875 - ..^n n u 
l''*'^-2coshi:63462 = l'"^^-^°^™^ 

Potentials at Leaks and Junctions. — The law of distribution of 
potential over a smooth line in the steady state, is, as we have 
seen, directly as the sines of position angles, and the distribution 
of line impedance directly as the tangents of position angles. 

We have also found in (169), that the latter law of impedance 
is true for T lines at junction points. This suggests that the for- 
mer law of potential may also hold true for such junction points. 
The following is, however, a demonstration of this proposition. 

Let V^' be the potential at junction N (volts Z), 

Fh be the potential at adjacent downside leak N (volt^ Z), 
Rs be the line impedance at junction N (ohms Z). 

Numerically iV = N. 
Then 





R'„ 
Rs 


and 




vv. 

Vn 


~ Rn' 



numeric Z (174) 
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sinh{(2N-_l)t; + t/} 
' cosh (2Ny + j/)_ 
r'o cosh t; • tanh {2Nv + i;') 

1 sinh{(2N-l)v + v'\ 
cosh t; sinh (2Art; + v') 

^ r'o cosh i;- tanh {2(.V- l)t; + t;'} 

sinh [(2N^l)t; + t;'| 

%osh {2(N - l)v + v'\ 

, sinh {2(iV- l)t; + t;'| . , ,,^^, 

= coshy . . /rt»r ,x . / numeric Z (175) 
smh l(2iV — l)i; + V I 

thus 

Fat-i sinh|2(JV - l)t; + 1/| sinh 6y_i . . ,,^^. 

T> = ~ • u7o\r I — /\ = • ut numeric Z (176) 

Kat smh {2Nv + r) smh 5jv 

That is the potentials at successive junctions are as the sines of the 
position angles y and if this is true for successive junctions, it 
must be true for all the junctions. 

Line Currents at Junctions. — Since at T-line junctions, the 
potentials are directly as the sines of the position angles, and the 
line impedances as the tangents of the same, it may almost be 
inferred thai the line currents at junctions are as the cosines of 
the position angles. The following, however, is a demonstration 
of the proposition. 
Let ly be the line current at junction A^ (amperes Z), 

Isr_i be the line current at junction iV— 1 (amperes Z), 
N = iV be the number of the leak between them (177) 

Then 

j. cosh^{2(N - 1)/; + i/| 

/at-i ^Gn ^ r'o sinh |(2N - l)v + v'\ 

In G'n 1 cosh (2Nt; + t;') 

r'o sinh {(2N - l)t' + /)" 

cosh {2(iV — \)v + v'\ cosh 6.v-i . /i-o\ 

= - ' ,^^, . /x = 1 ^ numeric Z (1/8) 
cosh {2Nv + t/) cosh by 

Since the cosine proposition applies for any pair of adjoining 
junctions, it must apply to all of the junctions. The current at 
a junction is thus the same as at the corresponding point on the 
conjugate smooth line. 

Powers at Junctions. — Since, just as in smooth lines, the poten- 
tials at T-line junctions arc as the sines of the position angles, 
and the currents as the cosines of the same, it follows, as with 
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Fig. 36. — Five section T line freed at motor end, and its conjugate smooth 

line. 
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Pig. 37. — Five-section T line grounded at motor end, and its conjugate 

smooth line. 
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(138), that their product the voltampereSy and in d.c. cases the 
powerSy at T-line junctions, are as the sines of twice the position 
angles. 

Summaxy of Facts Concerning a T Line.— ^All of the immediately 
foregoing propositions concerning line impedance, potential, cur- 
rent and power on a line, loaded at its motor end with any im- 
pedance up to infinity, can be expressed by the proposition that 
a T line has, at its junctions, all of the electrical properties of its 
conjugate smooth line. In other words, a T line is the exact 
counterpart of its equivalent smooth, or conjugate line, if we 
confine consideration to its junctions and terminals. Away 
from junctions and terminals, the electrical conditions may be 
very different from those at corresponding points on the conjugate 
line. 

Abundant examples of these propositions may be found in 
Figs. 36, 37 and 38, which give the distributions of potential 

A e g 

•> 

«• 

Fig. 39. — Three-section n line grounded at motor end B through a load of 

conductance y mhos. 

current, conductance and resistance over the five-section T 
line already considered, as well as over its conjugate smooth line, 
for <r = 0, <r = oc , and a = 750 ohms. 

Impedance of a IT Line Grounded through a Load at the Far 
End. — Let us consider a IT line of N sections, three of which are 
indicated in Fig. 39, grounded at B through an admittance of y 
mhos Z. Each section has a line impedance of r ohms Z and a 
total leak admittance of g mhos Z. Required the admittance and 
impedance offered by this line at and beyond any section junc- 
tion; i.e.y at the Nth junction and between the two leaks there. 

At junction or terminal 5, the admittance to ground is 

G"o = ^+ 7 = ;x mhos Z (179) 

Converting this into an impedanoo at 

7^0 = ^ ohms Z (180) 
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Shifting the measuring point to 1, but excluding the double leak 
there, 

Ri = r + ^ ohms Z (ISli 



Converting this into an admittance, 



Gi = 



1 

r + 



1 



mhos Z (182i 



Adding in the two leaks at 1 



1 






mhos Z (183) 



Converting this into total impedance at 1 



Ri = 



1 

g + 1 
r+ 1 



= /^2(g^)l_ 



ohms Z (184) 



Shifting the measuring point to 2, but excluding the double 
leak there, 

/?2 = r + ^— - = l/Fz(Tjg)i ohms Z (185) 



or 



Gs = ^ . = F3(r,g)i mhos Z (186) 



Adding the leaks at 2, 



G'i = g + 



1 

r + 



= l/F,(g^)i 



g + 



T + 



ohms Z (187) 



or, 
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R't = ' = F4(g,r)i ohm Z (188) 

f + '^i 

'% + - 

Shifting the measuring point to 3, but excluding the leak there, 
Rz = T+^ - - = 1/F5(r,g)i ohms Z (189) 

or, 

G3 = " = Fo(r,g)i mhos Z (190) 

r + ^ -, 

Terminating the line at 3 with a single leak g/2 

G"3 = I + F5(r,g)i mhos Z (191) 

It is evident, from the above, that measuring from any junc- 
tion A^, between its two leaks, 

(r^ = J + F2.v-i(r,g)i mhos Z (192) 

Applying formula (563), Appendix B, to this, we have: 

G"j>r = J^' cosh V ' tanh {2Nv + v') mhos Z (193) 



where 



V = sinh-» Y^ *^yPS- ^ (194) 



and 



\ cosh r / 



r' = tanh-i I -1^^ I = tanh-^ ( „ '^- , ) 

\ cosh r / \g cosh r/ 

hyps. Z (195) 
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Since \ g r l5 of rhr ni'^ire 'if ^ ^^irze a«irEittant:e. we may denote 

it hy j;'":. ar.'i l'>:5 r^nx-ine?: 

^".v = /'i 'X<?h 7 •anh iVr — r' mhoe Z \ 196) 
If wr- rake : = •:" . oosh ? mhos Z • 197' 

6'\ = ;; ranh 2.V- — r' mhoe Z 198) 

where 

'•' = rir.r- ( M = tir.h- |-> hyps. Z 199i 

This is the counterpart •:<: formula I»>4 . for a n line. If the 
line is grounded it B thro'i^h any impe^iance less than ra- (199} 
will be uninterprera'r.'Ie for real values, unless we make 

:" = •' -jI h>i)s. Z v200) 

when lOS, Fjecomes 

6*".v = (J: coth 2.Vf - i" = :; coth 5.v mhos Z (201) 

t" will then be the position angle at junction 0. or fi, 2A'r will be 
the angular distance of junction A' from B, hence at junction A' 

oy = 2A"[ - t " hyps, Z (202) 

and 

ft".v = r tanh - 2A> - r" = r, tanh 3.v ohms Z (203) 

which agreer^ with 126 and '■ 169 . Consequently, the impedance 
at and Wyond any jnnrtinn of a 11 lint i> tht same as at the corre- 
sponding position nnyU of th: smooth I in*: haring the sameO^ro and a, 
the nieasunnient being made between the two leaks of that junc- 
tion. WlK-n (T = 0, r" = 0; when a = r.;. r" = « ; when <r = «, 

v" = j",y From <7 = toe = r . ; " is real. Fromo- = r© toir = «, 

r" contains J /^. 

The anglf suhiendtd by a II section is the same as that subtended 
by a T sfciion of the some line impedance r and leak admittance g; 
namely, nee ''170;. 

= 2sinh-^ i^J^) = 2r hyps. Z (204) 

77//^- surge admittance f/i) o/ a II line is formed from its apparent 
surge admittance' \/g. r in the same way that the surge impedance 
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To o/ a T line ia formed from its apparent surge impedance y/t/g', 
viz., by using the factor cosh v; or 

flo = -v/ ■ cosb V = g'\ cosh v mhos Z (205) 
whence 

To' = r"o/co8h V = r"o sech v ohms Z (206) 

where r"o is the apparent surge impedance V'r/g of a section of 
n hne. 

The lumpifKss correction factor for the Bcdion angle of a U line 
is thus iderttical vnth that for the sedion angle of a T line; btU the 



i 


L'X 


k».. s 




« 
















\ 




\ 




V 
















^ 


V- 


^ 




\ 




\ 






^ 




1- 




\ 




\ 






K^ 




^ 


^ 




!. 


















=;^ 






4 


ii' 


/ 




J 


-7 


■f- 


:^ 












c 


.A 


«... 


§ 


1/- 


I 




f 




i 


D.mOG 



.«mI 
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loaded n line, im we 
Bm<x>th line. 



correction factor (sech v) for the surge impedance of a n liiie is the 
reciprocal of that for the surge impedance of a T line (cosh v). 

Pig. 40 gives the graphs of line impedance and admittance for 
the case of the five-section loaded n Hne of Fig. 44. The sec- 
tion hne impedance is r = 500 ohms, and leakance g = 0.00025 
mho. The uncorrected or apparent surge impedance is r"o = 
^500/0.60025 = V'2,000,000 = 1,414.2 ohms. The uncorrected 
or apparent section angle is %/500 X 0.00025 = VOIZS = 
0.35355 hyp. The corrected section angle i.s, by (184), fl = 



Inh-' 0.1707S = 2 X 0.1758C8 - 0.351736 
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hyp., and the angle subtended by the whole line is 1.75868 hyps. 
The corrected surge impedance is, by (206), 1,414.2/ cosh 
0.175868 = 1,392.6 ohms. The load of 750 ohms at B subtends 
an angle of 6' = tanh-^ (750/1,392.6) = 0.60212 hyp., which 
added to the successive values of 62 at junctions, gives the posi- 
tion angles 6y at junctions. The line resistance then vanes a^ 
the tangent, and the line conductance as the cotangent, of these 
angles. 

In Fig. 40, the curve ARB follows the line resistance of the con- 
jugate Une, having = 1.7587 hyps, and ro = 1,392.6 ohms. Such 
a Hne would possess a total conductor resistance, by (35), of 
1.7587 X 1,392.6 = 2,449 ohms, and a total leakance, by (36), 
of 1.7587 -^ 1,392.6 = 1.263 X 10"' mho; whereas the artificial 
line has an aggregate line resistance of 2,500 ohms, and a total 
leakance of 1.25 X 10~^ mho. The zigzag line connecting A 
and B follows the line resistance over the 11 line. If measured 
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Fig. 41. — Diagrammatic representation of a IT line with double leaks 
at each junction for the insertion of an ammeter A between successive 
sections. 

between the leaks at each junction, the resistance coincides with 
the corresponding points on the curve ARB. The heavy black 
curve A'G'B' follows the graph of line conductance, along the 
conjugate line, and, at any point thereof, is the reciprocal of the 
corresponding value on the curve ARB, The zigzag heavy Une, 
oscillating about AVB\ follows the line conductance over the 
n line. 

The curve ARB follows (203), and A'G'5' (201), at all 
points along the conjugate line. At section junctions, the 
oscillating values on the IT line fall into coincidence with these 
smooth curves, provided that the measurements are made be- 
tween the two leaks of a junction, as indicated in Fig. 41. In 
practice, it is customary to merge these two leaks g/2 into one of 
g mhos, as in Fig. 33. In such a case the agreement of line resist- 
ance and conductance at j unctions is only realizable arithmetically. 

Line Admittance and Impedance on Each Side of a n Junction. 
— Theoretically, as above considered, the hne impedance or 
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admittance as measured at any junction of a line should be taken 
from a point where the two leaks, each of g/2 mhos Z, are sup- 
posed to be applied at that junction. Since, in practice, these 
two leaks are ordinarily merged, it is important to consider 
the Une admittance on each side of a junction. 

Let Gff be the admittance on the down-energy or motor side of 
junction N (mhos Z) and G'y the corresponding admittance on 
the up side (mhos Z) including the leak at iV^; so that 

G'y = g + Gs mhos Z (207) 

Then, by (186) and (190), 

Gs = /^..-.(r,g)i = J«. '^^??,- ^^"^^ mhos Z (208) 

'i^ \ I cosh {2Nv + v) 

and by (556) this is 

^ /i. cosh{(2iV - 11L+ "I'l = /«. cosh (5. -J,) ^^^ ^ 
\ r smh {2Nv + v") \ r smh hs 

where 

v' = tanh-i C^^), y" = tanh-i l^\ hyps, z (210) 

and 

V = sinh-i ( 2 ) *^^P^* "^ ^^^^^ 

so that 

71 1 /i-r // sinh 6y sinh 6jv cosh y , /oio\ 

Iiff=zl/Gff = r - uTV" V =^0 1 /,- .ohms Z (212) 

' cosh (6;v — r) cosh (6j>r — y) 

Again, by (187), 
ff»- l/f ..(g^). - ./ V[ ^ll^^^i'T^ ^ (213) 

= x/'-""'^W.;;;'i^tr^'^mhosZ (214) 
\r cosh (2ivj; + d ) 

by (557) and (562) 

\r smh {2Nv+v'') \r smh 6j>r _ 

and 

D/ 1 /ryf n ^^"^ S.v sinh bs COSh t; , , /oir\ 

cosh {bs+v) cosh (6a'+i0 
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The reciprocals of (209) and (215) give, in (212) and (216), 
the corresponding Hne impedances on each side of junction X. 

As an example, we may take the case of the n line shown in 
Fig. 44, loaded at its motor end with a = 750 ohms, or 7 = 
1.3333 X 10~^ mho. Required the admittance on each side of 
leak 2. 

Here 

6s = 1.30559, 8s - V = 1.12972, ds + v = 1.48146. 

^- =l,4l4.2sh;^' \'m%1 = ^^^^ mho, /?.= 1,414.6 ohms 

and 

G's=, , ! , o • ^^^^ 1 *o!!m^ = 0.000 956 91 mho.R's = 1 ,045.0 ohms. 
1,414.2 smh 1.30o59 

The arithmetical mean of these admittances is 0.000 831 91 mho, 
which is the admittance at the corresponding point on the con- 
jugate smooth line, or the admittance as measured between leaks 
at junction 2. 

Arithmetical Mean of Line Admittance on Each Side of a 
Jimction. — If we apply formula (509) of Appendix A to (208) 
and (215) we obtain 

Gn+0\ _ \g cosh(6.v+i')+cosh(6Y— r) _ ,, cosh hs cosh v 
2 " " \r ' 2sinh bs " ""^ « ~^inh Ik " 

mhos Z (217) 

= ^"0 cosh V • coth 6a- = go coth 6s = G".v mhos Z (218) 

which, by (201), is the line admittance at junction N between 
leaks, or at the corresponding position angle on the conjugate 
smooth line. This is also evident from (192) and (207). 

Consequently, the arithmetical tnean of the line admUinnc^'s on 
each side of a junction (their plane vector mean in an ax. case) is 
equal to the admittance between leaks at the junction^ or to the ad- 
viittance at the corresponding posit io7i angle of the conjugate smooth 
line. 

Potentials at II -line Junctions. — If V.v is the potential at junc- 
tion N (volts Z), and T'.v-i is the potential at junction A''— 1, 
then it is evident that the ratio of those potentials is the ratio of 
the line impedance on the down side of N to the line impedance 
on the up side of A' — 1. Hence 
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cosh (5jv — v) 
Vif-i Gy sinh 8^ 



Vy .G'jv-l cosh (Sjv-i + v) 

sinh Sff^i 



numeric Z (219) 



But 



so that 



5^.1 + t; = 6jsr- y hyps. Z (220) 

.. = ^-r-,. numeric Z (221) 

Fat smh 8n ^ ' 

or fAe potentidls at U-line junctions are as the sines of their posi- 
tion angles, and therefore the same as at the corresponding position 
angles of the conjugate smooth line. 

Line Ctirrents at 11 -line Junctions. — Since the potential Vs 
at any section junction has been shown to be the same as at the 
corresponding position angle on the similarly loaded conjugate 
smooth line, and the line admittance G^'y between leaks at that 
junction is the same as at the corresponding conjugate-line posi- 
tion angle, it follows that the line current In = KvG'V, between 
leaks ai that junction, is also the same as at the corresponding 
conjugate-line position angle. If, as usual, there is only one leak 
at the junction, then the arithmetical mean of the line currents on 
each side of this leak is equal to the line current at the corresponding 
conjugate-line position angle. 

Summary of Facts Concerning a n Line. — All of the preceding 
propositions concerning a line, loaded at its motor end with any 
impedance up to infinity, can be included in the statement that 
a n line has at its junctions all of the electrical properties of its 
conjugate smooth line, on the assumption that the leaks at those 
junctions are double, and the measurements are made between 
them, as in Fig. 41. 

If the leaks at junctions are single, then this correspondence 
of electrical properties is complete in regard to potential and 
power; but involves arithmetical mean values (a.c. plane-vector 
means) in regard to current, and line admittance. 

Figs. 42, 43 and 44 represent the distributions of potential, 
current, conductance and resistance over the five-section II line 
already considered, and over its conjugate smooth line, for 
a = 0, a = oc , and a = 750 ohms respectively. All of the 
numerical values indicated arc obtainable either by the hyper- 
bolic-function formulas above stated, or by direct Ohm's law 
computation. 
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Fio. 42. — Fi ve-sect ion n line freed at motor end, an(i its conjugate sniootl 

line. 



LUMPY ARTIFICIAL LINES 



79 



o> 



ii 



OJeiSQwi-^S t e- 0.01250a S ^ 1312.3" 0.76199'"« 

lOO.Ov *^ ^1.75868^ .^.-777777..© 
0.076199a 
1312.3" 



82.791V 
0.064687a 



0.80969'«« 
68.150V 
0.055181a 
1235. 0<*' 



55.622V 
0.047S85a 



0.91611'«« 
44^19v 
0.041060a 
1091.5" 



35.406V 
0.036008a 



1.1838*"" 
20.091V 

0.032071a 

844.7" 



19.616V 
0.029129a 



2.125«w 
12.749 V 
0.027091a 
470.59« 



6.2770V 
0.025893a 



O.Ov 
0.025497a 




Ot lOO.Ov 
1569.9" 0.63699"«" 



S- 0.0 j7038a 

1. 4069 <--wmm^ — 

0.25'»« 




s - 0. 011205a 

1.0552 -^-^iMfm/m — 
0.25"»" 




8 - 0.g067727a 

o.70347^^-MS6iwviiw— 

0.25'«« 




S- 0. 0031871a 
0.25«« 





^S 84.075 V 
f 0.063699 a 



1069.9" 0.93469'«" 
►K 68.150 V 

1460.5" 0.68469"*" 



Mg 56.485V 
"*^? 0.46662 a 



960.51" 1.0411W" 
eo 44.819V 

1264.04" 0.79111"«" 



mS 35.955 V 
^ t 0.035457a 

764.04 w 1.3088'"" 
i^ 27.091V 
944.44" 1.0588'"" 



S 19.920 V 
t 0.028684a 



444.44*^ 2.25'"" 
i 12.749 V 
500" 2.50*"" 



g 6.3743 V 
f 0.026497a 

Quf ormu 
O O.OV 



Fio. 43. — Five-section n line grounded at motor end, and its conjugate 

smooth line. 
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FiQ. 44. — Five-section II line loaded at motor end, and its conjugate 

smooth line. 
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Properties of T Lines at Mid-sections. — We have already seen 
that the electrical properties of T and n lines at section junctions 
coincide with those of corresponding points on the similarly 
loaded conjugate smooth lines; but there are also certain elec- 
trical correspondences at mid-section points which may be 
usefully considered. 

Potentials at T-line Mid-sections. — ^Let Vf, be the potential 
at mid-section N; i.e., at the leak on the down energy side of junc- 
tion iV, and where the potential is F^ volts Z. Then 

, sinh_{_(2N -J)v_+ v'l 

Vn ^R'n ^[ '_ C0shj;2Ny +jn 

VfiT Rs r'o cosh V ' tanh {2Nv + v') 

1 sinh{(2iV - \)v + t/\ 
cosh V sinh (2Nv + v') 

_ 1 sinh 5h 
cosh V sinh hs 



numeric Z (222) 



numeric Z (223) 



If we denote by Vcn the potential at the corresponding mid- 
section position on the conjugate smooth line, where the position 
angle is 5^ hyps. Z, then 

V 

cosh V 



\\ = Z = FcN • sech V volts Z (224) 



That is the potential ai the mid-section of a T line is the potential 
at the corresponding mid-section point of the conjugate smooth 
lin€f multiplied by the secant of the half-section angle v. 

As an example, the potential at leak III or mid-section 3 of 
of the T line in Fig. 37 is found from the position angle at this 
point, 5/// = 0.87934 hyp. The potential at this point on the 

conjugate smooth line is by (98), Vein = 100 . u i yKo^o = 

35.406 volts. The semi-section angle v = 6/2 = 0.175868, sech v 
= 0.98474; so that Vm = 35.406 X 0.98474 = 34.866 volts. 

Line-ctirrent at T-line Mid-sections. — We have already seen 
(178) that the current ly at junction N may be written 

J J cosh 5,v . /ooc\ 

^^^^'^ cosh 5c ^"'P-^ ^^^^^ 

and similarly at junction iV— 1 

J J cosh 6a'_i /oof»\ 

^''-'=^'-- cosh 6. "'"P-^ (226) 
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where Ic is the known current at some point on the conjugate 
line, or some other junction on the T line, where the jxisition 
angle is 6c. At a mid-section, the current in the line suddenly 
drops from Is- to In-i, owing to the presence of the leak. If we 
define the mid-section current In as the arithmetical mean of 
these two, then 

J Ic cosh 5iv + c osh gjy-l ^^^ y /on-x 

^''^coshic 2 ^"^P-^ (^'' 

But 

5jsr = 61, + t; and 6a'_i = Be — v; so that by (509), 

/h = — 1-,. • cosh 6k ' cosh V amp. Z (228) 
cosh 8c 

But the actual line current at position angle Sh on the conjugate 

smooth line is 

- ^ 

IcB == " 1! * • cosh 5h amp. Z (229) 

so that 

7h = len cosh V amp. Z (230) 

The T'line mid'Section current is thus equjol to the line current at 
the corresponding point of the conjugate smooth line, multiplied by 
the cosine 0/ the semi'Section angle v. 

Power at T-line Mid-sections. — It follows from (224) and 
(230) that the power Vn • I^ in voU-amperes at any mid-section 
is equal to the power at the corresponding point on the conjugate 
smooth line. (See (383).) 

Line Impedance at T-line Mid-sections. — Dividing (224) by 
(230) we obtain 

/?H = Rcix scch2 y ohnas ^ (231) 

The particulars concerning TAine mid-sections and their corre- 
sponding conjugate-line points are indicated in Fig. 45. It will 
be seen that the agreement is complete at section junctions, but 
is incomplete at mid-sections. 

Properties of 11 Lines at Mid-sections. — The electrical con- 
ditions at Il-line mid-sections arc related to those at correspond- 
ing conjugate-line points in a similar but inverse manner to those 
already found for T lines. 

Potential at 11 -line Mid-sections. — Since the potential at 
junction A^ is the same as at the point on the similarly loaded 
conjugate smooth line, whose position angle is 6^ hyps., we have, 
by (221), 
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volts Z (232) 



volts Z (233) 



where Vc is the potential at a point whose position angle is 6c. 
Then 
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FiQ. 45. — Electrical conditions at junctions and midsections of a T line 
^ and at corresponding points on the conjugate smooth line. 



Vn = 



' V^ + F^-1 



sinh ^AT + sinh 8ff^i 



2 

sinh 5c 
sinh 5c 



sinh 5c 2 

sinh (5h + v) + sinh (5h — t;) 

2 

sinh 5]r • cosh v = F. » cosh t; 



volts Z (234) 



volts Z (235) 



volts Z (236) 



TAu^ the potential at a U-line mid-sedion is equal to the potential 
at the corresponding conpigate-line pointy multiplied by the cosine 
of the semi-section angle. In other words, the potential at a U-line 
midsection is always factored as much greater than that at the 
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Line Impedance and Admittance at n-line Mid-secdoos.— 

I: w^ d^notf: the line impedance at niid-reotioa N by R^. we have 

r I r r sinh 5v r 

g cosh 5.V — r 2 

r sinh ov _ ^ 'K 
\ g cosh o.v ~ r 2 



*' = **-2=r;,-2 = \g -' -' -- *^'^™^- 237 



-, sinh 0, — r . , 

= r -: . . Sinn r 

cosh 0% 

ohms Z -238' 

= r". tanh o» cosh i =ri tanh o* cosh= «* = /?-» cosh* r 

ohms Z :239: 

7"/^? />>«« r^.JrxJitance at a U-line mid-.Haion is iherefore equal to 
thf. b.nf: r^jrijftanc^. at ih^ corrfit ponding conjugaUAine point, mul- 
tipl'.^d by thf: aq^iare of the cosine of the semi-stci tonal angh. 

The line adruittance at mid-section N is the reciprocal of /?i 
or 

Gm = jf", coth om sech V = g, coth Oj sech- r = G^m sech* r 

ohms Z (240) 

Line Current at n-line Mid -sections. — From the preceding 
eqiL'i^ions 'Zi^y and '240;. it follows at once that 

/, = V M ^osh r X O'.jr sech- r = T., (r., sech ramp. Z (241) 

= /,, secli r amp. Z (242) 

or the line current at mid-sfciion N or anywhere in this line sec- 
tion iy f^q^inl to the line cur rent at the conjugite-line point corre- 
i'.pondituj to N, nviHt plied hy the secant of the semi-section angle r. 

Line Power at Il-line Mid-sections. — It follows directly, from 
'230 an*! 242 . that the power in the II line at a mid-section, or 
the rat#r in jouler? per second at which energy is l>eing carried past 
thirf fKjint, is 

/% = Va ' h = r.5 c-osh V ■ Irs ?=ech v = T, • /,h = Pen 

watts (243) 

Thai is, the line volt-amperes at any Udinc mid-seclion is equal to 



LUMPY ARTIFICIAL LINES 



85 



the volt-amperes at the corresponding conjugate-line point, (See 
(383)). 

Hence in any T line or U line, the power agrees with thai at 
corresponding conjugate-line points at terminals, at section junc- 
tions, and, so far as concerns the volt-amperes, at mid-sedians. 

As an example, consider the power at mid-section II in Fig. 
44. The power at this point on the n line is 26.794 volts X 
0.023006 amp. = 0.61642 watt. At the corresponding point on 
the conjugate smooth line, the power is 26.384 volts X 0.023363 
amp. = 0.61641 watt. 
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Fio. 4H. — Electrical conditions at junctions and midsections of a 11 line 
and at corresponding points on the conjugate smooth line. 



The relations between the conditions at Il-line mid-sections and 
at corresponding conjugate-line points, are shown in Fig. 4(), 
for reference. 

Fall of Potential Compared on T, 11, and Conjugate Lines 
Compared. — Fig. 47 represents graphically the fall of potential 
along the T line and II line of Figs. 36 to 38, 42 to 44, as well 
as along a smooth conjugate line. Strictly speaking, it is not 
possible to have one and the same smooth line conjugate to both 
a T line and a II line, unless the r and g in the sections of each are 



86 



ARTIFICIAL ELECTRIC LINES 



different, owing to differences in ro, but the discrepancy is \ery 
small in this case. 

It will be seen that taking the "Line Free" graphs, the dotted 
curve represents a true catenary for the conjugate smooth line. 
Contacting with this catenary at junction points, are the internal 
polygon representing the Il-line potential fall, and the extenial 
polygon representing the T-line potential fall. 
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Diitauce Position along Line from Distant End 

Fig. 47. — Fall of potential on artificial and conjugate smooth line. 



These curves indicate that it is possible to arrange two loaded 
flexible massless strings with suitable masses, in such a manner 
that both of them shall contact with a common catenary; one 
of them forming an internal string polygon, and the other an 
external string polygon. 

Fall of Current on T, II and Conjugate Lines Compared. — 
Fig. 48 represents graphically the fall of current along the T 
line of Figs. 36 to 38 and along the conjugate smooth line. The 
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Fia. 48. — Curreats in artificial T line and in conjugate smooth line. 
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FiQ. 49. — Currents in artificial line and in conjugate amooth line. 
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dotted smooth curves apply to the smooth line in each case. The 
zigzag T-line current graphs coincide with the smooth curv^es at 
section junctions. 

In a similar manner, Fig. 49 shows the corresponding n-line 
current graphs. Here the mean ordinate at junction points 
coincides with the corresponding smooth curve. 

Artificial Line of Indefinitely Great Number of Very Small 
Sections. — If a section of lumpy line is large; i.e., contains a 
relatively large lump of resistance r and a large associated lump 
of leakance g, the lumpiness correction factor in angle 

sinh- (^/«) . , , 
fc„ = - -,-)- 2 -Z = ^•Lh 1"- numeric Z (244) 

tends to be considerable, and in some a.c. cases may be enormous. 
The correction factor in surge impedance, either cosh v or sech r 
as the case may be, is also capable of assuming large propor- 
tions. As, however, the subdivision of the lumpiness is effected 
by placing the same total artificial-line resistance and leakance 
in more numerous sections, both r and g are reduced so that 
the value of k\ diminishes toward unity. Finally, when the 
successive sections are all exceedingly small and indefinitely 
numerous, both r and g tending toward zero, the limit of fc, 

/sinh-^ Va\ . . /o-cx 

I ) =1 numeric (245) 

or there ceases to be any correction factor, and the minute ap- 
parent anjijle Va subtended by a half-section is not to be dis- 
tinguished from its actual semi-angle r. At the same time the 
values of cosh v and sech v, as v approaches zero, tend to the 
value unity; or the apparent surge impedance by (143) becomes 
the true surf2;e iniepdance fq. Such a line, how^ever, with in- 
definitely numerous and indefinitely small lumps of impedance 
and leakance is, however, a smooth line, which evidently has no 
lumpiness error. 



CHAPTER VII 

EQUIVALENT CIRCUITS OF A SMOOTH LINE 

In the analysis of the line impedance at any point of a lumpy 
artificial line, alternating continued fractions naturally present 
themselves, as was recognized by Mascart in 1883,* and by 
Herzog and Feldmann in 1903. t The solution of such con- 
tinued fractions by means of hyperbolic functions in 1908,$ 
led in the same year to the conclusions reached in the last chap- 
ter, that any T section of artificial line completely replaces, at 
its terminals, a certain length of conjugate smooth line, and also 
similarly for a 11 section. It followed at once from these proposi- 
tions,** that conversely, any length of continuous smooth line 
may be completely replaced at its terminals by a certain T, and 
also by a certain 11 of artificial line. This converse proposi- 
tion is very important. The T section equivalent to a smooth 
line is called the ^^ equivalent T,*' and the corresponding n sec- 
tion the ^^ equivalent n'' of that line. It has been demonstrated 
algebraically elsewhere ft that the equivalent T and n of a ter- 
minally loaded line, offers both the same sending-end impedance, 
and the same receiving-end impedance, as the conjugate smooth 
line. Without repeating the demonstration here, it may be 
pointed out that the results as to substitutibility of real and arti- 
ficial-line sections, obtained in the last chapter, indirectly fur- 
nish such a demonstration. Moreover, we shall notice some 

* Mascart and Joubert's "Treatise of Electricity and Magnetism," 
Paris, 1883, vol. i, p. 211 (resistance of a conductor when there is loss by 
the sides). 

t J. Herzoo and C. Feldmann, "Die Berechnung Elektrischer Leitungs- 
natze," J. Springer, Berlin, April, 1903, vol. i, Chapter V, p. 328. 

X "The Expression of Constant and of Alternating (Continued Fractions 
in Hyperbolic Functions" by A. E. Kennelly, Am. Annals of Mathematics^ 
Salem Press, vol. ix, No. 2, pp. 85-96, January, 1908. 

•* "Artificial Lines for Continuous Currents in the Steady State," by 
A. E. Kennelly, Proc. Am. Ac. Arts & Sciences, vol. xliv, No. 4, pp. 
97-130, November, 1908. 

ft "The Application of Hyperbolic Functions to Electrical Engineering 
Problems" by A. E. Kennelly, London University Press, 1912, Appendix D. 
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numerical cases of substitution which will supply additional proof 
arithmetically. 

The Equivalent T. — Fig. 50 shows diagrammatieally, at AB 
a smooth line of conductor impedance R ohms ^, and total leak- 
ance G mhos ^. This line, therefore, possesses an angle of S 
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Vlfk. 50. — KclatiouB between equivalent circuits and their conjugate smooth 



hyps. Z, and a surge impedance zu ohms Z, as well aa its reciprocal, 
a surge admittance yn mhos Z. Sec formulas (IS) and (26). 

At A'OB', is the "nominal T" of the smooth line AB; i.e., 
a T section of impedances having in its elements the nominal 
values R and 0. Thus, the impedance in the line section is S 
ohms Z, and the leakance in the single central leak, G mhos Z. 
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This nominal T has a lumpiness error, and cannot correctly re- 
place the smooth line. It is only a stepping stone to the " equiva- 
lent r," a'oV, which can correctly replace the smooth line. 
The correcting factor for the line branches is 

tanh 

fcp, = - numeric Z (246) 

d 



while the correcting factor for the staff leak is 

, sinh B . . fckAn\ 

kg^ — - a~ numeric Z (247) 

Applying these factors to the respective elements of the nominal 
r, we find that each branch of the equivalent T has an impedance 

p' = zo tanh 2 ohms Z (248) 

while the staff of the equivalent T has an admittance 

g' = yo sinh mhos Z (249) 

the impedance of the staff 1/g' may be denoted by R\ 

The Equivalent n. — The '^nominal n" of the smooth line AB, 
Fig. 50, is indicated at A"B", the line element having the con- 
ductor impedance R, and each leak having half the line leak- 
ance G. Lumpiness correction factors must now be applied to 
these elements in order to produce the '^equivalent n'' a"6", 
which is capable of completely replacing, or of being substituted 
for, the smooth line AB, in any single-frequency steady state. 
The correcting factor for the line element is 

fcp„ = ti numeric Z (250) 

and the correcting factor for each semi-leak is 

tanh ^ 
kg,, = - numeric Z (251) 

2 

It is evident that the correcting factors which convert the nominal 
IT into the equivalent U of the conjugate smooth line, are the same as 
those which convert the nominal T into the equivalent T, but in 
inverse order; so that kp,, = kg,, and kg,, = kp,. 
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The corrected elements in the equivalent 11 are then found to 
be 

p" = 2o sinh 6 ohms Z (252; 

and g" = I/O tanh mhos Z (253: 

The impedance of each leak 1/^" may be denoted by R". 

Relations between the Equivalent T and n. — It can be shown 
that having derived one of these two equivalent circuits of a 
smooth line, the other can be derived by direct computation/ 
Thus, if the equivalent T is given, the equivalent 11 can be di- 
rectly computed, and will be found in agreement with the values 
given in (252) and (253). This is from the known equivalence 
and general substitutibility of a star and a delta of impedances;! 
so that one can be replaced by the other in any single-frequenc}' 
steady electrical system, without disturbing the potentials, cur- 
rents or powers in the rest of the system. J 

When ^ becomes indefinitely small, both the correcting factors 

sinh e , tanh (^/2) , 

- and //> o\ become unity. This means that trA^w o 

smooth line Ls extremely shorty its nominal T orll is aho tte equiva- 
lent T or fl, which is indeed an almost self-evident proposition. 

Wh(ui B is largo and real, becomes large with respect 

d 

tanh (6/2) 

to unity; while //, ox becomes small with respect to unitv. 

{v/2.) 

In a.c. cases, with d complex, both these correcting factors are 
capabUj of rapid oscillations in value, as 6 changes. 

In all c.c. cases, the equivalent T and 11 are always physically 
realizable. That is, their elements are always resistances, which 
are capable of being designed and constructed. In a.c. cases, 
however, it frequently happens that either the equivalent T, 
or the e(iuiyalent II, is physically unrealizable, and sometimes 
both. That is to say, the values of impedance called for in the 

*'*Thc Applicatiim of IlypiTholic Functions to Electrical Engineerinf; 
Problems," hy A. K. Kknnklly, London University Press, 1912, Appendix E. 

t "The Equivalence of Triangles and Three-pointed Stars in Conducting 
Networks," hy A. E. Kexxkli.y, Electrical World and Engineer N. Y., vol. 
xxxiv, No. 12, pp. 413-414, Sept. 10, 1899. 

X Fkldmann and Hkrzog, Proc. Int. El. Congress, St. Louis, 1904, 
vol. ii, section E, pp. GS9-709, "The Distribution of Voltage and Current 
in Closed Conducting Networks." 



CIRCUITS OF A SMOOTH LINE 93 

respective elements may have slopes greater than 90°, and 
therefore cannot be reproduced in simple series groups of resistors, 
reactors and condensers. Such cavses may be regarded as 
arithmetical equivalent circuits^ but not as physical equivalent 
circuits. 

Reversion from a T or n Section to Its Conjugate Smooth 
Line. — Having given a T section or a n section, there must be 
some conjugate smooth-line equivalent thereto, and it becomes 
requisite to know the angle 6 subtended by the section as well as 
its surge impedance zo or admittance yo. This is the problem 
that presents itself in the use of any given artificial line. It is 
called the reversion to the conjugate smooth line. 

Reversion, as the name implies, calls for the reversal of the 
procedure which determines an equivalent circuit from its con- 
jugate smooth line. 

Thus considering the equivalent T represented in Fig. 31, we 
know from (248) that the total line element is defined by the 
relation 

T = 2zq tanh ohms Z (254) 

4U 



and by (249) 



. , ^ 2 sinh -, cosh -, , , /«-^\ 
smh e 2 2 mhos Z (2o5) 

g = -=------- 

Zo Zo 



where 6 is the angle, and Zo the surge impedance of the conjugate 
smooth line imitated by the section. 
Multiplying (254) and (255) we obtain 

smh 9=v'99= 9 numeric Z (2o6) 
Dividing (254) by (255) we obtain 

e 

g 2 

Again, considering the equivalent II represented in Fig. 32, 
we know from (252) that the line element is 

r = zosinh 6 = 22osinh ^ cosh ^ ohms Z (25S) 

and by (253) 

i h ^ 
g ^ 2 mhos Z (259) 

2 Zo 



Zo = \^ X cosh ^ ohms Z (257) 
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Multiplying (258) by (259) 

sinh ^ = -Jg ■ 2 " 2 ^"™®"<^ ^ (260) 
and dividing (258) by (259) 



'•=\k 



or yo 



= J - X cosh 2, mhos Z (262) 

The following formulas (263) to (266), for reversion, are also 
useful. 

Reversion from a T to Its Conjugate Smooth Line. — As shown 
in Fig. 50, and as explained in reference to (170) where r = 2p' 
and g = q' 



\ =. = 8inh-^p'.|' =sinh-'^|-? =tanh->^2-+Tv 

hyps. L (263) 
Also, as explained in reference to (171), 

20 = \/p'(7T2A')" 

= p' coth n =R' sinh = \j—r' cosh o ~ V ' "^^^ o ~ ^o' cosh- 

ohms Z (264) 

Reversion from a 11 to Its Conjugate Smooth Line. — As shown 
in Fig. 50, and as explained in reference to (204), where r = p" 
and g = 2g", 

I =. = sinh-'^/'/' = sinh- yjll = tanh- ^jj-^'^^, 

hyps. Z (265) 
Also, as explained in reference to (205), 



2o - ft" yjp„ ^ 2«" 



= R" tanh 2 = ^ -^ = ^/ g^,,' soch ^ = ^g' sech ^ = 2o" sech j 

ohms Z. (266) 

■ 

General Relations in Reversion. — It can be shown that just 
as there is one and only one T and II which can replace a given 
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smooth line at any one frequency; so, conversely, there is one 
and only one smooth line which can replace a given T or a given 
n. It frequently happens, however, that the conjugate smooth 
line so determined cannot be physically realized. In other 
words, the conjugate smooth lines of some Ts and lis are only 
arithmetically realizable. 

To any actual smooth line, operated by direct currents (zero 
frequency), in the steady state, there is one and only one equiva- 
lent T and 11. In the case of a.c. lines, however, varies with 
the impressed frequency, and the correcting factors, k^,, p^,,, 
kg,j kg,,, all vary with the frequency. Consequently, an arti- 
ficial line of Ts, or lis, or both, which is a correct counterpart of 
some smooth line at a given frequency, ceases to be its correct 
counterpart when the frequency is changed. In other words, 
there is only one frequency at which a given artificial line can cor- 
rectly represent an aciital smooth line. The amount of error which 
will attend a change in impressed frequency will depend upon 
the lumpiness of the line. In general, the fewer the sections, 
and the greater the corresponding lumpiness in an a.c. artificial 
line, the greater the errors introduced by changes in impressed 
frequency. It is for this reason that it is preferable to divide an 
artificial line into a number of small sections. If it were not for 
the effect of changes in frequency upon the imitative accuracy 
of an artificial line, it would be manifestly easier and more con- 
venient to employ a single T or a single n as the equivalent. It 
is, however, easy, as we shall see later, so to design an artificial 
line for the embodiment of a given actual smooth line, that for a 
given range of impressed frequency, the range of discrepancies 
in voltage, current, or power, shall be kept within assigned 
small limits. 

Example of Equivalent Circuits. — A convincing numerical ex- 
ample of the substitutibility of an equivalent T or n for its con- 
jugate smooth line, is furnished by the case of a d.c. line voltaged 
at both ends. 

Fig. 51 represents the case of a line AB, 200 km. long, having a 
linear resistance r = 6, and a linear leakance g = 1.5 X 10~*; 
so that its total conductor resistance is 1,200 ohms and its total 
dielectric leakance 0.3 X 10"' mho; hence its line angle 6 = 
0.6 hyp., its linear angle a = 0.003 hyp. per km., and its 
surge impedance ro = 2,000 ohms. The line has a potential of 
-1-100 volts applied at A, and a potential of -|- 90 volts applied 
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at B; 80 that the two batteries oppose each other. In such a 
case, provided that the two impressed terminal potentials are 
not too far apart, there will be a point of minimum potential 
somewhere on the line. Let x be the distance of this point in 
kilometers from Ay and 6i the corresponding distance in angle. 
Then, by (77), the potential at X will be: 



Vr = 



V 



V. 



cosh ^i cosh ax 



volts (267) 



This will be the same potential as is established over L — x kilo- 
meters from By or 




I 



Fig. 51. — Smooth line voltagod at both ends. 



Vx = 



volts (268) 



cosh $2 cosh a(L —x) 

Solvinji: (267) and (268) for x and Vx. we obtain: 
X = 160.892 km., L - x = 39.108 km., ^i = 0.482675 hyp., 
e. = 0.117325 hyp., and W = 89.384 volts. The fall of poten- 
tial is indicated in Fig. 51 by the catenary curve A'VX'B\ 
with its minimum at X\ For ek^ctrical purposes, the line may 
now be regarded as cut at A", borausc no current can flow at this 
point. The entering current at A, using (131), is then found to 
be 0.022 4192 ani[)., and at /i, 0.005 2555 amp. The curve alXb 
indicates the strength of current along the line, current flowing 
toward B being taken as plus. 
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Incidentally, it may be pointed out that if we know the poten- 
tial and current at B, the case may be readily worked out by the 
use of position angles, as described in Chapter IV. Thus with 
r* = 90, and h = -0.0052555, the line is virtually grounded 
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Equivaknt T 
lo. 52. — Equjvnlcut cirfiiits of a line i 



at B through a negative resiHtance a = 



Equivalent II 
O.r., r, = -iOOO ohms. 



90 



-17,125 



-0.0052555 " 
una. This virtual resistance subtends an angle tanh"' 

~2^000 ) " *^"*^~' (~8-''*'25) 0.117325 + j^; so that 

- = jg' and S^ = 0.482675 +j„- The potentials, currents, 
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impedances, and admittances now follow respectively the sines, 
cosines, tangents and cotangents of the position angles all along 
the line, as already described. 

Fig. 52 shows at AS a diagram of the smooth line considered. 
At AVB' is its nominal T, and at A"S", its nominal n. The 
lumpiness correcting factors are seen to be 1.061089 and 0.971043. 
Using these factors, the equivalent T is indicated at a'ob', and the 
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Fig. 53. — Equivalent circuits of smooth line in Fig. 51, voltaged at both ends. 



equivalent n at a"6". In the equivalent T, the total line re- 
sistance and leakance are 1,165.252 ohms and 0.318326 millimho. 
In the equivalent n, the corresponding values are 1,273.306 ohms 
and 0.291314 millimho. 

These equivalent circuits are shown, in Fig. 53, connected to 
100 volts at the A end, and 90 volts at the B end. The equiva- 
lent T line is at a'ob\ in the upper part of the figure, and the 
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equivalent 11 line is at o"6", in the lower part. Considering the 
equivalent T, if the A battery acted alone, with the B end 
grounded, the current entering at A would, by Ohm^s law com- 
putation, be 0.093 1012 amp., splitting at into 0.078 5356 and 
0.014 5656 amp. Similarly, if the B battery acted alone, with 
the A end grounded, the current entering at B would be 0.083 7911 
amp., splitting at into 0.070 6820 and 0.013 1090 amp. Now 
applying both batteries as shown, the summation current dis- 
tribution gives 0.022 4192 amp. preponderating at a', 0.005 2555 
amp. at 6', and 0.027 6746 amp. through the leak to ground. The 
two entering line currents agree with those indicated in Fig. 51, 
as obtained by smooth-line formulas. 

Turning to the equivalent n, a"6", it is evident that 100 volts 
acting, at a", through the leak of 0.145 657 millimho, produces 
a leak current of 14.5657 milliamp. Similarly, 90 volts acting 
at 6", through the leak of 0.145 657 millimho, produces a leak 
current of 13.109 milliamp. The potential difTerence of 10 volts, 
between a" and 6", acting through 1,273.306 ohms, produces a 
current in the ** architrave** of 7.85355 milliamp. The total 
entering current at a" is thus 22.4192 milliamp., and at 6", 5.2555 
milliamp., again in agreement with the values obtained in Fig. 51. 

It is thus evident that although the distributions of potentials 
and currents are very different inside the n and the T of Fig. 53 
and in either from those in the smooth line of Fig. 51, yet at and 
outside the terminals of these equivalent circuits, all three systems 
have identical distributions, and any one may be replaced by 
either of the other two. 

We shall see that the same principles apply in any single- 
frequency a.c. case. 

If, therefore, we desire to have an artificial line which shall 
conform electrically to a given smooth line only at its two ends, 
we may construct either its equivalent T, or its equivalent n and 
the problem is solved, no matter what the terminal conditions 
may be. If, however, we desire to have the artificial line conform 
electrically to the smooth line at one internal point, say the 
middle point of its length, as well as at its terminals, then we 
may divide the smooth line into halves, and construct an equiva- 
lent r or n for each half. This will make an artificial line of 
two sections. Proceeding in this way, the more sections we take 
for the artificial line, the more numerous will be the points of elec- 
trical agreement between it and the conjugate smooth line. 
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Some of the sections of the artificial line may be Ts and others 
Us; but it is preferable, for symmetry, to adhere to one type 
only throughout. In the d.c. case, there is very little choice be- 
tween the two types. In the a.c. case, there may be, as we shall 
see, a slight advantage in favor of the n line. 



CHAPTER VIII 

THE DESIGN, CONSTRUCTION AND TESTS OF CONTINU- 
OUS-CURRENT ARTIFICIAL LINES 

Continuous-current artificial lines may be constructed: 

1. To furnish an electrical model of some particular telegraph 
line, with a standard or normal linear leakance. 

2. To furnish an electrical model of a low-voltage d.c. railway 
signal system, where a continuous signalling current is carried 
over the two parallel rails of a railroad track, so as to respond to 
the short-circuiting action of an advancing train. 

3. To furnish a model for the use of students in an electrical 
engineering laboratory, to familiarize them with the tests and 
formulas pertaining to such lines, before proceeding to the less 
simple and much more extensive field of a.c. line testing. 

We shall take up the consideration of a particular example of 
type (3). In this case it was desired to construct a five-section 
artificial line,* which could be connected up by the students 
either as a T line or as a n line, in order to aid them in forming 
either of these subtypes. 

A rectangular box was constructed of hard wood, well soaked 
with molten paraffin wax. This box is 57.5 cm. (22.6 in.) long, 
17.8 cm. (7 in.) wide, and 10 cm. (4 in.) high. All of the elec- 
trical parts and connections are fastened to the cover, which is 
removable by means of a dozen woodscrews. A plan view of the 
box and its cover appears in Fig. 54. 

Three rows of brass strii)s are seen fastened to the top of the 
cover, the upper row conunencing with la, 16, Ir, and ending 
with 5a, 56, 5c, Between the members of each of these five 
groups are connected resistances A Ay each of 250 ohms, of No. 
32 B. &S. gage '^la-Ia'' resistance wire, double cotton-covered, 
anti-inductively wound and impregnated with paraffin wax. 
These resistances form the line sections. The second, or middle 
row, contains resistances /i, By each of 4,000 ohms, of the same 

• "A Convenient Form of Continuous-(;urrent Arlifieial Lino," by A. E. 
Kennelly, Electrical Worldy June 14, 1913. 
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kind of wire. These form the leaks. The third, or bottom row, 
is a single brass strip gg^ serving as the common ground connec- 
tion of the line. 
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Fig. 54. — Plan view of artificial continuous-current line arranged for one, 
two, three, four or five sections either of T's or n*s. 




Fig. 55. — Single sections of T and II line. 



K— — — >i< 
I 2 




Fi(i. 56. — Four-section T line and four-section fl line. 



A single section of T-line connection is indicated in Fig. 55, 
at A'B'f and a single section of Il-line connection at A"B". A 
four-section T line, and also a four-section IT line appear in Fig. 
56. Pairs of electrically connected brass plugs serv^e to connect 
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up the line into as many as five sections of tfie type desired. In 
Fig. 57, the box is shown connected as a five-section T line. 

The electrical behavior of such a five-section T or n line is illus- 
trated diagraramatically in Figs. 36, 37, 38, 42, 43 and 44, for the 

particular cases of grounding, freeing, and loading with 750 ohms 




Fia. 57. — Continuuus-curreDt artificial- 



at the distant end. In either case, the section angle is 0.35174 
hyp. ; but, for reasons.already discussed in Chapter VI, the surge 
impedance of the T sections is 1,436.1 ohms, while that of the IT 
sections is 1,392.6 ohms. 

Potentiometer Tests of Artificial Line. — The test for fall of 
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potential along the junctions and mid-sections of the box, ar- 
ranged as a five-section n line, loaded at B with a resistance of 
a ohms, is indicated diagrammatically in Fig. 58. The battery Ea 
may be a steady storage cell, capable of holding say 2.0 volts at 
its terminals during the continuance of the test. The resistance 
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ft at -4, enables the potential impressed on the end 5 of the line, 
to be brought within the usual 1.8 volts capable of being read 
directly on an ordinary potentiometer. The slide wire of thi:? 
instrument is indicated as <SW, the working battery at E, the 
standard cell at e. As connected, the potential against ground 
is being measured at junction 4. 

The current strengths along the artificial line may be readily 
measured by observing the potentiometer p.d. on each suc- 
cessive line element 1, 1 2, 2 3, 3 4, and 4 5. The entering cur- 
rent at A may likewise be measured by observing the drop of 
potential in R, 

The position angles along the line are determined from the load 
a and the line elements, in the manner described in Chapter VI. 
The potentials and currents at each successive junction and mid- 
section are then computed by reference to tables of real hyper- 
bolic functions. The observed and computed values are finally 
recorded, and compared in parallel columns. 

If the elements of resistance entering into the line are care- 
fully measured in the first instance, if all of the plug contacts 
and connections are good, and if the potentiometer measurements 
are carefully made, it is customary for the student to find the 
observed and computed values in agreement to the third and 
sometimes to the fourth significant digit. 

There is nothing which gives the student so complete a grasp 
of the principles and formulas relating to a.c. artificial lines, as 
preliminary tests on such d.c. artificial lines. It is important 
to make these d.c. lines stepping stones to a.c. lines; because the 
technique is easily grasped and followed, and the precision of 
measurement is all that can be desired. With a.c. lines, the pre- 
cision attainable is ordinarily lower, the disturbances due to 
changes in impressed frequency very noticeable, and the computa- 
tions retarded through the substitution of complex for real 
numbers, even though the fornmlas employed remain unchanged. 

Wheatstone-bridge Test of Lines. — A useful test on c.c. lines, 
for and ro, is conveniently made by means of the Wheatstone 
bridge (see Fig. 59). This is the measurement of the line resist- 
ance at each successive junction, both with the B end freed, and 
with the B end grounded. 

By (169) the resistance at jiuiction A\, with B grounded, is 

Bus = To tanh (A'^) ohms Z (269) 
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With the B end freed, and with da = j « > the line resistance at 
junction N is 

RfN = To tanh ( ^^ + io ) "" ^^ ^^^^ (^^^ ^^"^® ^ (^^^^ 
and generally 

Ay = To tanh (Nd + ^') = ro tanh 5,v ohms Z (271) 

Multiplying equations (269) and (270) together, we find 

RgN ' RfN = ro^ ohms^ Z (272) 



or 



ro = \/Rntf ' R 



5 V 



IV 
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ohnis Z (273) 

1 I 




K 

Fio. 59. — Connection diagram for linc-rcsistanee test with Wlieatstone 

bridge. 

In words, the prodiict of the impedance free and impedance grounded 
is constant at any and all section junctions, either of a TorH line. 
The square root of this product is the surge impedance of the line. 
In other words, the surge impedance of a line at any testing point 
is always the geometric mean of Rg and Rf. On a smooth line, 
any point may be a testing point; but on an artificial line only 
junctions (or mid-sections, using (231) and (239)). 
Moreover, dividing (269) by (270) we have 



tanh (Nd) = 



or 



NO = tanh-i 



\Rfs 
\Rfv 



numeric Z (274) 



hyps. Z (275) 



The angle subtended by the line beyond any function is the anti- 
tangent of the root of the ratio of the resistance grounded to the 
resistance freed. 
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In other words, the angle subtended by a line beyond a testing 
point ha^ as its tangent the geometric mean of Rg, the resistance 
grounded^ and G/, the conductance freed. 

When these line-resistance tests are made on a T line, it is 
necessary only to break the line at the junction selected, and to 
connect the bridge to the end beyond the break. In the case of 
a n line, however, it is necessary, in addition, to change the first 
leak from g to g/2 mhos. This may be done by substituting a 
transferable half -leak for the usual full leak, at the testing terminal. 

As an example, consider the T line represented in Figs. 36 and 
37. If we cut in at section 3, Rg^ = 1,125.7 ohms, and R/z = 

1,832.2 ohms. Hence ro = \/i,r25-7 X 1832.2 = 1,436.1 ohms, 
and N0 = tanh-\/}'J|^-^ = tanh-^ 0.78383 = 1.0552 hyps. 

Since here iV = 3, ^ = 0.35173 hyp. per section. 

It is instructive to make measurements of Rg and R/ at each 
successive junction along the line, and so to derive the values 
of 6 and ro. 

Distribution of Work of Tests among Observers. — The various 
tests above described can be made, if necessary, by a single 
observer, making all his own connections, measurements and 
records. The work is done more conveniently and expeditiously 
by a pair of observers, one making the measurements and the 
other the connections and records, the two occasionally changing 
duties. Three observers can also advantageously divide the 
work between them, and a fourth can also be occupied in com- 
puting checks as the tests advance. 

Disturbances of Potential and Current in the Artificial Line 
That May Be Produced by the Application of a Leak Load, in 
Making Potentiometer Measurements. — It has been already 
pointed out that it is desirable, in making potentiometer measure- 
ments of voltage along the line, to keep the impressed potential 
at the generator end within the direct compass pf the potentio- 
meter; so as to avoid having to apply a "reducing box " or " multi- 
plier'' to the line, at the testing point. Such a reducing box (see 
Fig. 60) virtually applies a leak load to the line at the testing 
point. A small leak of this kind has a surprisingly large effect in 
lowering the line potential at and near the leak. Fig. 60 repre- 
sents a four-section T line, loaded at B with a resistance <t, and 
having the potential at mid-section II measured by potentio- 
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meter. The potential being beyond the direct compass of the 
instrument, a reducing box X, of say 10,000 ohms, or 0.1 
millimho, is applied to the line at this point, and one-tenth, say, 
of the voltage across the box X to ground, is measured at the 
potentiometer. 

Since it may sometimes be necessary to employ relatively high 
impressed voltages on the line, and a reducing-box leak of the 
kind described, we may consider the magnitude of the effect 
produced, and how to correct for it, if* needful. 
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Fi<;. 60. — Potential tost of continuous-current line by potentiometer with 

aid of a reducing box X. 



Fig. 61 shows the effect of applying a leak load of 0.1 millimho 
(10,000 ohms), to junction 3 of the five-section line already con- 
sidered in Fig. 38, voltaged at A with 100 volts, and loaded at B 
with 750 ohms. It will be seen that the effect of the leak, such 
as might be used for potentiometer measurement of potential at 
3, is to lower the potential from 48.052 to 45.648 volts, a reduc- 
tion of 2.404, or approximately 5 per cent. At neighboring test- 
ing points, the potential is likewise lowered, although not to the 
same extent. Another effect of the leak is to introduce a dis- 
continuity in the position angle at 3, from 1.6346 to 1.1503 hyps., 
the rationale of which will be considered under the subject of 
composite lines. (Chapter X, page 272.) 

The disturbances of potential and current here produced come 
under the following proposition. The changes of potential and 

* "Diriturbances of Potential and Current Produced in an Active Network 
by the Application of a I^*ak lioad," by A. E. Kennelly, Electrical H'orW, 
Dec. 28, 1912. 
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Fia. 61. — Artificial line loaded with a leak of 0.1 niilUniho at junction 3. 
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Fio. 62. — Artificial line grounded at A and with the e.m.f. of 48.052 voli 

inserted outwardly in the leak load at 3. 
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current produced at a point P in a network of conductors, supplied 
with constant e.m.fs., by the application of a leak at some point Q, 
are equal to the values produced aiPby Ike action of the initial e.m.f. 
at Q inserted in the leak at Q, all the other e.m.fs. in the system being 
put to zero. * 

Thu8, Fig. 62 shows the same artificial line with the impressed 
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Dlatanet FoaiCioo from R*CBlvine End of AitJOeUl Uot 

Fio. S3. — Diatributions oF potential and current over loaded and unloaded 
arlJBcial line. Solid curves for tbc unloaded state, broken curves for the 
loaded state. 

e.m.b removed at A, and with the leak applied at 3, this leak 
containing in it au e.m.f. of 4$.0o2 volts, the potential existing 
* It vas supposed in 1912 that this proposition might then be new; but 
it was poiat«d out by Db. G. A. Campbell, in correspondence, that the 
proposition is virtually covered by another given in Prof. Andrew Grat's 
"Absolute Mcasureiiienta of Electricity and Magnetism," London, 1888, 
vol. i, pp. 162-161 ("Theory of Networks of Conductors"). 
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there before applying the leak, as in Fig. 38, page 68. The effect 
of this e.m.f., taken negatively, is to produce a potential at 3 of 
— 2.4034 volts, and correspondingly, in diminishing extent, at 
more remote testing points. These are precisely the values of 
the disturbances produced by the leak. The currents in the line 
Fig. 62, on each side of the leak, are +2.759 milliamp. on the 
upside, and 1.806 milliamp. on the downside, which correspond 
to the disturbances shown in Fig. 61, by reference to Fig. 38. 

Fig. 63 indicates the extent of the disturbances in potential and 
current at the various testing points along the line, by the appli- 
cation of this 10,000-ohm leak. 

Correction for Potential Disturbances Due to Leak. — ^Let V 
be the potential at the testing point before applying the leak, and 
V the potential at the same point after applying the leak. Then 
the ** depression factor*^ of the leak is* 

d = jr = /y- \ numeric Z (276) 

where G is the conductance in mhos to ground of the line from the 
testing point, excluding the leak, and q\% the conductance of the 
leak itself. The factor fc which should be applied to the observed 
potential, to correct for the action of the leak, may be called the 
correcting factor of the leak at the point of application and is: 

fc = , = = - '- - numeric Z (277) 
d V G 

The conductance G will be the sum of the line conductances to 
ground, from the testing point, in both directions. If ^i is the 
angle subtended by the A end of the line, at the testing point, 
when grounded at A, and 62 the corresponding angle subtended 
by the B end of the line, then by (124) 

G = yo (coth ^1 + coth ^2) mhos Z (278) 

In the case considered, 61 = 0.70348 and 62 = 1.63462; also yo = 
0.69633 millimho; whence ifc = 1.05265. The observed potential 
at 3, in the presence of the leak, should be multiplied by this 
factor, in order to arrive at the value of the potential with the 
leak removed. 

Correction for Current Disturbances Due to Leak. — Knowing 
either the uncorrected potential y, or the corrected potential T, 

* **On the Measuromont of the Insulation of Continiiou8-<»urrent Thnn*- 
wire Systems WTiile at Work," by K. J. Houston and A. E. Kennklly, 
The Electncal WorUI, vol. xxviii, July 25, 1896, p. 95 (7). 
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at the testing point, the extent of the disturbance in current over 
the adjoining sections can readily be found. If (?i and G2 are the 
conductances to ground on each side, whose sum is G, then 

C C 

^1 = ^9 w and U = vg • ^ amp. Z (279) 

or 

ii = Vg w^^ and t2 = Vg • ^^^ amp. Z (280) 

are the changes in current due to the application of the leak load. 
In an artificial line subtending angles ^1 and 62 on each side. 

. _ SP}^y^ \ ' - coth_^2 

'' " ""^ ■ coTh ^:+ C0th>2 '' " ''^ coth ^V+^OthTj 

amp. Z (281) 
or 

i.^Va 2/oCoth^i andz,= Fa jALCoth_^2 

(7+yo(coth ^i+coth ^2) ^ g+2/o(coth ^i+coth 6,) 

amp. Z (282) 
The sum of t'l and 12 in (281) is obviously 

t'l + ^2 = vg amp. Z (283) 

In the case considered, v = 45.648, 7 = 48.052, g = 0,1 X 10"*, 
G, = 1.148 X 10-«,G2 = 0.7514 X 10-»,G = 1.8994 X lO"', n = 
2.759 X 10-« amp., and 1*2 = 1.806 X 10"' amp. 

In general, a new correction factor has to be found for each 
successive testing point. Hence the desirability of dispensing 
with a reduction box when using the potentiometer. 

Although an artificial line of the character shown in Fig. 54 
has the advantage of serving either as a T line or as a n line at 
will, yet so much care has to be taken to ensure good contacts 
at all the plugs, that it is doubtful whether fixed independent T 
lines and n lines, with fewer switch contacts, are not preferable. 



CHAPTER IX 

COMPLEX QUANTITIES AND ALTERNATING- 
CURRENT QUANTITIES 

It is assumed that the student is already acquainted with the 
elementary principles of the simple a.c. circuit; so that it will 
be desirable to review only those features of a.c. operation which 
bear immediately upon the behavior of a.c. artificial lines. 

Complex Quantities and Plane Vectors. — ^'Real quantities'' 
are such as may be represented geometrically by the position of 
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Fia. 64. — Geometrical representation of real numbers by the positron of the 

point F on the straight line — XOX. 

a movable point P, Fig. 64, with respect to a fixed point or origin 
O, on an indefinitely extending straight line — XOX. Real 
quantities include positive and negative quantities, integral as 
well as fractional. 

*' Complex quantities" are such as may be represented 
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Fig. 65. — Complex numbers represented by the plane vectors 0P\ and OPj. 

geometrically by the position of a movable point P, in a plane, 
with respect to a fixed point or origin in that plane (Fig. 65). 

The position of P, with respect to 0, can be defined in either 
of twd ways, namely : 

1. In rectangular coordinates, sometimes called Cartesian 
coordinates. 

2. In polar coordinates. 
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In rectangular-coordinate definition, there are two fixed 
mutually perpendicular axes, — XOX and —YOY, in the plane 
of reference. The former is called the real axiSy or axis of reaU; 
since it corresponds to the axis of real quantities in Fig. 64. The 
latter (— FOF), is called the imaginary axis, or axis of tmagino' 
ries. The qualifying adjective ''imaginary," has historical 
significance only, and does not mean that there is anything 
indeterminate or fictitious about this axis. The "orthogonal" 
or perpendicular projections of OPj on the X and Y axes, are 
respectively the real component x, and the imaginary componeni 
y. The straight line OP connecting the origin O with the mov- 




Fio. 66. — Sum and difference of two plane vectors 0P\ and OPz. 

able point P is not a ''vector,'* in the complete sense of that term 
as used in mathematics; because, although two complex quan- 
tities OP, = 3Z20° and OP2 = 2Z40°, Fig. 66, have as their 
sum OP I + OP2 = OQi and as their difference OPx - OP2 = OQi, 
formed according to the same rules as govern true vectors, yet 
the product OPi X OP2 of these two complex quantities is OQ, 
Fig. 67, and is equal to the opposite-order product OP2 X OPi] 
whereas two vectors, when multiplied, enjoy a scalar product, 
as well as a vector product, and the latter depends upon the order 
of multiplication. 

In order to distinguish the straight lines in a plane, which 
geometrically represent complex quantities, from true vectors, 
we may call the former plane vectors. In what follows, the term 
"vector" will mean a "plane vector.*' 

Rectangular Plane Vectors. — The magnitudes and signs of 
the rectangular components x and y completely determine the 
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position of the vector OP, If x and y are both positive, 
OP lies in the first quadrant. If x and y are both negative, 
OP lies in the third quadrant. If a; is — and y is +, OP 
lies in the second quadrant. If a; is + and j/ is — , OP lies in 
the fourth quadrant. 

To express the vector OP in polar coordinates, we take the same 
origin 0, and axis of reference OX, as the fixed "initial line." 
From this line, we measure the circular arc XOP, either in ra- 
dians, degrees, quadrants, or other specified units of circular angle 
/3 (Fig. 65) . The length of the vector OP is called the " modulus " 
of the polar coordinate complex quantity; while the circular angle 
fi is called the *' argument*^ of the same. Since the mathe- 
matical terms "modulus'^ and "argument" are not well adapted 
for practical purposes, we shall follow the terminology suggested 
by Fleming* and use the term "me" for the modulus, and the 
term "slope** for the argument of a polar complex quantity. 
Any plane vector is thus completely specified either by its real and 
imaginary components y x and y, or by its size p and slope 0.t The 
slope may exceed the range +360°, or +2ir radians; but, in most 
cases, it is simpler and more convenient to keep within these lim- 
its. The positive or counter-clockwise direction of notation in 
angle is understood, unless the negative sign is prefixed. 

A rectangular-coordinate vector or "rectangular vector" 
may be written: 

OP = x+ jy vector (284) 

where j = \/— 1, and indicates that y is measured along the 
imaginary axis. Proper signs must be given to both x and y. 
Polar Plane Vectors. — A polar-coordinate vector, or "polar 
vector," may be written: 

OP = p€^^ vector (285) 

where « is the base of Napierian logarithms (2.71828 . . .), 
and /3 is in circular radians. The factor €*'^ on being expanded, 
l>ecomes : 

* See "The Wirch^ss TeleKraphist's Pocketbook," by Prof. J. A. Flem- 
ing, I»ndon, 1915. 

t The size of a plane vector quantity z is denoted hy\z , and its slope may 
be denoted by z . Thus if 2 = 1.5Z30'' say, then z =1.5 and ~« « 30**. 
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at as A4 ai gi 
€*^^ =l±i0-2iTi^l+4;±j^,-g,+ . . . numeric Z (286j 

numeric Z (287) 
= cos fi±j sin /3 numeric Z (288) 

This is a '^versor,^^ or operator which turns or rotates in one plane 
the size or modulus p from the original direction OX, through 
±/3 radians, as, for example, into the direction OPi (Fig. 65). 

For ordinary purposes of definition and operation, however, it 
is sufficient to write (285) in the simpler polar form. 

OP = pZp vector (289) 

which shows that OP has a size of p units, and is displaced in 
phase through a slope of p circ. radians in the positive direction. 
If p is expressed in degrees, we may write it 

OP = pZ/3° vector (290) 

If we desire to express a negative phase or angle of rotation, we 
may write the polar vector 

OP = p\^° or pZ-fi'' vector (291) 

The size p may be regarded as essentially positive; but a negative 
sign applied to it is equivalent to a change of t radians, or ISO**, in 
the slope. That is 

-p/:p° = +pZ(/3± 180°) vector (292) 

Interchangeability of Rectangular and Polar Plane Vectors. — 

It is evident from the elementary trigonometry of Fig. 65, that 

pZp'' = Vi^+V' h^^~' (x) numeric Z (293) 

so that a vector whose rectangular coordinates x and y are given, 
can be converted into a polar vector ^ whose size is the square root 
of the sum of the square of the components, and the tangent of whose 
slope is their ratio y/x.* 

* A simple Vector Calculating Rule has been designed by Prof. J. A. 
Fleming and manufactured by Messrs. W. F. Stanley & Co., London, for 
changing the coordinates of a plane vector from rectangular to polar, or 
reciprocally. See *'The Predetermination of the Current and Voltage at 
the Receiving End of a Telephone or Other Alternating-current Line," 
by J. A. Fleming, Jouni. hist. Elect. Engr.y vol. 52, No. 236, pp. 717-723 
May, 1914. 
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We may also write (293) in a form more convenient for com- 
putation (see page 151): 

pZP^^Xyjl + [lY /tan-^j =xsec.p^ /tan"^^ 

= X8ec /SV/S*" numeric/ (294) 

that is, we may find tan~^ ( ) =/3°, and then p will be x sec /3°; or 

pZ/3° = yyji + (^) ' jcot-^^ = y cosec /3° ^cot"^ J 

= y cosec /S^'Z/S^ numeric Z (295) 

Form (294) is useful for transforming rectangular to polar coor- 
dinates, when y is smaller than x, or p makes an angle of less than 
45® with the —XOX axis; while (295) is preferable when p makes 
a large angle with that axis. 
Reciprocally, 

^ + jy = P COS /3 + jp sin /3 numeric Z (296) 

so that the real and imaginary components of a vector are 
respectively the cosine and sine components of the size. 

Addition and Subtraction of Plane Vectors. — To add plane 
vectors, express them in rectangular coordinates. The summation 
vector will then have^ as its real component, the algebraic sum of the 
reals, andy as its imaginary component , the algebraic sum of the 
imaginaries. 

Thus, the sum of (5 + j2) and ( - 3 ~ jl) is 2 + jl. In Fig. 66, 
the summation 3Z20° + 2Z40° = (2.819+^1.026) + (1.532 + 
il.285) = 4.351 + J2.311 = OQi. 

Subtraction of a vector is merely its addition according to the 
preceding rule, after the signs of both of its components have been 
reversed. 

Thus, to subtract (2 + j7) from (5 - ^3) add (-2 - j7) to 
(5 - jS) = 3 - jiO. In Fig. 66, 3Z20° - 2Z40° = (2.819 + 
il.026) - (1.532 + jl.285) = 1.287 - jO.259 = OQj. 

Multiplication of Plane Vectors. — To multiply plane vectors, 
express them in polar coordinates, or as '^polars." The product 
will then have, for its size, the product of the sizes, and for its slope, 
the algebraic sum of the slopes; or 

BZ02 X AZfii = ^lZ/3, X Z^Z/So = AB/Pi + /S? numeric Z (297) 

Thus, 5Z30° X 2Z20° = 10Z50° 

In Fig. 67, OPi X OP^ = 3Z2()° X 2Z40° = 6Z6()° = OQ. 
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Division of Plane Vectors. — To divide one plane vector by a 
second, express both as polars, such as AZpi and BZPt, The 
quotient will then have, for its size, the quotient of the sizes, and for 
its slope the algebraic difference of the slopes, or 



AZ/3i ^ BZp2 = J/ArJ^j 



numeric Z (298i 



Thus 



7Z60° -^ 2\10° = 3.5Z70^ 




FiQ. 67. — Pro(luc;t of two complex quantities represented as plane vectors 

Vector multiplication and division may also be effect^ be- 
tween rectangulars, although the formulas are not so simple. 
Thus 

{xi + jy i){x2 + JVi) = {xiXi - 2/12/2) + i(xi2/2 + 2/2X1) 

numeric Z (299) 

The real component of the product contains a diflference, and the 
imaginary component a sum of products in x and y. Again 

X\+hh ^ {Xi+jyy) (X2-J2/2) ^ (j-lJ2 + .Vl//2)+j(X22/l-_Xil/.) 
X2+jy2 (X2+jlj2) (2:2-^2/2) Xl + yl 

numeric Z (300) 

These expressions (299) and (300) are so awkward, b}' comparison 
with (297) and (298), that it usually saves time to convert 
rectangulars to i)olars in order to cflfect either multiplication, 
division, involution or evolution. 
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Reciprocals of Vectors. — If a plane vector is expressed in polar 
coordinates, its reciprocal has for its size the reciprocal of the 
vector's size, and for its slope, the negative of the vector's slope; 
or 

A~Z3 ^ A^^ ^ A"^ ^ ^ numeric Z (301) 



Thus 



5-26F = ^-^^^O"- 



The corresponding result in Cartesian vectors is: 

} . = -i V X "^ "^'^ = "V"-^^, numeric Z (302) 
X + jy X +jy X — jy x^ + y^ 

Involution and Evolution of Plane Vectors. — The nth power of 
a polar plane vector has for its size the nth power of the size, and for 
its slope n times the slope of the polar; or 

(AZpy = A^'Z.np numeric Z (303) 

Thus 

(5Z20°)' = 5'Z60° = 125Z60°. 

1 

Similarly, the nth root of a polar AZp, has for its size -4", 

the nth root of the size, and for its slope //3/n, the nth part of 

the slope. 
Thus 

(64Z45°)^^ = 8Z22°.5. 

Fractions of a degree may be expressed in minutes and seconds, 
but often more conveniently in decimals of a degree, when decimal 
tables of circular functions are available. The sexigesimal sys- 
tem of angles wastes, in the aggregate, a large amount of the 
time of engineers. 

Complex Hjrperbolic Angles. — We have already seen that a 
'^rear' hyperbolic angle is associated with a hyperbolic sector, 
in a manner analogous to the association of a '^real'' circular 
angle with a circular sector. We shall next see that an * 'imagi- 
nary hyperbolic angle" is associated with a circular sector. 
Similarly, an ''imaginary circular angle*' is associated with a 
hyperbolic sector. Consequently, there is a close cross-con- 
nection between complex hyperbolic and complex circular angles, 
because each is associated with both a hyperbolic and a circular 
sector. 
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Cosine of a Complex Hjrperbolic Angle. Geometrical Con- 
struction. — In the plane XOY, Fig. 68, with center at the origin 
Of and with unit radius OA, describe the rectangular hyperbola 
HABH\ Suppose that the complex hyperbolic angle, whofw 
cosine is desired, is 1 + j2 hyps. Then let AOB be 1 hyp. radian, 
whose cosine is 06. With center 0, and radius 06, describe a 
circle in a *' circular'^ plane, passing through —XOX, but mak- 




Fi(j. OS. — (.\>sine of the hvperholic angle 1 -hi2. 
Cosh (1 -h/J) = - 0.G42148 -}- j'1.0G8(U = 1.2467211 21 ^0^09" 



ing an angle with the i)lane XOY such tliat its cosine is numer- 
ically equal to the tangent At of the hyi)erbolic angle AOB*. 
De-?cribe an angle hOd of 2 circular radians, in the plane hcdef. 
From d^ the end of the circular radius-vector, drop a perpendicu- 
lar on the plane XOY , intersecting this i)lane at P. Join OP which 

* Incidontally, this angle has been called the ''(Judennnnnian comple- 
ment " of the hyperholie angle. See paper by I)k. (1. F. Becker, Phil. 
Mag., October, 1912, "The (Jiiderniannian Coinph'ment and Imaginary 
(ieoinetrj'." 
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will then be the required hyperbolic cosine of 1 + j2, namely, 
- 0.64215 +J1.06861 = 1.2467 Z12r.0'.09". Its rectangular 
components are OM and MP. 

It is evident that the cosine of 1 + jO would be 06, that of 
1 +il.O, OQ, and that of 1 + jl.5, Og, aU in the XOY plane. 
Moreover, the locus of cosh (1 + jy) falls on the ellipse bQgPeh^ 
whose semi-major axis Ob = cosh 1, and whose semi-niinor axis 




Fig. 69. 
Sinhd -hi2) = 



—Sine of the hvporbolic angle 1 -f j2, 

- 0.48906 -I-/1.4031 = 1.4859Z109M2'.58". 



Og = sinh 1 = bB, As y increases from to 27r, OP runs posi- 
tively or counter-clockwise once around this ellipse. As y in- 
creases from 27r to 47r, OP runs around this ellipse a second time, 
and so on to infinity. 

Sine of a Complex Hjrperbolic Angle. Geometrical Construc- 
tion. — In the plane XOY, Fig. 69, with origin 0, and unit radius 
OAf describe the n^ctangular hyperbola HABII\ whose asymp- 
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tote is OTS, If the angle whose sine is required is 1 + j2, draw 
the radius-vector OB, enclosing a hyperbolic angle AOB of 1 
radian. Its sine will be OX = 65. Describe 2 circ. radians in 
the plane XOYy from OX to Odj enclosing the circular angle 
XOd, Let another plane, which we may call the reference plane, 
pass through —XOX, and make with the plane XOY an angle 
whose circular sine* is the hyperbolic tangent At. Project the 
point d perpendicularly out of the plane XOF, until it meets the 
reference plane in the point P, Then OP in the reference plane 
will be the required complex sine, having components in that plane 
OM and MP) i.e., - 0.48906 +il.4031 = 1.4859Z109'*.12'.58". 
It is evident that the sine of 1 + jl.O hyps, would be OQ, and of 
1 + jl.5 hyps. 0/2, both in the reference plane. Moreover, the 
locus of sinh (1 +jy) will be the ellipse XQRPXb, whose semi- 
major axis is Ob = cosh 1, and whose semi-minor axis OX = 
bB = sinh 1 . Thus, the imaginary component of a hyperbolic angle, 
whose sine or cosine is required, may be regarded as producing rota- 
tation over a corresponding circular sector; while the real component 
produces rotation over a corresponding hyperbolic sector. 

Cosine of a Complex Hjrperbolic Angle. Trigonometrical Ex- 
pressions. — Referring to (496), Appendix A, the cosine of a com- 
plex angle, 

cosh {x ± jy) = cosh x cosh jy ± sinh x sinh jy ( 304) 

= cosh X cos y ± j sinh x sin y (305) 

= cosh X cos y ± j cosh x sin y tanh x (306) 

= 3^(€-Z ±y + €-'\ ± y) (307) 

= Vcosh* X — sin^ i/ Z ± tan- *(tanh xtan y) (308) 

= Vsinh2 x+ cos^i/ Z ± tan" ^ (tanh x tan y) (309) 

= V^cosh 2x • coszZ ± tan-^ (tanh x tan y) (310) 

where cos 2z = -^^f J^ (311) 

cosh 2x 

Each and all of the above formulas (304) to (311) has ad- 
vantages in particular cases for purposes of computation, while 
(306) is the formula embodied in the construction of Fig. 68. 

Sine of a Complex Hyperbolic Angle. Trigonometrical Ex- 
pressions. — Referring to (495), Appendix A, the sine of a com- 
plex angle, 

* Incidentally, this angle is called the Guderniannian of the hyperbolic 
angle. 
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sinh (x + jy) = sinh x • cosh jy ± cosh x • sinh jy (312) 

= sinh X ' cos y ± j cosh x- siny (313) 

= sinh X • cos 2/ ± i sinh x- sin y • coth x (314) 

= >^(6'Z ±y - e-'\±y) (315) 

= Vsinh*~x 4^in*^^ ^ ± tan-* (coth x • tan y) 

(316) 

= Vcosh' X — cos* y ^± tan'* (coth x • tan y) 

(317) 

= \/co8h 2x • sin 2 Z ± tan"* (coth x- tan t/)(318)* 

where 2 has the meaning given in (311). 

The construction of Fig. 69 is derived from (314); but (312) 
to (318) are all useful. 

Tangent of a Complex Hyperbolic Angle. Trigonometrical 
Expression. — A geometrical construction for tanh (x + jy) in- 
volving orthogonally intercepting circles, has long been known, t 
and has been given in detail elsewhere, t For practical pur- 
poses, however, we may obtain an expression for the tangent, by 
dividing the cosine into the sine, using any corresponding pairs 
of formulas between (297) and (311). An additional useful 
formula is 

. u / , . \ sinh2x , . sin 22/ .^-^^ 

tanh (x±?!/)= ir>-. -rt±J-i:o • « (319) 

^ •'^^ cosh 2x + cos 2i/ -^ cosh 2x + cos 2y 

The sines, cosines, and tangents of complex hyperbolic angles 
have been extensively tabulated and charted** for practical use. 
These will be frequently referred to in what follows. For accu- 
rate arithmetical work, the tables are the tnore important. For 
slide-rule computations, where swiftness is desired, with a cor- 
respondingly lesser degree of precision, the charts are preferable. 

Quadrant Measure for Circular Angles. — It has been pointed 
out, in connection with Figs. 68 and 69, that the vector value of 
either sinh (x + jy) or cosh (x + jy) is cyclically repetitive, at suc- 
cessive int<jrvals of 2t circ. radians in y. This makes an awkward 

♦ Formulas (310), (311), and (318), are due to Prof. C. L. Bouton. 

t Crystal's '* AlRcbra," Pkiinburgh, 1889. 

t ''Application of Hyperbolic Functions to Electrical Engineering Prob- 
lems," Chapter V. 

•• "Tables of Complex Hyperbolic and Circular Functions," by A. E. 
Kennelly, Harvard University Press, 1913. 

** Chart Atlas of Complex Hyperbolic and Circular Functions," by 
A. E. Kennelly, Harvard University Press, 1913. 
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interval for tabulation. A much more convenient expedient is 
to express the imaginary component in quadrants, since 4 quad- 
rants are equivalent to 2ir, or 6.283 . . . radians. In Figs. 
68 and 69, the lower half of the y circles are indicated in quad- 
rant measure. Thus cosh (1 + j2.5) = — 1.09 — jO.83, and sinh 
(1 + j2.5) = - 0.83 - il.09. This division with decimal sub- 
divisions corresponds precisely to the French system of dividing 
the circle in grades, or decimals of a quadrant. In order to 
reduce a complex angle (x + jy) to quadrant measure, the 
imaginary y must be "quadranted;'' i.e., divided by x/2, or 
1.67079 . . . That is 

x±jq^x±j Y^f^fg = ^ ± i 0.63662 2/ hyps. Z (320) 

Thus, 1 + j2 in radian measure, is 1 + i.1-2732 in quadrant 
measure. It is advisable to underscore quadranted imaginaries, 
in order clearly to distinguish them from radians circular measure. 
Another advantage pertaining to the use of French quadrant 
measure, in dealing with the imaginary components of hj-per- 
bolic angles, is that when x exceeds 4.0, it is easily shown from 
(307) and (315), that for most practical purposes,* 

sinh (x + jy) ^ cosh {x + jy) ^ Zy numeric Z (321) 

where the result is expressed as a polar, with its argument in 
circular measure, which, for practical purposes, has to be reduced 
to degrees or "grades,'' according to the tables available. But 

sinh {x + jq) ^ cosh {x + jq) ^ ^ Z g numeric Z (322) 

That is, the sine or cosine of a hyperbolic angle mith a large real 
component x has a size of half the exponential of x, and a slope 
equal to the imaginary g, expressed in quadranlSj or in grades after 
shifting the decimal point. 

The tables and charts are largely based on quadrant measure in 
the imaginary components of the entering hyperbolic angles, 
and we shall often use quadrant measure in what follows. 

Simple Alternating-current Circuits. — A simple a.c. circuit is 
one which has resistance and reactance (inductive, condensive, or 
both) and which carries a single frequency; i.e., the e.m.f. and cur- 
rent are sinusoidal without harmonics. In Fig. 70, such a circuit 

* The symbol = stands for ''approximately equals." 
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is indicated as having an impressed root-mean-square (r.m.s.) 
e.m.f. of E volts, by voltmeter, impressed upon a non-ferric 
inductive impedance Z ohms Z, connected between the mains 
mm, the current supplied to this reactor being I amp. Z r.m.s. 
by ammeter, and the active power Pa watts, by wattmeter. 
The impressed frequency / in* cycles per second, has an angular 
velocity, 

0) = 2irf circ. radians/sec. (323) 

In the case represented in Fig. 70, let/ = 63.66, for which w = 
400 radians per sec. Let the impedance of the coil, as apparent 



(k) 



^ 



m 



m 



Fig. 70. — Simple alternating-current circuit with the impedance z measured 
both in size and in slope by volt-ampere-wattmeter readings. 

from volt-ampere-wattmeter measurements, be 10 ohms, with a 
power factor of 80 per cent.; i.e., 8 ohms ** active resistance** 
and 6 ohms ** inductive reactance.** The active resistance of a 
coil is that which it appears to ofifer from such a.c. measurements. 
The active resistance of a coil ordinarily exceeds the d.c. resist- 
ance, and increases with the frequency. It may include elements 
due to skin efifect (imperfect current distribution over the cross- 
section of the conductor), eddy-current loss in the conductor, 
and hysteretic losses in neighboring iron or steel. The inductive 
reactance of a coil is the positive reactive resistance which it 
appears to possess by reason of its c.e.m.f. of self-inductance, as 
modified by skin efifect and eddy currents. It is assumed that 



jX = jLu) 



j ohms (324) 



* Signalling frequencies in submarine and land telegraphy range from 
1 to 50 or more <^ (w = 6 to 314). Power and lighting frequencies (low fre- 
quencies) ordinarily range from 12^^ to 60^^ (w = 75 to w = 377). Telephone 
and telegraph frequencies (audio frequencies or moderate frequencies) ordi- 
narily range from 60^^ to 10,000-^ (w = 377 to w = 62,800). A standard 
reference telephonic frequency is w = 5,000. R^idio frequencies (high 
frequencies) ordinarily range from 10,000^^ to 1,000,000'^, or more. Alter- 
nating-current engineering, taken broadly, thus includes the range from 
/ = 1 to / = 10«. 
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expresses the relation between the reactance jX of the coil at 
impressed angular velocity w, and the apparent inductance L 
henrys. In the case considered, L = 0.015 henry. 
Since the current and the impressed e.m.f. will ordinarily 
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Fig. 71. — Vector diagrams for simple intluctive altoriiating-current circuit. 

dififer in phase, it is optional to select either of those quantities 
as having reference phase. That is, we may consider the current 
/ as of standard phase and the impressed e.m.f. £as leading in this 
case with respect thereto; or, we may consider the e.m.f. as of 
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standard phase, and the current / as lagging with respect to the 
same. Each assumption gives rise to a series of four simple sta- 
tionary vector diagrams, as indicated in Fig. 71. The left-hand 
column of the ZEPW triangles employs the current as of standard 
phase; while the right-hand column of YIPW triangles, employs 
the e.m.f. as of standard phase. 

Vector Impedance. — Commencing with the left-hand column, 
the impedance triangle abc has for its base, the active resistance 
Ry in this case 8 ohms, and for its hypothenuse, the inductive 
reactance +iX,* in this case j6 ohms. If the circuit contained 
condensive reactance, instead of inductive reactance, this hy- 
pothenuse would be in the negative^ direction, or would be —jX 
ohms. We might also describe the impedance in this case as 
10Z36°.52M r' ohms. 

Vector Electromotive Force. — If next we multiply this imped- 
ance by J = |/ Z0° = 10Z0° amp., we obtain the E triangle def, 
with IR = 80 active volts, jIX = j60 reactive volts, and E = IZ 
= /(/?+ jX) total or vector volts. This is a stationary vector 
triangle, in which the horizontal or active component is the r.m.s. 
voltage component consumed actively in overcoming resistance. 
The vertical or reactive component is the r.m.s. voltage com- 
ponent consumed reactively, in overcoming reactive resistance or 
reactance; i.e., in neutralizing the c.e.m.f. of self-induction. 
The total or vector voltage may be described as 100Z36°.52'.ll" 
volts, to current standard phase. 

Vector Power to Current Phase. — If we multiply the E voltage 
triangle by .I\ Z 0° = 10 Z 0° amp., we obtain the power triangle ghi. 
Here gh is the active power Pa = PR watts, both the average 
and the maximum cyclic rate of transferring energy out of the 
circuit, in the form cither of heat, chemical, or mechanical energy. 
The imaginary component hi is the reactive power, or the maxi- 

*j for\/ — i was first introduced into electrotechnics by Bedell and 
Crehore, "Alternating Currents," 1893. The application of complex 
arithmetic and plane vectors t^ impedance, and the a.c. circuit, was first 
introduced by the author, "Impedance," Tran^. A. I. E. E., vol. x, p. 
175, April, 1893. The extension of complex quantities and plane vectors 
to potentials and currents is due to Steinmetz, "Complex Quantities and 
Their Use in Electrical Engineering," Proc. Int. El. Congress, Chicago, 
August, 1893. 

t International notation, according to the decision of the International 
Electrical Commission, at it** Turin meeting in 1911, calls for R -\-jX as 
the impedance of an inductance coil, here followed. See Standardization 
Rules of the A. I. E. E. 
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mum cyclic rate of transferring energy from the mains ww, Fig. 
70, into the magnetic flux of the coil, and back again. When the 
r.m.s. current / in the coil reaches a maximum or crest value /, 
amp., either plus or minus, the coil contains magnetic energj- 
3^L/i = L/2 joules. At the current zero points, this energy dis- 
appears from the coil, returning to the mains and generator sys- 
tem. The maximum cyclic rate of transfer of this energ>' is equal 
to this reactive power jPx watts. This reactive power is some- 
times called '* wattless power, '* but this term is both erroneous 
and misleading. The reactive power j/'X is just as '^wattful'" 
as the active power PR. The only difTerence is that jI^X is the 
activity of transferring energy from one part of the circuit to 
another, while PR is the activity of transferring energy from the 
circuit to its surroundings. It is true that in ordinary industrial 
practice, reactive power has no efifect on customers' watt-hour 
meters, and therefore is not saleable, but it is illogical to deny 
the existence of power, merely because it is ordinarily unsaleable. 

Similarly, the hypothenuse gi is the total or vector power PZ 
watts. It is commonly described as volt-amperes, to distinguish 
it from active power. This distinction is a useful one, provided 
it is realized that a ^Wector volt-ampere" is also a *' vector watt." 
In this case, the vector power is 1 kw. or 1,000 volt-amp. with an 
active component of 800 watts, and a reactive component of j600 
watts. 

Vector Cyclic Energy. — If wc divide the P triangle by 2w, or 
twice the impressed angular velocity, we obtain the stationarj' 
vector diagram jkL Here jk is the active maximum cyclic 
energy, which is added in successive + and — blocks, in each 
energy cycle, to the stream of outgoing active energy leaving the 
circuit. Wa is the cyclic active energy throb, as will be seen 
later. The reactive component jWg is the maximum cyclic 
energy, added in successive + and — blocks to the energy of the 
magnetic flux linked with the coil. This reactive energy block 
TTx = 0.75 joule. When at its negative maximum, it destroys 
the energj'^ in the coil (0.75 — 0.75 = joule). When at its 
positive maxinmm, it produces the full cyclic magnetic energ>^ in 
the coil (0.75 + 0.75 = 1.5 joules). The r.m.s. current / 
being 10 amp., its niaxinmm cj'clic value is /\/2 = 14.14 amp., 
and the maximum cyclic magnetic energy is 

Wm = HLIl = LP = 2TK, joules (325) 
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in this case }4 X 0.015 X (14.14)' = 1.5 joules, as already 
found. The frequency of this energy cycle is 2/, or twice the 
frequency of the impressed current; because L7i/2 reaches its 
maximum at each current wave crest, whether / is plus or minus. 
Its angular velocity is therefore 2co radians per second. 

Vector^'Admittaiice; — Turning now to the second column in Fig. 
71, the vector admittance of the branch circuit in Fig. 70 is 
the reciprocal of the vector impedance Z. In this case Y = 

10Z36°52'lT' " 0.1\36°.52M1" = 0.08 - j0.06 mho. This 

admittance is represented at mon. The real component (7, or 
mOy is called the ** active conductance.** The imaginary component 
on is —jBf the inductive susceptance. If the branch circuit under 
test in Fig. 70 were condensive, instead of being inductive; i.e., if 
a condenser were either substituted for the reactor, or a condenser 
of preponderating reactance were inserted in series with the coil, 
then the susceptance jB would be plus, instead of minus, and 
would become a condensive susceptance. The Y triangle, and its 
subordinates, may thus be either inverted or erect. Its condition 
in this respect must always be opposite to that of the Z triangle. 

Vector Current. — If taking the impressed r.m.s. e.m.f. J? as of 
standard phase, or as inherently possessing zero slope, we mul- 
tiply Yhy E = \E] Z0°, we obtain the / triangle pqr. Here pr is 
the active current /„ = EG amp. The negative perpendicular 
rq is the reactive current —jlx = —jEB amp. The active com- 
ponent 7a will be in phase with the impressed e.m.f. E. The 
reactive component will be in quadrature with E. 

Vector Power to Electromotive Force Phase. — If we multiply 
the r.m.s. current 7, or 10\36°.52M1", by the impressed e.m.f. at 
standard phase E = 100Z0° volts, we obtain the vector power 
diagram stu,OT 1,000 \36°.52M1" watts. Here EHi, orSOO watts, 
is the active power, —jE^By or — j600 watts, the reactive power, 
and E^Y = E^(G — j5), the vector power. It will be observed 
that the power diagram stu is the same as the power diagram 
PZf or ghi reversed, the active 800 watts being the same in both; 
but the reactive components ut and hi being mutually opposite. 
At first sight, this looks like a contradiction ; but, on further exami- 
nation, the two oppositely directed triangles are consistent. 
Figs. 72 and 73 show that the crest value of the power always 
occurs between the maxima of voltage and of current. Conse- 

9 
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quently, reactive power which is leading with respect to current 
phase, is lagging with respect to voltage. 

Similar considerations apply to the two W triangles kjl and 
vwXy which are likewise mutually inverted. 

Instantaneous Diagram to Current Standard Phase. — Fig. 72 
represents diagrammatically one complete cycle of current and 
voltage in the branch circuit of Fig. 70, under consideration. In 
order to simplify the diagram, all of the waves, which are actually 
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Fig. 72. — Diagram of maximum cj'clic current, voltage, power and ener©*, 

to current standard phase. 

sinusoids, arc indicated by simple zigzag or saw-tooth waves. 
The maxima, minima, and zero points, are correctly presented of 
such a diagram; but the intersections of the lines do not carry the 
same significance.* 

The current / starts positively at 0°, or with standard phase, 

* ('urrespondiiiji; diagrams with full sinusoidal curves are given in the 
original paper ''Vector Power in Alternating-current Circuits," by A. E. 
Kennelly, Trafis. A. I. E. E., June 27, 1910. 
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and reaches its crest value 14.14 amp. at 90°. The impressed 
e.m.f. Ey reaches its crest value 141.4 volts, nearly 37° earlier in 
the cycle. It is analyzed into two components; namely, the 
active component Eat 113.1 volts, in phase with /, and a leading 
reactive component E2, 84.84 volts, in quadrature with /. 

The successive instantaneous products of current and voltage 
give rise to a P sinusoid of double frequency, executing two com- 
plete cycles in one cycle of either current or voltage. This power 
sinusoid has its crests at +1,800 watts, just midway in time 
between the crests of / and E, It is therefore a leading power 
with respect to the current /. The power sinusoid has its axis 
on the line pp at +800 watts, and its lower maxima at —200 
watts. It may therefore be expressed as 

EI {cos /3 + sin (2u)t + jS)} = Pa + P sin {2o)t + /3) watts (326) 
or, in this case, 800 + 1,000 sin {2u)t + /3) watts, where w = radians 
per sec. It may be analyzed into an active power component 
Pa = 800 — 800 cos (2w0 watts corresponding to gh^ Fig. 71, and 
a leading reactive power component Px in quadrature therewith, 
600 sin (2u)t)y corresponding to W, Fig. 71. 

The power P may be considered as the time rate of change of a 
certain cyclic energy W, This energy, being the integral of (326), 
will have a double-frequency sinusoid W, 1.25 joules in amplitude, 
and 37° in energy phase, ahead of its active component Wa of 
1.0 joule amplitude. The leading reactive component Wx of 
0.75 joule amplitude has its axis ww displaced to 0.75 joule above 
00. The three powers P., P and Pay are severally 90° ahead of the 
three energies Wxj W and Wa- The amplitude 0.75 joule of the 
reactive energy, in phase with /, causes the crest energ>' of the 
current L/i/2 to be just 1.5 joules, as has already been pointed 
out. At the current zeros, the total value of Wx is zero. These 
energy components correspond to the three vectors of the W 
triangle jfci. Fig. 71.- 

Instantaneous Diagram to Voltage Standard Phase. — In Fig. 
73, the corresponding series of amplitudes and phase relations is 
presented to voltage standard phase. E represents the voltage 
wave of amplitude 141.4, commencing positively at 0°. The cur- 
rent / lags 37° with respect thereto. The power sinusoid P has 
its crest midway between these, and higs 37° of power phase with 
respect to A', thus corresponding to st^ in Fig. 71. This power 
may be analyzed into an active component Paj of 800 watts 
amplitude, and a lagging reactive component Px of 600 watts, cor- 
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responding to ui. Fig. 71. To these three cyclic double-frequency 
powers correspond three cyclic double-frequency energies H^, W 
and ir,, of 1.0, 1.25 and 0.75 joules amplitude. The latter is 
the negative of an energj' wave W,, of like amplitude, which 
would represent the energj- in a condenser of +J0.06 mho con- 
ductance, charged to a potential of 141.4 volts. The sinusoid 
Wx reaches its total crest value of 1.5 joules in phase with I^. 
These energ>' relations correspond to those of the triangle viri. 
Fig. 71. 
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to voltage standard phase. 

Rotative Properties of the E and I Vector Diagrams. — The 

Z and )' triangles, Fig. 71, are essentially stationary, no benefit 
!)eing derivable from their rotation. The E and / diagrams, 
however, dvf and pq)\ although presented as stationarj-, may be 
made serviceable as rotary veetor diagrams. Thus, let the drf 
triangle be increased v2 ti'iH^J* in linear dimensions; or let the 
same triangle have its sealeof linear interpretation increased in 
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this ratio, and be rotated about 0, Fig. 74, in the plane of the 
figure, at the angular velocity w radians per sec, or 63.66 revo- 
lutions per sec. Then the instantaneous projections of the points 
ef and G, on the axis of reals —XOX, will indicate the correspond- 
ing instantaneous values of the active, total and reactive electro- 
motive forces. 

Similarly, if the / diagram be expanded \/2 times in linear 
dimensions, and be rotated about the point 0, Fig. 75, in the plane 
of the paper, at the angular velocity, w = 400 radians per sec, 
the instantaneous projections of g, r, and 8 on the axis of reals 
— XOXj starting from the proper epoch, will mark the corre- 
sponding instantaneous values of the total, active and reactive 
currents. 



-X 





Fio. 74. — Rotation of the E diagram Fin. 75. — Rotation of the / diagram 

after linear expansion in ratio \/2, for' 'after linear expansion in ratio \/2, for' 
instantaneous projections. instantaneous projections. 

The stationary E and I diagrams are, therefore, also to be re- 
garded as rotative, if suitably altered in scale of linear dimensions. 
It also follows that the E and / vectors may be mounted together, 
at the proper phase displacement, and rotated conjointly as a 
single diagram, at the common angular velocity w. Such a 
rotative diagram, of either voltage or current, has long been 
used illustratively in a.c analysis.* 

Rotative Properties of the P Vector Diagrams. — If either of the 
power diagrams in Fig. 71, say ghi, be rotated about the point 0, 
Fig. 76, without any change in scale, at the angular velocity 2w or, 
in this case, 127.3 revolutions per sec, and instantaneous projec- 
tions of h, i and k be taken, on the axis —XOX, then these pro- 

* J A. Fleming, "The Alternating-current Transformer," vol. i, p. 110, 
London, 1889. 
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jections will mark the instantaneous values of the active, total 
and reactive powers. The zero of the reactive power is at 0, 
which also corresponds to the line pp in Figs. 72 and 73; but the 
point //' corresponds to the power zero 00 in those figures. 
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FiQ. 76. — Rotative power diagram without change of scale. 

Referring to the power triangle ghi, and siU of Fig. 71, it will be 
evident that the instantaneoiLS power in an ax. circuit, or branch, 
oscillates between the sum and difference of the base and hypothenuse 
of the vector power triangle, (— 200 and + 1800 watts in Fig. 76). 




-V 



Fia. 77. — Corresponding rotations of the E I and P vectors. 

By mounting the / and E vectors on one disk, spinning at « 
radians per sec, and the P vectors on another disk, geared with 
the first in the velocity ratio of 2 to 1, so that the P disk spins at 
2(A) radians per sec. (Fig. 77), the instantaneous vertical projec- 
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tions of Ej I, Pa, Ps and P, on the vertical axis — FOF, will 
mark off the corresponding instantaneous current, voltage, active, 
reactive, and total power. The P vector should stand vertical, as 
shown, when the E and / vectors make equal and opposite angles 
with the vertical. Powers are read with respect to // as zero, 
except P„ which is read with respect to as zero. 

Rotative Properties of the W Vector Diagrams. — By reference 
to (326), it will be seen that the time integral of the power contains 




FiQ. 78. — Rotation, with rolling, of the W diagram. 



a uniformly increasing term Pj,, as well as a cyclically oscillating 

P 
term ^ sin (2co^ + /3) . The latter term can be developed by the 

projection, on a fixed axis, of the energy triangle jkl, or vwXy 
spinning in the plane of projection, about the points j or v, with 
the angular velocity 2co radians per sec. The first term requires 
a constantly increasing addition to the value of W so developed. 
The sum of the two terms can, therefore, always be obtained by 
both rotating and rolling the diagram, developed as a wheel of 
tread radius Wa and flange radius TT, as indicated in Fig. 78. 
Here the wheel klM rolls on the rail +X0— X, at uniform 
angular velocity 2w. The vertical projection of the flange point 
/, at L on the rail, marks the instantaneous value of the energy 
delivered to the circuit, for which the energy triangle jfci. Fig. 
71, has been prepared. 

It will be observed that, as the wheel rotates and rolls, the path 
of the flange point in the plane of rotation will be a prolate 
trochoid,* abcdefg^ containing a closed loop at each revolution. 
The instantaneous projection at L of the flange point I in this curve 

•Greenhiirs "Differential and Integral Calculus," 1896, p. 39. 
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marks off the total energy poured into the circuit from the ehciric 
sourcCy up to that indant. 

Just as any point on the flange of a railroad-car wheel, running 

d 

a 




Fig. 79. — Prolate trochoid described by the moving point on the flange 
of the wheel representing a rotating and rolling energy diagram. 

at say 100 km. per hr., over a railroad track, not only comes to 
rest, but actually retrogresses, or reverses its direction of hori- 
zontal translatory motion, once in each wheel revolution; so, 




d Lb 

Fkj. 80. — Ojise of reactanc<»less circuit corresponding to a flangeless whet-l. 
the moving point tracing a cycloid in the plane of rotation. 

when the flange point is executing the loops be, e/, in Fig, 79, the 
energy ceases to flow from the source into the circuit, and flows back 
from the circuit toward the source. 




-X 



Fig. 81. — Rotation, without rolling, of W diagram, in limiting case of resis- 

tanceless circuit. 

In the particular case of Fig. 80, when the circuit .is non-reactive, 
and contains only pure resistance, the flange of the wheel dis- 
appears, or the wheel l^econies a simple cylinder, and the path of 
the rotating point I becomes a pure cycloid, abcde. In this case, 
the flow of energy momentarily stops at b and d, but the energ>' 
tide does not reverse. 
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In the opposite case, when the circuit is resistanceless or wholly 
reactive, the energy vector diagram jkl has zero base, and its 
hypotenuse coincides with its perpendicular. The triangle 
shrinks to a mere vertical line, and the tread radius shrinks to the 
axis 0, Fig. 81, leaving the wheel all flange. This "wheel," in 




Fig. 82. — Front elevation of model giving simultaneous instantaneous 
values o( E I P and W, The wheel at is pushed towards the left along 
t)ie table ////. 

rotating, fails to advance by rolling, and the energy oscillates 
between the limits a and b. 

In Fig. 77, if the power disk is allowed to roll upon the tread 
circle a, 6, c over a rail i/X, and with it the geared current- 
voltage disk, the moving system will project on a vertical rod, 
carried along with it, the instantaneous values of current, volt- 
age, and power; while the vertical projection of the flange 
point P will trace out, to a suitable linear scale, the energy along 
the rail. The horizontal speed of the axle will measure the 
average power, and also the active watts of the circuit. 

Such a model has l)een constructed for a particular range of 
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current and voltage values.* A front elevation of the model is 
shown in Fig. 82. Fig. 83 shows pictures of the model in three 
successive stages of operation for the case of a single-phase cir- 
cuit having fi« = 100 volts, /„ = 200 amp. 60° in phase behind 
/■;», Z = 0.5^60" ohm. 

Experimental Development of the Z Vector Diagram. — The 
vector diagram of e.m.f. def, Fig. 71, can be produced experimen- 
tally, for a.c. branch circuits having convenient values of impedance 
and frequency, by developing a rotating current sheet in a metal- 




Kio. 84. — Connections of uncompensated vcctor-iliagrani apparatus for 
mettsuring the impedance Z. 

lie plate. The impedance of a simple branch circuit, containing 
combinations of resistance, inductance, and capacitance in series, 
can then be measured on the plate in rectangular coordinates, 
distances along the X axis corresponding to' resistance, and dis- 
tances along the Y axis corresponding to reactance. t The con- 

* "A Model for Altemating-currpnt Quantities," by A. E. Kennelly 
ami H. G. Crane, Eleelrital World, July 11, 1914. 

t "A New and Direct Process of Producing AltematinK-currcnt Vector 
Diagrama Experimentally,'' by A. E. Kennelly, H. G. Cranb and J. W. 
Davis, EUrtrUal World, March 30, 1911. 

"The Rotating Electric-current Field," by A. F.. Kennelly, Atti del 
Congrerso Internaiionatcdelle Ap]dicazianiElettriche,Tat\n,Septtm\>eT, 1911, 
vul. ii, p. 1180, si-<-tion 111. 

"Producing Vector Diagrams Experimentally. Improved Apparatus," 
by A. E. Kbsnellv and 11. G. Chane, The Ekctncal World, April 17, ISl.'i. 
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iiection diagram of the apparatus is given in Fig. 84, and a pic- 
ture of the compensated plate in Fig. S5. 

Although the device above referred to marks ofT only the Z 
vector diagram of Fig. 71, through the medium of the correspond- 
ing E diagram on the plate, yet the corresponding P and \Y 
diagrams may be directly inferred therefrom. 




85. — CompenBated vector-diagram apparatus. 



After the student has developed such a vector diagram by 
experimental exploration over a plate, the series of vectors in 
Fig. 71, containing the essentia! properties of an a.c. circuit, 
become vividly impressed on the mind. 

Fictitious Impedance Diagrams.— In cases where the branch 
circuit of Fig. 70 contain:^ cither an active c.e.m.f. such as that 
of a synchronous motor, or a combination of condensive and 
inductive reactances in series, the readings of e.m.f., current 
and power, will give rise to an impedance Z diagram and its series 
of subsidiaries, which is arithnietically correct and practically 
useful, l»ut is physically incorrect as regards impedance elements. 
Such diagrams, although serviceable, may be described as 
" ficlitiouK." 



CHAPTER X 

FUNDAMENTAL PROPERTIES OF ALTERNATING-CUR- 

RENT REAL LINES 

We have already seen that all uniform real c.c. lines, in a steady 
state of operation, possess or subtend a real hyperbolic angle ^, 
and have likewise a linear real hyperbolic angle a = d/L = 
\/rg hyps, per km. A c.c. artificial line also possesses a real 
hyperbolic angle d per section of its length, and, if each section 
represents a length of L km., a corresponding linear hyperbolic 
angle $/L is inferred. 

A.c. lines differ from c.c. lines in the effects of inductance and 
of capacitance. That is, while c.c. lines call only for a considera- 
tion of linear resistance r and linear leakance ^, a.c. lines call, 
in addition, for a consideration of linear inductance i, and linear 
capacitance c. Moreover, the effects of inductance and capaci- 
tance vary with the frequency. 

Linear Inductance of Real Lines. — The inductance of a very 
long loop consisting of a pair of parallel uniform round wires, each 
of radius p cm. and set at an interaxial distance D cm., may be 
defined as the total magnetic flux linked with the loop per unit of 
current steadily passing around it. The linear inductance of 
such a loop is the total flux, per linear centimeter of the loop, and 
per unit of current. In c.g.s. magnetic measure, this linear induc- 
tance may be expressed in abhenrys per loop centimeter, accord- 
ing to the formula:* 

/„ = M + 41ogh(^) fh^"-'-y? (327) 

\p/ loop cm. 

where /i is the magnetic permeability of the wire, assumed 
uniform, which for non-magnetic materials may be taken as 
unity, and logh signifies hyperbolic or Napierian logarithms, 
to the base € = 2.71828 .... The first term signifies the 
internal linear loop inductance^ and the second term the external 
linear loop inductance. 

Reducing (327) to common logarithms, and to henrys per loop 

* Clerk Maxwell's "Electricity and Magnetism," vol. ii, p. 293, 1881. 
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kilometer, we have for non-magnetie wire?, in air or other non- 
magnetic medium, 

/.. = 1 + 9.2103 log i^) ■ 10-* -*»*^°^ 32S 

\ p ' loop km- 

The linear inductance of either of the two wires to the mid-plane 
between them, may be called the linear wire inductance. It is 
half of the linear loop inductance (327; or 

/ = /o.o -h 4.6052 log i^) ^ 10-^ -^^^^'^ 329: 
L \p' . wire km. 

It is known* that this non-ferric linear inductance as above 
defined, bj- the ratio of the Unear flux to the steady current sup- 
porting it, is the same for all equal values of D p. In other 
words, the degree of proximity of the two parallel wires does not 
have to be considered. 

In the case of three parallel and equally spaced wires t forming 
a three-phase a.c. line system, the linear wire inductance is 
advantageously used from (329). In such a case, D is the inter- 
axial distance between an\' pair of the three wires. 

As an example, the linear wire inductance of a pair of Xo. 10 
A.W.G. copper wires of diameter 0.2589 cm. interaxially separated 
by 30.48 cm. (1 ft.) is 

(o.5 + 4.6052 log^i^^^.) 10-* = (0.5 + 4.6052 X 2.3719U0-* 

= (0.5 + 10.923) 10-* = 11.423 X 10-* = 1.1423 millihenrys 
per wire km. (1.839 mh. per wire mile.) 

Tables of linear wire inductances for different sizes of wire at 
various spacings have been worked out by ft various writers. 

Linear Capacitance of Real Lines. — It follows from the theorem 
of the propagation of electric disturbances over a pair of uniform 
parallel conductors in free space at the speed of light, that for 

* A. Rrt^sELL, "A Treatise on the Thcor>- of Alternating Currents," 
Cambridge I'niversity Press. 1904, vol. i. Chapter, II, pp. 57-60. 

t If the wires arc unequally spaced, the linear inductances differ, and 
the linear resistances also virtually differ. The corrections for dissym- 
metrical spacing, being somewhat remote from the main subject, will not be 
considered. 

ft "Tlie Inductance antl Capacity of Suspended Wires," by E. J. Houston 
and A. E. Kennklly. Ehctrinil Worhi, July 7, 1S94, vol. xxiv, pp. 6-7, also 
various handbook.*?, such as **The Standard" or '*The American" hand- 
book. 
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any such pair of conductors, of any cross-sectional shape,* 
their linear loop cajxicitance expressed in statfarads per loop cenii- 
meter is the reciprocal of their external linear loop inductance 
expressed in abhenrys per loop centimeter. Consequently, the 
linear loop capacitance of a pair of round wires in air is 

1 statfarads /oo^^x 

Co = fz- , - (330) 

4 logh Q '««P '''■ 

Reducing to common logarithms, kilometer lengths, and 
remembering that 1 statfarad = q mm/- (micromicrofarads) this 
becomes: 

0.0120635 ^ j^_. farads 

, /D\ loop km. 

If, however, the wires are not separated by a distance of many 
radii, t.e., if D/p is less than 10, say, these formulas (330) and 
(331) are unreliable and a formula may be substituted, which is 
correct for all distances, in air, d being the diameter of the wire 
in cm. 

1 statfarads /oor»N 

^ = - -.n; I - (332) 



4 cosh- Q) ^^^P ''^' 



reduced to farads per loop kilometer this is, 



C. - "'^'1 X 10- ,'"'?'- (333) 



CMh- (?) 



loop km. 



Thus the linear loop capacitance of a pair of wires at an interaxial 
distance of 50 diameters, or 100 radii, is by (331) 0.0120635/2 = 
0.006032 /i/./loop km., and by the strict formula (333), 0.027778/ 
4.6051 = 0.006032, to four significant digits the same result. 
At an interaxial distance, however, of 2 diameters or 4 radii, the 
linear loop capacitance by (331) is 0.0120635/0.60206 = 0.02004 

♦ Tran8. A. I. E. E., June 29, 1909, p. 702, vol. xxviii. part I. 
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/i/./loop km.; while by the strict formula (333) it is 0.027778/ 
1.3170 = 0.02109.* 

The linear wire capacitance is just double the linear loop capaci- 
tance, and in the c.g.s. system, is the capacitance per linear cm. 
of either wire in a uniform insulated loop to the zero-potential 
mid-plane between them. Hence, 

e= 0:P5556 xiO- ['''^^- (335) 



cosh 



-(?) 



wire km. 



or, for ordinary interaxial distances, 
very nearly 



e . »»?"27 X ,„_. J«^ (335, 



'-© 



wire km. 



The curves of Fig. 85^ show the linear wire capacitance of 
straight round parallel wires in air (uncorrected for insulators, 
towers or neighboring wire?) up to interaxial distances of 25 
diameters, in accordance with (335). Fig. 85B shows the cor- 

* Seeing that (332) is the correct formula for the linear loop capacitance 
of a pair of parallel cylinders in air at any distance, the proposition cited 
connecting linear inductance and capacitance would indicate that (327) 
should be: 



^ = /x -f 4 cosh~* 



(f ) rif^' « 



This question has been investigated experimentally. See Dr. F. B. Silsbee 
on ** Inductance of Conductors at Close Spacings," Electrical World, July 
15, 1916, vol. Ixviii, pp. 125-126. The results indicate that at very high 
frequencies, formula (334) appears to be correct ; but that at low frequencies 
(327) is correct. The reason seems to be that at low frequencies, the re- 
sistivity of the conductor tends to equalize the current density over the 
cross-section; whereas at high frequencies, the current density is non- 
uniform and superficial, such as would give effect to (334). 

The following references bear upon the linear capacitance formula. 

"The Linear Resistance between Parallel Conducting Cylinders in a 
Medium of Uniform Conductivity," by A. E. Kennelly, Proc. Am. Phil. 
Soc, vol. xlviii, April, 1909, pp. 142-165. 

'*The Electrostatic Capacity between Equal Parallel Wires," by H. 
Pender and H. S. Osborne, Electrical World, vol. Ivi, No. 12, pp. 667-670. 

"Graphic Representations of the Linear Electrostatic Capacity between 
Parallel Equal Wires," by A. E. Kennelly, Electrical World, October 27, 
1910. 

A. Russell, "Alternating Currents," Cambridge University Press, 1904, 
vol. i, Chapter 2, p. 59. 
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responding linear wires capacitance up to interaxial distances of 
10,000 diameters, in accordance with either (335) or (336). 

Thus, in a three-phase aerial line, with the wires separated 
interaxially by 100 diameters, each wire would have a linear 
capacitance of 0.0555/cosh-' 100 = 0.0555/5-298 = 0.01049 mi- 
crofarad per wire km.; ie., between each wire and the neutral 
or zero-potential surface. 
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Fio. 85^.— Linear capacitance per 100,000 wire-feet and wire-meters. 
GraphB of cosh-'i, l/co8n-'i and linear capacitances of bare, equal, parallel, 
round wires in air for interaxial distancpa up to 25 diameters. 

In the case of three parallel and equally spaced wires forming 
a three-phase a.c. line system, the linear wire capacitance is 
advantageously found from (336). In such a case, D is the inter- 
axial distance between any pair of the three wires. 

The linear wire reactance x — lt,i oi the conductor in ohms per 
wire kilometer, is the product of / the linear wire inductance, and 
the impres.sed angular velocity u. The linear wire reactance 
manifestly increases directly with the frequency/. It is just half 
the linear loop reactance i,,w ohms per loop km. 

The linear wire susceptance 6 = ctu of the dielectric, in mhos 
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per wire kilometer, is the product of c the linear wire capacitance, 
and the impressed angular velocity «. It also manifestly in- 
creases directly with the frequency of operation, and is just double 
the linear loop suscepiance h,, mhos per loop km. 
The linear wire impedance of a real a.c. line is 

. = r+iZa. = r+ix ^^^^ (337) 

Here r, the real component of the plane vector 2, is the linear wire 
resistance, and, at low frequencies, is the same as though the wire 
were operated by continuous currents, at the same temperature. 
At high frequencies, "skin effect," or non-uniform a.c. density, 
t^nds to increase r. 

Skin-effect Formulas for Round Wires. — In the ordinary case 
of round wires of radius X cm. and electric conductivity 7 
abmhos per cm. (the reciprocal of the resistivity p in absohm- 
centimeters), operated at « radians per sec, a fundamental for- 
mula for the internal linear impedance z' of the wire due to "skin 
effect," i.e., to auto-disturbance of a.c. density over the cross- 
section, when not too close to neighboring active conductors, is* 

./ _ - . "oX Jo(aoX) ohms 
^ " "^ 2 Ji(aoX) . wire km. ^ ^"^"^^^ 
where 

cro = V ^jiirynci) = V 4ir7M«^45° = \/2iryno) — j\/2iryn(A) = ^2 —jot2 

cm-i Z (339) 

r is the ordinary linear resistance of the wire to continuous cur- 
rents, in ohms per wire kilometer. 

n is the permeability of the substance of the wire assumed as 
uniform and as unity for non-magnetic substances. 
Jo(aQX) is a plane-vector Bessel function of aoX, of zero orderf 
(numeric Z). 

Ji(aoX) is a plane- vector Bessel function of aoX, of first order 
(numeric Z). 

The real component of z' is the apparent linear a.c. resistance 
of the wire, including skin effect, in ohms per wire kilometer. 

* ''Funktioncntafeln mit Formein und Kurven," by Jahnke and Emde, 
Teubner's, Berlin, 1909, pp. 142-144. 

t These vector Bessel functions have been tabulated and charted over a 
convenient range. See ''Experimental Researches on Skin Effect in Con- 
ductors," by Kennellt, Laws and Pierce, Proc. A. I. E. E., September. 
1915. 
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The imaginary component of / is the apparent linear internal 
reactance of the wire in j ohms per wire kilometer. The external 
reactance, due to magnetic flux encircling the whole wire, in the 
air or other external insulating material, is the same as though 
no skin effect existed, and does not appear in the formula. 

At very low frequencies when w approaches aero, the expres- 
sion -TT- • ~ T- ^\ approaches l.OZO**. At very high frequencies, 

when ao becomes a large inverted semi-imaginary quantity, the 

,. .. • oioX. Jo (aoX) - 
limit of —fr- ' r 7 Vv becomes: 
Z J I (ctoX) 

- — Z45 = ^ + d~ ~ ~7~ ^^^ numeric Z (340J 

or the internal linear impedance of the wire at very high fre- 
quencies is large and semi-imaginary, especially when the radius 
X of the wire is large. 

As an example, a No. 8 A.W.G. copper wire has a radius A' 
= 0.1632 cm., a resistivity at 20°C. of 1,724 absohm-cm. (7 = 
0.5801 X 10-»), and a linear resistance at 20^*0. of 2.061 ohms 
per wire km., required its internal linear impedance at 820^^ = 
5,152 radians per sec. 

Here aoX = a/i 2.566 X 0.5801 X lO"' X 5.i52~X~l6^^45° X 
0.1632 = 1.0\45° = 0.707 - i0.707. Hence by Bessel Tables 

,' - 9nfii V ^i^^'^^l V 1.0155Z14^217 
z - ^.uoi X 2 ^ b.5014\37^837 

= 2.061 (1.01266Z7°.054) = 2.061(1.0050 +i0.12436) = 2.0713 

+ i0.2563 .^*^^. 
wire km. 

The virtual linear resistance has thus increased 0.5 per cent, by 
skin effect. The linear inductance is 0.2563/5,152 = 0.4976 X 
10~* henry per wire km. = 0.4976 abhenry per wire cm., which 
is 0.48 per cent, below the normal value of 0.5 (see (329)). 

When the value of ajX does not exceed unity, as in the above 
example, the change in internal reactance is so small that it may 
ordinarily be ignored, and an approximate formula for change of 
linear resistance, due in its original form to Lord Rayleigh,* 
may be used, ordinarily only as far as two terms: 

/ = r j 1 + ^^* - ^^f^' + . . . 1 ^^-^^ (341) 

I 48 2,880 J wire km. 

* Lord Rayleioh, Phil. Mag., May and December, 1886. 
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Thus in the case above considered with a2X = 0.707, this 
becomes 

/ = 2.061 (l+^g^-- . . .) 

= 2.061(1 + 0.0052 - . . . ) ohms per wire km. 

When atX exceeds 2, the last formula (341) becomes unsuitable, 
and Russeirs formula* may be employed, ordinarily only as far as 
two terms: 

-- = ' (-2- + -1 + da -■■) ,£i^ <^2' 

Vector Linear Wire Impedance. — In all a.c. problems, the 
vector linear wire impedance z replaces the real linear wire resist- 
ance r of corresponding d.c. problems. Nevertheless, r may be 
retained in a.c. problems, if it is borne in mind that it has been 
changed from a real to a complex quantity. The linear wire 
impedance z of an a.c. loop circuit, is manifestly just half the 
linear loop impedance z,, of the same. 

The linear wire admittance of a real a.c. line is 

Here g, the real component of the plane vector j/, is the linear wire 
conductance, and is ordinarily greater than the corresponding 
leakage conductance of the same line when operated by continu- 
ous currents. It is, therefore, necessary to measure g in a.c. 
cases. The linear wire admittance t/ of a loop circuit, formed of 
two uniform parallel wires, is just double the linear loop admit- 
tance y,, of the same circuit, in mhos per loop kilometer. 

In all a.c. problems, the vector linear wire admittance y 
replaces the real linear wire conductance g of corresponding d.c. 
problems. Nevertheless, g may be retained in a.c. problems, if 
it is remembered that g has been changed from a real to a complex 
quantity. 

The linear hyperbolic angle of a real a.c. line is the vector, 

a=Vzy= Vir +>) (g +jb) = a. + ja. ^^l^^'^^ ^ (344) 

The real and imaginary components and of this vector arc: 
* A. Russell, Phil. Mag., vol. xvii, p. 524, 1909. 
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= Vr{>^T+W^Tx)J -^^ (345) 

«. = V i { \/'(r* T x*)"(?"+^*T - {gr - bx)] 

where \a^\ means the size of the plane vector a* defined by: 

I a2 1 = vTr2~+':r2) W^b^) = \z\'\y\ numeric (347) 

It is, however, ordinarily more convenient and expeditious to 
express z and y as polars, and then to find a as a polar; thus: 

hyps. 



wire km. 



Z (348) 



We may take, as an example to be worked out in each way, the 
case of a loop of "standard" telephone twisted-pair circuit, 
consisting of two No. 19 A.W.G. copper wires 0.0912 cm. in diame- 
ter, paper-insulated and lead-sheathed. The loop-mile constants 
of this circuit are taken as r„ = 88 ohms /l.m., I,, = lO"' h/Lm,^ 
g„ == 5 X 10-« mho/l.m., c,, = 0.054 X 10-« //l.m. The corre- 
sponding wire kilometer values are r = 27.34, 1 = 0.3107 X 10~^ 
g = 6.214 X 10-S c = 0.6711 X 10"^ At the standard tele- 
phonic angular velocity w = 5,000, (/ = 796^^), x = 1.5535 ohms 
per wire km., and b = 335.5 X 10"' mho per wire km. Then by 
(345) : 



ai= V i { \/(27.342 + 1.5542) (6.214^ + 335.5«)10-i» + 



(6.214 X 27.34 X 10-« - 1.5535 X 335.5 X 10-«)| 
= V M ^(7^77476"+ 2.4T3H38.61 + 112,56a25)T0^» + 



(169.891 -521.288)10-M 



= \/TrVT749y889)7l 12^ 10-^^) - 351.397 X 10-«} 

= \/i{ VO.749889 X l.i25989~X 10-^ - 3.51397 X 10"^} 
= Vi { A/a844365 X TO^ - 0.0351397 X lO^^ } 



= \/ i {0.918893 X 10-^ - 0.035140 X lO'M 
= Vf ro.883753 x'lO-2} = V0Ail876^ 10"* 

= 0.66474 X 10-^ = 0.066474 
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a2 = V i {(0.918893 X 10-2"+ 67035140 XIO-M 

= V f {0.954033 ~X l6-M 

= V 0.477017 X 10-2 = 0.69066 X 10"^ = 0.069066 

so that a = 0.066474 + jO.069066 hyps, per wire km. 

= 0.066474 + jO.043969 hyps, per wire km. 

Using the polar method by (344) and (348), with (294) and (295) 
a = V (27.34 +il.5535) (67214 + j335.5)10-« 

/ 



= yj {27.34 sec /3iZtan-i ^^^^^^ 



Z - 27.884 

8.16 8 



1 335.5 cosec /^aZcot-* If^t \ lO"* 






O Qr|-6e.474xl0 

Fia. 86. — Polar development of linear hyperbolic angle. 

= \/{ (27.34 sec" 3°.15'.08")^3M5'.08" | 

{(335.5 X 10-« cosec 88°.56'.20")^ 88°.56'.20"} 
= \/27.384Z3M5'.08" X 335.56 X 10-«Z88°.56'.20" 
= \/9,188.91 X 10-V92Mr.28" = 95.859 X 10-»Z46°.5'.44" 
= 0.095859Z46°.5'.44" 

= 0.066474 + jO.069066 hyps, per wire km. 

= 0.066474 + jO.043969 hyps, per wire km. 

The steps of the computation in the latter case are indicated 
geometrically in Fig. 86. 

Altemating-curreiit Attenuatioii Constant. — We have already 
seen in ("hapter III, that the linear hyperbolic angle a of a c.c. 
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line measures the attenuation of either potential or current along 
a line of great length. In the a.c. case, the linear hyperbolic 
angle has a real component ai and an imaginary component a,. 
On an a.c. line of very great length; or of short length, but 
grounded at the motor end through an impedance equal to the 
surge impedance zo, the steady-state potential being taken as V 
volts Z at any point on the line, the potential Vi at a point 1 km. 
further along will be, by (21) : 

Fi = Fe-" = yc-^«i+J««^ = Fc-«i • t-^'«« = Ve-^^ \a, volts Z (349 

That is, the real part of a determines the aUenuation in size, and 
the imaginary part the aUenuation in slope, or phase, in unit 
length of the line. By (21) and (22) the same proposition applies 
to the normal attenuation of both potential and current. 

The phase attenuation at may here be considered as the decay 
of phase in F, expressed in circular radians per kilometer. 

If we consider an a.c. generator applied to the home end of a 
line, the waves of potential and current flow down the line, each 
retaining its original phase; i.e., a crest persisting as a crest, and a 
zero as a zero. But the generator is steadily impressing a new 
and advancing phase on the line; so that, with respect to the 
generator, the phases of the waves, as they advance, steadily fall 
behind that at the generator end. The greater the velocity of 
wave propagation, the less will be the loss of phase, or phase at- 
tenuation at in any single kilometer of line; while, on the con- 
trary, the less rapidly the waves advance, the greater will be the 
phase attenuation. 

Wave Length. — The distance in which the phase attenuation 
amounts to 360°, or 2^ ^irc. radians, will be one wave length, X 
km. For this reason at is sometimes called the ^^wave-lefigth 
constant.*^ Consequently, 



.1 



Xj^t = 27r radians (350) 

\=^'' = 1 . km. (351) 

at jft 3 

where «t is the wave length constant in quadrant measure. 

Apparent Velocity of Propagation. — Moreover, the number of 
waves per sec. emitted by the generator, or passing any point on 
the line, must be equal to the impressed frequency /in cycles per 
second; so that the distance through which any wave will advance 
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in 1 sec. must be/X km., or the apparent velocity of propagation v 
will be 

-. 2 7r/ 0) 4f km. .«-«. 

,Q - |< t t; =/ X = - - = - = -* - (352) 

{^ " '^J at at at sec. 

In the case already considered, the normal attenuation will be 
approximately 0.06647 per unit, per km., or 6.647 per cent, per 
km.* The phase attenuation is 0.069066 circ. radian per km., 

6.2832 
or 3°.48'.30" per km. The wave length X is ^-^- ^..^^ = 90.974 

u.uoyooo 

5,000 
km., and v, the apparent velocity of propagation, ^/7/^q/a^^ = 

72,395 km. per sec. 

The actual velocity of propagation of electric waves over circuit 
wires in air is accepted as equal to the velocity of light in air, or 
very closely 300,000 km. per sec. In a dielectric of permittivity 
Ky and permeability ;*, the actual velocity is theoretically reduced 
in the ratio l/y/KfA. The apparent velocity is less than the actual 
velocity, owing to the effects of attenuation; whereby the advanc- 
ing waves disappear before reaching their final goal, thus di- 
minishing their apparent speed. In the case of an overhead aerial 
line, with no losses, i.e., with negligible linear conductor resistance 
r and dielectric conductance g, the linear hyperbolic angle Would 
be 

a = y/jlcj . jccj = jw \/cl = jat -^^- Z (353) 

or a would be all imaginary. The apparent velocity of propaga- 
tion would then, by (352), be v = Xjy/ch If the wires had negli- 
gible internal inductance, and the insulators supporting the wires 
had negligible capacitance, the value of l/\/ci for such an aerial 
line would be 300,000 km. per sec. Internal inductance, and 
extra external capacitance tend to lower this slightly. Linear 
resistance and leakance lower it still more, especially at low fre- 
quencies. Solid dielectrics reduce it still further, and loading 
the line with coils in series, or leaks in shunt, may yet further 
lower it. 

Special Cases of Linear Hyperbolic Angle. — Wc have already 
seen that in the particular case of a line with negligibly small r and 

* t-oo««<7 is actually 0.93509, or 0.06431 per unit lo8S, and not 0.06647. 
This discrepancy is due to the fact that a\ is here so large that the square 
and higher powers of ai are not negligible; see (20). 
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Qy the linear hyperbolic angle a becomes a pure iinaginar>', with 
zero attenuation, or for an ideal lossless line ai = 0. 

In the case of negligible leakance g, and negligible inductance 
I, we have x = and 

a = Vjrcu) = Vjrb = Vrb Z45° ^j^^^^' Z (354) 

and 

I a| radians ,«.., 

Here a is a ^^ semi-iinaginary quantity, ^^ i.e., a complex quan- 
tity having equal real and imaginary components, or having an 
argument of 45°. This case corresponds very nearly to cabled 
lines operated at low frequencies. 

In the case when r, x and b are definite, but g is negligibly small, 

/3' ^ 90° and /3°^ 'v*' + 45°. This case corresponds very closely 

to well-insulated overhead aerial lines. 

In the case when r, x and g are definite, but b is negligibly small, 

/3^ ^ 0° and i3° ^ ^°- This case corresponds very closely to an 

a.c. signal circuit comprising the two rails of a railroad track. 

I C 
In the case where = » i3i° = /32° = /3°, and we have Heavi- 

r g 

side's distortionless circuit.* 

When the linear inductance is very appreciable, as in ordinar}' 
aerial lines, the real attenuation constant ai may be approxi- 
mately expressed as follows, especially at high frequencies. 



ai ^ 



r 
2 / 

7 



//. \ c/7 Zoo\ cri Vzoo / 



hi' + ') K^'P- (356) 

\eoo i/oo/ km. 



<2oo l/oo 

When the linear leakance g is negligible, this reduces to 

r 
„ ^> 2 _ r hyp. 



/'/ ' 2oo km. 



(357) 



*0. Heavlside, "Reprinted Papers,' 1892, vol. ii, p. 307 {The Elecin- 
cian, 1887, 1888). 
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Linear Hyperbolic Angle as Affected by Unit of Length. — As 

already pointed out in relation to (19), the value of the linear 
hyperbolic angle is directly proportional to the unit of length 
selected. Thus, since 1 naut., or nautical mile, is 1.853 km., the 
value of a referred to r, I, g and c, in linear nautical measure, 
would be 85.3 per cent, greater than in linear kilometer measure. 
Thus, in the case considered, 

a*m = 0.095859Z46*'.05'.44" = 0.66474 + iO.069066 hyp. per km. 

This becomes, proportionately, 

a^i = 0.1776Z46°.05'.44" = 0.1232 + i0.1280 hyp. per naut. 

Linear Hyperbolic Angle as Affected by Single-wire or Two- 
wire Lines. — We have already seen that the value of a is the same 
whether we form it from loop-kilometer or wire-kilometer linear 
constants. With respect to wire-linear values, the loop-linear 
values of conductor impedance (r and jx) will be doubled; while 
those of dielectric admittance (g and jb) will be halved. It is, 
therefore, entirely optional whether we enter (344) or (345) with 
loop or wireMnear constantSy provided we keep entirely to one or 
the other plan. The values of a and of 6 will in either case be the 
same. Telephone engineers ordinarily use loop-linear values. 
Telegraph and power-transmission engineers ordinarily use wire- 
linear values. For simplicity and uniformity, we shall use wire- 
linear values throughout. 

Hyperbolic Angle Subtended by an Alternating-current Line. — 
Since, by (18), La = 6, it follows that the hyperbolic angle 
subtended by an a.c. line is: 
^ = La = L(ai + jat) = Lai + jLat = ^i + jBt hyps. Z (358) 

This angle consists of a real or hyperbolic component di, and an 
imaginary or circular component 6%. The former measures the 
normal attenuation of potential or of current over the line, and the 
latter the attenuation of phase. 

Another expression for B following (18), is 

e = LV^.y = \Z.Y = \{R + jX){G + jB) hyps. Z (359) 

In the case of a ** reactanceless tra^k circuit; " i.e., a railway-track 
signal circuit, with negligible rail reactance by comparison 
with the rail resistance, and with negligible track susceptance by 
comparison with the track leakance (X = 0, B = 0), tf is a pure 
real, or a real hyperbolic angle. This corresponds also to the 
d.c. case. 
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In the ideal case of a ^^ lossless line** (/J = 0, G = 0), ^ is a pure 
imaginary, or corresponds to a circular angle. High-frequency, 
large, well-insulated aerial lines approximate to this case. 

In the case of a **pure cable** (X = 0, G = 0), ^ is a semi- 
imaginary quantity at all frequencies. 

As an example, we may consider 50 km. of the paper and air 
insulated twin-wire standard telephone cabled conductor, the 
linear hyperbolic angle of which we have already seen to be, at 
0) = 5,000, a = 0.095859Z46°.05'.44" = 0.06647.4 + iO.O69066 
hyp. per km. Here ^ = 50a = 4.79295Z46*'.05'.44" = 3.3237 
+ J3.4533 hyps. This means that with normal attenuation, 
both the potential and the current would attenuate in 50 km. to 
^-3.8287 X c->3.4688 = o.0394\3.4533 radians = 0.0394^ 197^51'.34". 
Normal attenuation is the exponential attenuation which occurs m 
either an indefinitely long line, or on a line of moderate lengCk, 
rendered equivalent in behavior to part of an infinite line, by being 
grounded at the far end through an impedance equal to its surgt 
impedance zo. 

Normal Attenuation Factor. — As already explained in con- 
nection with (23) and (24), a line of 6 hyps, developing normal 
attenuation, has an attenuation factor, for both potential and 

current, of 

180 
e~* = c"*i\^2 cir. radians = €~^^\6t degrees 

2 
= €~*iX^i- quadrants numeric Z (360) 

In cases of non-normal aitenuaiion, such as ordinarily present 
themselves in practice, the attenuation factor is the ratio of a pair 
of hyperbolic functions. 

Distance in Which the Normal Attenuation Factor Attains 
Specified Values. — If we desire to know the distance Li/^ in which 
the magnitude or vector size either of potential or current will fall 
to l/nth of its initial value, we have 

€"*^ = n~^ numeric (361) 

or e^ = logh n hyp. (362) 

Thus to fall to i-i, ^1 must be logh 2 = 0.69315; so that L^ai = 
0.69315, or L^ = ^- Again, to fall to l/c, or to 0.3679, 

Si = 1 and 

LiA = ^- km. (363) 

oil 
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In the case already considered, where ai = 0.066474, the 
potential and current will normally fall to onc-epsilonth in a 
distance of Li/. = 1/0.066474 = 15.04 km., and will fall to one- 
half in a distance of L^^ = 0.69315/0.066474 = 10.4 km. 

Similarly, if we desire to know the distance in which the phase 
of either potential or current will normally fall or lag 1 radian with 
respect to the phase at the line point considered, 

Lfi = ^ km. (364) 

Thus in the case considered, where as = 0.069066, the dis- 
tance of normally attenuating 1 circ. radian in phase would be 
1/0.069066 = 14.48 km. The distance for 1° would be 57.296 
times shorter or 14.48/57.296 = 0.2527 km. The distance for 
losing 30** would be 7.581 km. 

Polar Graph of Normal Attenuation on an Alternating-current 
Line. — The polar graph of normal attenuation on any a.c. line 
18 an inward equiangular spiral^ in which the circular angle between 
the tangent and the radius-vector is /3®, the slope of a. 

An equiangular spiral may be expressed by the formula* 

p = a"^ = ce^ ^* ^ vector size (365) 
where p is the size and y the slope of the radius-vector in circular 
radians. Here a and c are constants, and /3° is the circular angle 
of the spiral. 

When the real attenuation component ai is small by com- 
parison with the imaginary component ai, the circular angle 
approaches 90** or t/2 radians. In such a case, the tangent of 
the ** normal attenucUion spiraV^ is nearly perpendicular to the 
radius-vector, and the spiral departs but little from a pure circle, 
making many revolutions before collapsing. On the contrary, 
when a I is large with respect to ai, as in the case of heavy 
attenuation, the tangent is nearly coincident with the radius- 
vector, and the spiral approaches a straight line directed toward 
the origin. 

The normal attenuation spiral for the standard telephone cable, 
at « = 5,000, above considered, is shown in Fig. 87, at ABCDEFG. 
The initial radius- vector OA = 1, represents the value of either 
voltage or current at a given point on the line, say the generator 
end. The tangent A T makes with this radius-vector the circular 

* Greenhill's '' Dififercntial and Integral Calculus," Macmillan & 
Company, 1896, p. 55. 
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angle OAT = /S"* = 46^5'.44", and this property holds for any and 
all points on the curve. The successive points* B, C, D, E, ¥,G, 
have been chosen as marking off successive, equal circular angles 
at 0, in this case 30°. 

Such equal angles subtend, in all normal aitenuatton cases, equal 
lengths of the line. In this case, 30° corresponds to 7.581 km 
Each of these successive radii- vectores OB, 00, OD, etc., is 60.41 
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Fio. 87. — Normal attenuation spirals of potential and current. 

per cent, of the length of its predecessor, or has attenuated in size 
39.59 per cent, in the preceding 30°. The polar equation (365) 
of this particular spiral is p,= I.Oc-T' <^ot*«'s ^' = 1.0€-<>^2477 

It will be observed that at 0(7, 45.487 km. from il, the potential 
is oppositely directed to, or 180° in phase from, the initial value 
OA. In this half-revolution, the remnant is reduced to 0.0486 
of the original, and in one complete revolution, or 90.973 km., 
the remnant would be (0.0486) ^ = 0.002364 of the original, 

* C. V. Drysdale, "The Theory' of Alternate-current Transmission in 
Cables," The Electrician, December, 1907 and January, 1908. 



FUNDAMENTAL PROPERTIES 159 

an insignificantly small amount. In the case, however, of a well- 
insulated power-transmission line, jS might readily attain 88**, 
and the normal attenuation of potential or current may be less 
than 20 per cent, in one complete revolution. In such a case, 
the direction of the current may be reversed many times, over a 
long line, without falling to insensible magnitudes. The higher 
the frequency y the more numerous and closer these reversals are 
likely to be along the line, and the more numerous the spiral con- 
volutions in the normal attenuation graph. 

Graphical Relation between Potential and Current Spirals. — 
If we exprcvss the normal attenuation of potential along any actual 
line by the formula: 

V, = F^c-« volts Z (366) 

where x is the distance in kilometers from the point where the 
potential is W volts, it follows that 

^^ « ir «r ir volts . /o/..T\ 

rfx = - «^^* = - "^ km. ^ (3^7) 

or the rate of change of potential is — a times the potential itself. 
But the normal attenuation graph is an inward equiangular spiral; 
so that the rate of change of potential along the line is also an 
equiangular spiral, multiplied by the vector a; that is the negative 
differential of the potential spiral is the same spiral altered in scale 
by the size of a, and changed in phase by the slope /3° of a, in this 
case 46°.o'.44". This differential spiral would start from a line 
near OF, drawn parallel to AT, and its radii-vectores would lag 
133°.54M6" behind those of the potential A, B, C, D, E, 

We know from the fundamental theory discussed in Chapter 
IV, in relation to (38), that: 

'l'=-<^V. = -Iz=-Kr+jl.) -^fz (368) 

or 

1 dV 

^ ^ ~ z dx ^"^^* ^ ^^^^^ 

This means that if we operate upon the differential spiral by 
— 1 Iz, we shall obtain the graph of the current. Consequently, 
the graph of a normally aiXenuatin^ current is also an equiangular 
spiral, to an altered scrle, and advaiiced /3° — /3i** = jfo beyond the 
potential spiral. In this case A'B'C'D', Fig. 87, is the current 
spiral to a scale of milliamperes, advanced 46°.5'.44" — 3°.15'.08 
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= 42^50^36" beyond ABCD. The initial current at OA' is 
numerically equal to j/o, and the current spiral may be regarded 
as the potential spiral after being operated upon by the plane 
vector T/o. 

Again, following (43), if we diflferentiate the potential spiral 
twice, we obtain the same spiral operated upon by the plane 
vector a^] i.e., altered in scale by a* and advanced in phase by 
a» = 2/3°. 

In the case of a distortionless circuit, in which zo and yo are 
real quantities, or fi^ = 0, the normal attenuation spirals of V 
and / have the same direction in the plane of reference, so that 
one and the same spiral will serve for both with a suitable change 
in dimensional scale. 

Similarity of Sectors in a Normal Attenuation Spiral. — If a 
normal attenuation spiral of potential or current is subdivided 
hito sectors subtending equal circular angles at the origin, like 
AOBy BOC, COD, etc.. Fig. 87, it is evident from the laws of 
the equiangular spiral, that these sectors are similar; that is 
OA :OB::OB: OC, and if we draw chords AB, BC, CD, etc., we 
shall also have OA :0B :: AB : BC. These successive chords, 
being equally dephased by the sectorial angle, may be also 
represented in a similar equiangular spiral. 

Alternating-current Surge Impedance. — In accordance with 
(26), which must be now interpreted vectorially, the surge impe- 
dance 2o for a.c. lines is 



IZ jR+jX jz_ jr+ji 



9+Jf> 
In the standard telephone cable case already considered, we have 



/ 27.34 + jl. 5535 ^ r27.384 Z3My.0 8^^ 

^" \ (6.214 + J335.5) lO"* \ 335:56Z88^56^20'~' 

= 285.67\42^50^36" ohms. 

An indefinitely long line of this type would therefore oflfer this 
impedance, for w = 5,000, at and beyond any point. In this 
case, because /32° is so much larger than /3i°, the surge impedance is 
nearly a semi-imaginary quantity. It behaves like a condenser in 
series with a resistance. If, on the contrary, /3j°>/32°, the slope of 
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Zo would be positive, and the surge impedance would be an in- 
ductive instead of a condensive impedance. 

A long line whose surge impedance is inductive calls for expenditure 
of +i reactive power, as well as of active pouter from a traversing 
electric wave; while a line whose surge impedance is condensive, 
calls for the expenditure of —j reactive power, as well as of active 
power, from such waves. A line whose surge impedance is reac- 
tanceless, absorbs only active power in transit, without reactive, 
i.e., stored or transformed, power. Reactively absorbed power 
involves subsequent release, with corresponding after-effects, or 
disturbance. Actively absorbed power, i.e., dissipated power, 
involves no subsequent reaction or disturbance. 

It is for this reason that the Heaviside distortionless circuit has 
at all frequencies a reactanceless zo. That is since x/r = b/g, 
/3i° = P2* at all frequencies, and /S"* = 0. 

Loop Surge Impedances. — We have already seen (32), that the 
surge impedance of a loop line is just double the surge impedance 
of a wire line. Thus, in the telephone case considered, if we take 
the linear constants r,,, I,,, g,, and c,,, on the loop-kilometer basis 
instead of on the wire-kilometer basis, the use of (370) would yield 
Zo,, = 571.34X42°.50'.36" ohms instead of 285.67X42^50'.36". 

At high frequencies, since x and 6 tend to become large with 
respect to r and g, the surge impedance tends to the reactanceless 
valuer 



2oo 



^yli^^d ""^"'^ ^^^^^ 



Initial Current at Sending End. — When an indefinitely long idle 
line is suddenly switched upon a single-frequency a.c. generator, 
there will immediately be an outgoing a.c. wave projected over the 
line. In general, this consists of two parts, namely: (1) the 
** normal wave,^' such as will be delivered to the line in the final 
steady state; and (2) a ** transient wave,'^ which rapidly decays 
exponentially with time, and, in the course of a few cycles, prac- 
tically disappears. This transient wave may be called, for con- 
venience, a ''splash.*' The splash will be greatest if the line 
switch is closed at or near a voltage crest of the generator. It will 
be least, if closed at or near a zero point of current and voltage. 
We may assume that by choosing the proper instant for closing 
the line switch, the splash may be ignored. In that case, if 

Va be the vector r.m.s. potential of the generator at standard 
u 
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phase, the "initial outgoing current will be a sinusoidal function of 
time, whose r.m.s. value will be 

I A = ^ '* = Wyo amp. Z (372 

Similarly, at any point along the line, the r.m.s. current will be 
at the outset, and at all subsequent times, equal to the r.m.s. 
local potential divided by the surge impedance. This means 
that the potential and current waves advance steadily along the 
line with their amplitudes in fixed ratio, and their phases dis- 
placed by the angle yo. 

In the case of a finite line grounded at the far end through Zt 
ohms Z, or shorted in the double-wire case through zc = 2zb 
ohms Z, the condition is the same. Ignoring splash, the initial 
values of outgoing r.m.s. potential and current rennain the 
final values, because the condition is one of normal attenuation, 
with no reflected waves returning from the distant end. In the 
case, however, of a finite line grounded at the far end through an 
impedance other than zo, there will be waves reflected from that 
end, which, running to and fro over the line, will superpose 
themselves upon the outgoing normal waves. In the final steady 
state, the outgoing current will settle down to the value (see 
(129)) 

^^ = Zo tanh 6. = ^'^ * y' "^^^^ ^^ ^""P- "^ (^'^^ 
and at any point P along the line 

^^ = z, tanh 5, = ^'^ ■ •"» '°*^ *'" *'"P- ^ ^^^^^ 

Here the vector factor tanh 8p takes into account all of the 
superposed reflected waves which enter into the final steady 
stream,* after theoretically infinite time; but, ordinarily, for 
practical purposes in the course of a few cycles. This factor tanh 
8p therefore converts the initial line impedance into the final line 
impedan<^e at P. 

Alternating-current Surge Admittance. — The surge admittance 
t/o of a wire line is the reciprocal of the surge impedance. The 
size of 7/0 is therefore the reciprocal of the size of Zo, and the slope 
of 1/0 is the negative of th(» slope of Zo. Thus, in the case consid- 

* The process of summation of siicccssivi; waves is discusse<l in Chapter 
VI of "The Apphration of Hyperbolic Functions to Electrical Engineering 
Problems" and need not be repeated here. 
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ered, yo = 1/(285.67X42^50'.36") = 3.5005 X 10-3Z42°.50'.36" 
mho. 

The surge admittance of a loop Hne is manifestly one-half that 
of either of its component wire lines. 

The surge admittance at high frequencies evidently tends to the 
limiting and reactanceless value 

2/00 = -J ; = yjj mhos (375) 

General Relations of Potential, Current, Impedance and 
Admittance with the Position Angle in Alternating-current Cir- 
cuits. — The fundamental formulas for single-frequency a.c. cir- 
cuits in the steady state are (99), (111), (123), (124) and (138), 
already considered in connection with c.c. lines. They are here 
collected for convenience of comparison.* 

numeric Z (376) 

numeric Z (377) 

numeric Z (378) 

numeric Z (379) 

numeric Z (380) 

That is, the potential^ current^ impedance, admittance and volt- 
amperes at any point P, bear to the corresponding known quantities 
at some given point C, a simple ratio of sines, cosines, tangents and 
cotangents of the position angles of P and C, 

* A reader interested in seeing the contrast between these formulas and 
those which have been developed by competent mathematicians, not using 
hyperbolic functions, may consult the following references. 

O. Heaviside, ''Reprinted Electrical Papers," London, 1892, vol. ii, 
p. 247. 

M. Leblanc, "Formula for Calculating the Electromotive Force at any 
Point of. a Transmission Line for Alternating Current, Trans. A. I. E. E., 
vol. xix, pp. 759-768, June, 1901. 

P. H. Thomas, "Calculation of the High-tension Line," Trann. A. L E. E., 
part I, vol. xxviii, pp. 041-686, June 1909. 
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CHAPTER XI 

FUNDAMENTAL PROPERTIES OF ALTERNATING-CUR- 
RENT ARTIFICIAL LINES 

A.C. artificial lines are composed of uniform sections^ either 
r's or n*s. The series elements of these sections ordinarily con- 
tain resistance and reactance, and the shunt elements, or leaks, 
conductance and susceptance. 

There are two fundamental problems which frequently pre- 
sent themselves in discussing the relations between real and arti- 
ficial a.c. lines. The first is to find the elements of a T or II 
section which shall make the section correspond to an assigned 
length of real line at an assigned frequency. The second is, 
knowing the impedance and admittance element of an artificial 
line section, at a given frequency, to find the line angle and surge 
impedance of the section at that frequency. We shall consider 
these two problems in the above order. 

To Find the Elements of a T or n Which Shall Form a Section 
Equivalent to a Given Length of Real Line at a Given Frequency. 
The procedure Ls the i^ame as in the d.c. case already considered in 
Chapters VI and VII, but with the formulas interpreted vecto- 
rially. That is, we find the angle 6 subtended by the given length 
of real line, at the assigned frequency, and also its surge impe- 
dance Zo. The conductor impedance of the real section is therefore 
Z = dzo ohms, and the dielectric admittance is 7 = 0/zo = dyo. 
We then map out the nominal T and 11 containing these quanti- 
ties. We next find* the correcting factors — ^- and — ^^ ' 

which, applied to the elements of the nominal sections, gives the 
corrected elements of the equivalent sections. 

As an example, we may consider a length of 7.581 km. (4.71 
miles) of the telephone Hne already employed, at theangular fre- 

* Tables of these correcting factors have already been published within 
certain liniit.s of Oj in the author's "Tables of Complex Hyperbolic and 
Circular Functions;*' hut in cases where it is desired to work out thesecor- 
recting factors, a good plan is to find sinh (6/2) and also cosh ($/2) as 
polars. Twice their product is then sinli 0, and their ratio is tanh ($/2). 
These expressed as polars are then divided by $ and ^/2, respectively. 
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quency of w = 5,000. We have already seen that, at this 
frequency, 7.581 km. subtend a circular angle of 30°, and 
have a total angle 6 = 0.726726Z46°.05'.44" hyp. = 0.50394 + 

i0.52360 = 0.50394 + jO.3. The surge impedance zo is 285.67 
Y42**.50'.36" ohms. The conductor impedance of this length is 
therefore 0.726726Z46°.05'.44" X 285.67\42^50^36" = 207.602 
Z3**.15'.8" ohms. The dielectric admittance is 0.726726Z46°.5'.- 
44'7285.67X42°.50'.36" = 2.5439 X 10-»Z88^56'.20" mho. We 
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Fig. 88. — Nominal and equivalent T and U artificial-line sections. 

draw the nominal T and 11 containing these values, as shown at 
AOB, and A"B''y Fig. 88. We now find the correcting factors 

sinh (0.726726Z46°.5'.44") tanh (0.363363Z46°.5'.44") 

0.726726Z46°.5'.44" 0.363363Z46°.5'.44" 



to the required degree of precision, from charts, tables, or cal- 
culation. They are as shown in Fig. 88, 0.998189Z5°.2'.36", and 
1. 00033 \2°.31 '.22", respectively. These are the lumpiness 
corrections. For many practical purposes, these correcting 
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factors are so near to l.OZO** as to be negligible. In other wori. 
up to the frequency « = 5,000, the nominal sections of artificud- 
line T's or II's may be regarded as substantially the same as the 
equivalent sections up to line lengths of 7.58 km. (4.7 statute 
miles). The equivalent sections are indicated at aob and a'V. 
Fig. 88. 

I and O Sections of Double-wire Artificial Line. — If we desired 
two-wire artificial-line sections, we should connect a pair of 
equivalent 7"8, or a pair of equivalent IT's by their feet, to lorm 
what may be called an equivalent / and an equivalent O section, 
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Fio 89. — Double-wire / and artificial-line sections. 



respectively, as in Fig. 89. The angle subtended by an equiva- 
lent / or is identical with that subtended by the corresponding 
equivalent T or II. The surge impedance of the I or O is, as we 
have already seen, just double the surge impedance of the T or 
n respectively. 

If we connect in series a number of such equivalent 7"s or IT's, we 
obtain a corresponding length of artificial T or n line, as in Fig. 
90, which shows the distribution of current and voltage over the 
first four sections of such a pair of lines. Each line is supposed 
to have been rendered virtually infinite, by grounding, after any 
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desired number of sections, through, an impedance of 285.67 
\42°.50'.36" ohms. An impressed a.e. potential of 1.0 r.m.s. 
volt is applied at Ay the generating end, at a frequency of / = 
796~, or a> = 5,000. 

Unrealizable Artificial-line Sections. — It will be noticed in 
Figs. 88 and 89, that there should be no difficulty in constructing 
and adjusting the elements of the equivalent IT or 0. The 
architrave should have an inductance of 29.898/5,000 = 5.9796 
X 10~^ henry, with resistance added up to 205.06 ohms, prefer- 
ably of insulated manganin wire. The IT leaks should have 
1,272.36/5,000 = 0.254 /if capacitance, at the impressed fre- 
quency, with an associated leakance of 6.326 micromhos. By 
taking sufficient pains, these values could be adjusted to within 
desirable limits of precision. In the case, however, of the equiva- 
lent T and /, there would be no way of obtaining, without the 
aid either of inductive devices or of parallel branches, the re- 
quired staff elements, by Simple series connection of resistance 
and capacitance, because the slopes of the T leaks exceed 90°. 
In the case of this length of real line section, and for this assigned 
frequency, the equivalent T sections would have arithmetical 
significance only, and would not be physically realizable, in the 
laboratory, by ordinary simple means. At other frequencies, and 
with other lengths of real-line section, we might find both T and 
n realizable. It sometimes happens that neither the T nor the IT 
is realizable. In such cases, another length of real-line section 
should be selected for imitation. 

Graphs of Normal Attenuation on Alternating-current Arti- 
ficial Lines. — If we plot the values of potential and current 
over the virtually infinite artificial lines of Fig. 90, by com- 
parison with the corresponding values over the conjugate smooth 
line, as in Fig. 87, we arc led to the constructions of Fig. 91, 
where ABCD is the potential spiral, ^'B'C'Z>' the current spiral, 
and the constant phase diflforcnce between these two spirals is 
kft out of consideration, in order to facilitate inspection. Turn- 
ing to the potential spiral, Fig. 91, OA l)eing the impressed unit 
r.m.s. potential at ^4, to standard phase, then the curve -4 /^CD£FG 
represents the fall of potential along the conjugate smooth line, 
as in Fig. 87. The potential drops in the line elements of the 1} 
line are indicated, both in magnitude and phase, by the interior 
straight lines, or cliords, AB, B(\ CD^ etc. Similarly, the poten- 
tial drops in the line elements of the T line are indicated, both in 
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FiCf. 90. — Xorinal attenuation over artificial T and n lines. 
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magnitude and phase, by the exterior straight Hnes Afc, kBl, ICm, 
etc. At the junctions the potentials are the same, on both the ar- 
tificial hnes, as well as on the real conjugate Une. The T-line nor- 
rnal-atteyiuation potential thus falls on an external contacting equi- 
angular^piral polygon, and the U-line potential falls on an internal 
contacting polygon, the points of contact representing the terminals 
and junction points of the sections. To construct these polygons, 
first draw the equiangular spiral ABCD for the conjugate smooth 
line or real line. Mark off a mid-section point such as i, where 
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Fig. 91. — Normal attenuation graphs on a real line and on ita conjugate 

artificial T and 11 lines. 



the radius- vector Oi bisects the circular section angle AOB, 
Operate on the vector Oi by cosh v, i.e., cosh {B/2), and sech v, or 
sech (6/2), so as to produce the vectors Oj and Ok respectively. 
In the case of Fig. 91, cosh (6/2) = 0.99893Z3°.46'59", and 
sech (0/2) = 1.00107^3°.46'.59". The point j will bisect AB. 
Join Ak and Bk, which will be the vector drops in the arms of the 
T section, to scale and phase. Moreover, kB will be equal to and 
in line with IB, 

Turning now to the current graph A'B'C'D', Fig. 91, the curve 
is the normal attenuation spiral of the conjugate smooth line to 
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initial current standard phase. At junction points B'C'U, 
the line currents are in coincidence with each other, and with tho 
contacting equiangular spiral. If we operate on the mid-section 
vector such as Oi' by cosh (^,2) and sech {Q/2), as before, we 
obtain the vectors Of and Ok\ the former bisects A'B', and repre- 
sents the vector arithmetical mean of the line currents 3.5005/0" 
and 2.1148'^30°, in the two branches of the first T section. 
The latter, Ok' represents the current at the middle of the first 11 
section, ?.e., the current in the architrave of that section. Thn» 
the ll'line normaUattenuaiion current falls on an external coniactinq 
equiangular spiral polygon y and the T-line current falls on an inter- 
nal contacting polygon y the points of contact representing the 
terminals and junction points of the lines. The successive sides of 
these current polygons represent the magnitudes and phases of 
the leak currents. Each polygonal side may be regarded as 
equivalent to the vector sum of all the infinitesimal leaks in the 
subtended smooth section. It will be understood that at anv 
n-line junction, the true line current requires replacing the single 
leak at that junction by a pair of parallel half-leaks, and placing 
the ammeter in the line l)etwecn them, as in Fig. 41. Otherwise 
the true line current will be onlv arithmeticallv realizable, as the 
vector arithmetical mean of the two line currents on each side of 
the junction. Thus, at the end of the first Il-line section, the 
true line current would be to voltage standard phase 

0.56440Z32».21'.28" + 0.34098Z2».21'.28" ^ 2.1148Z12°.50'.36" 

milliamp. 

In regard to potential and current, therefore, the T and n lines 
are mutually reciprocal. The II hne always follows, for poten- 
tials, the inside polygon, and, for currents, the outside polygon. 
This is true not only in the ecjuiangular spiral graphs, controlling 
normal attenuations; Init also in the hyperbolic-function graphs, 
which, as we shall see, control in the general case, and of which 
the eciuiangular spiral is l)ut a limiting instance. 

Deduction of Section Elements from Their Measured Values 
of 6 and Zo. — Another form in which the preceding problem may 
present itself, is that where measurements of an artificial line, 
at a given frequency, in the manner described in the next chap- 
ter, and l)as(Ml on formulas (273) and (275), lead to correspond- 
ingly deduced values of the section angle 6 and surge impedance 
2o. The prol)lem then is to find the elements of the section in 
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line impedance and leak admittance at that frequency. The pro- 
cedure is the same as that above outlined. The nominal line 
impedance of the section is dzo ohms, and the nominal leak admit- 
tance dyo mhos, in either one or two leaks, according as the section 
is a r or a n section. The nominal T or IT is thus formed, and the 

sinh . tanh (6/2) ,. ^ , . , 
^ - and - -0/2 applied to their elements, 

to form the equivalent elements. These equivalent values are 
the respective line impedances and leak admittances, which the 
section elements possess at the frequency of the measurements. 

To Find the Line Angle 6 and Surge Impedance Zo of a T or 
n Section of Given Elements.— In this problem, we start with 
either T or n sections, all similar and symmetrical, the line 
impedance and leak admittance 
elements of which, at a given ^ 
frequency, are . known. We p 
then have to find the section S 
line angle 6 and the surge im- S 
pedance zq. 

The procedure corresponds, 
under a.c. conditions, to that 
already found, under d.c. con- 
ditions, for a T section by (170) 
and (171), or for a n section by 
(204) and (206). These for- 
mulas are now applied vectorially. We may take the following 
illustrative example. 

A n line ABy of ten sections, is grounded at B through an impe- 
dance of (T = 1,216.936Z72°.329 = 369.4 + ^1 159.5 ohms, the 
impressed angular frequency being w = 5,000 radians per sec. 
Such a terminal load would be produced by a resistance of 369.4 
ohms, containing an inductance of 231.9 millihenrys at this fre- 
quency. Each line section has a line impedance of r = 388.853 
Z78°.331 = 78.651 + j380.816 ohms, and a pair of leaks each of 
admittance 1.82858 X 10-V86°.047 = (126.05 + jl824.2)10-« 
mho, as shown in Fig. 92, the measurements being made at w = 
5,000. Required the line angle and surge impedance of each 
section. These particular element valu(»s are selected, partly 
because they approximately correspond to an artificial line* on 

• "Test of an Artificial Aerial Telophoiie Line at a Frequency of ToO 
Cycles per Second," by A. E, Kknnklly and V. W. Lii-aJERKNEciiT, Proc. 
A. I. E. E., June, 1913. 



n 
.-•♦s 



Fig. 92. — II section of elements 
from which the section angle and 
surge impedance Zo are deduced. 
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which similar tests have been already made and reported, partly 
because such an artificial line corresponds fairly well to a particu- 
lar actual aerial telephone line, and partly because the position 
angles come out in simple round numbers, which may be found 
in the published tables without interpolation. 
Following formula (204) we have 



sinh I' = \/ 



/388.853 , 



°.331 X 1.82858 X lO-^ZSG'.tMT 



= V'0,355524Z164''.378 = 0.59626Z82''.189. 

In the published tables and charts (Table X), it ia found that this 
corresponds precisely to u = 0.1 + jO.4 = 0.1 + 70.62832 = 
0.63623^80°. 957 hyp. In general, it would be necessary to 
employ interpolation in the charts or tables, with some sacrifice of 
numerical precision ; or else to use formula (517), Appendix B. 



y-(w.eM+jBiai.6)iif-s.i6us«iff'i.6a.»STO 
Fia. 93. — Sraootli-linc section conjugate to assigned n. 

In this case, the section angle 6 = 2v = 0.2 + jO.S = 0.2 + 
jl.2566 = 1.27246^80''.957 hyps. The angle subtended by the 
whole line of ten sections would therefore be 2.0 + j8.0 hj^ps. 
The normal attenuation factor of potential or current on such a 
line would be e""^ = 0.13533. The normal phase attenuation 
would be eight quadrants, or two complete waves of potentials or 
current developed over the line, or the line would include two 
wave lengths. At this frequency it would be a two-wave line, 
and the artificial line would have five sections to a wave. 

The apparent or uncorrected surge impedance of the line would 
be, by (159), 



- / ■' 
' \3.65 



.853Z78''.;i3I 
,65718X10-'Z86°.047 



= Vr0.()327X10*\7°.7i6 

= 326.078\3°.858 
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and the true or corrected surge impedance by (186) is 

zo = zo"/cosh (0.1 + j 0.4) = of 1520/4°: 142 = ^^^*° "^™^- 

The conjugate smooth line would, therefore, have a total angle of 
2 + j8 = 2 + il2.566 = 12.725Z80°.957 hyps., and a surge 
impedance of 400^^8® ohms. If this Une had a length of say 800 
km., then a length of 80 km. would correspond to one section of 
the artificial line, and would subtend 0.2 + jO.8 = 0.2 + jl.2566 
= 1.27245Z80°.957 hyps. The conductor impedance of the 80 
km. smooth-line section, would be 1.27245Z80°.957 X 400\8° 
= 508.981Z72°.957 = 149.177 + ^486.629 ohms. The linear 
impedance of the smooth line would be 6.36225Z72®.957 = 
1.8647 + J6.08286 ohms per wire km., corresponding to a linear 
inductance of 1.2166 millihenrys per wire km. The dielectric 
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Vui. 94. — T section equivalent to aiuiigned II. 

admittance of the 80-km. smooth-line section would be 1.27245 
Z80^957/ (400^8°) = 3.18113 X 10-»Z88°.957 = (57.906 + 
j3180.6)10~* mho. The linear dielectric admittance would thus 
be (0.72383 + j39.757)10"* mho per wire km., corresponding to 
a linear capacitance of 0.0079515 fif. per wire km. The smooth 
section is indicated at a6, Fig. 93. 

The equivalent T of the section is shown in Fig. 94 at A'OB'. 
It will be seen that it happens to be unrealizable because the 
slope of the leak admittance is 94°.331, and no simple 
admittance can have a slope exceeding 90®. However, we may 
assume, for the purposes of comparison between equivalent 
II and T lines, that this T section is not only arithmetically 
realizable, but is also physically realizable, by some special 
means, employing, say, the aid of mutual inductance. 
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Fall of Potential along Artificial and Conjugate Smooth Lines. 

— To illustrate the comparative behavior of T, IT, and conjugate 
smooth lines, we may consider ten-section lines of the three types 
shown in Figs. 92, 93 and 94, operated at the A end with an im- 
pressed potential of 1.0 volt r.m.s., at w = 5,000, and with a 
terminal load at By in each case, of a = 1,216.936Z72°.329 ohms. 
The angle subtended by the B terminal load is (89) 

e' = tanh-» (^^^^^^^P'-^^^) = tanh-H3.04234Z80^329) 

= 0.05 + jO.8 hyp. 

The three types of IT, T, and smooth line are indicated in Figs. 
95, 96 and 97 respectively. The position angles of the junctions 
are also indicated, as pertaining to each of the three lines. 



Fig. 95. 
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Artificial n and T lines with their conjugate smooth line. 



Remembering that the potentials along any such line are as 
the sines of the position angles, we obtain the results presented 
in Table VIII. The first column marks the position along the 
line, and the second column the distance x in kilometers from the 
generator end. Column III gives the corresponding position 
angles, from 0.05 + jO.S hyp. at the B end, to 2.05 + j8.8 hyps. 

at the A end. The sines of these position angles, as given in the 
published tables of *^ Complex Hyperbolic Functions,'* appear in 
the fourth column. In the fifth column of potential Fp, starting 
with the impressed potential of 1.0Z0° volt r.m.s., at A, the re- 
maining values are simply proportional to the sines of the position 
angles. Th(» last two columns contain the particulars for the II 
and T lines respectively. At junction points, denoted by the 
arabic numerals, the potentials on all three lines are identical. 
At mid-sections, the T-line potentials are cosh v times the corre- 
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sponding mid-Beciion potenl.iala on the smooth line; while tts 
n-line potentials are 1/cosh y = sech w times the same, Ws 
have already seen that cosh v is, by tables, 0.81520Z4''.142, and 
sech i; = 1.2267'\4''.142. These are the multipliers for the la« 
two columns in Table VIII. 

The numerical values of Vp recorded in Tabic VIII, are plotted 
in Fig. 98. Here OA is the vector l.OZO" corresponding to the 
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assumed iiupi-esned potential. The inwardly directed spiral 
curve .4, 0, 8, 7, 6, etc., represents the fall of potential from the 
generator end at -1, to the motor end B, using the values in col- 
umn 4 of the table, and also intermediate values. The smooth- 
line potential grapli is seen to be a smooth spiral, i.e., a complex 
hypcrbohc sinusoid, making not quite two turns. The voltage 
attenuation fador of the whole line is shown in Table VIII to be 
0.2410.'3, as against 0.13o:t3 in the normal case, and the lag in 
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phase amounts to 703°.481, as against 720° in the normal case. 
The same is true for the conjugate artificial lines. On these, 
however, the fall of potential takes place in successive straight 
lines. For the IT line, these straight lines are internal chords 
to the spiral; while, for the T. line, they are external chords, 
marked in broken lines. Thus, in the first n section, the poten- 
tial drop is ^9 = 1.0716Z44^542 = 2.7557 X 10-»\33^789 X 
388.853Z78.331 volts, a voltmeter value greater than the initial 
impressed e.m.f. The drop in the first half of the first T section, 
is similarly AX = 2.43385 X 10-«Z6°.883 X 292.573Z70°.047 = 
O.71208Z76°.930. The mid-section point of the smooth line has 
its potential indicated at Om = 0.8874 1\35.°441. If this is 
multiplied by cosh v, or 0.81520 Z4°. 142, we obtain the mid- 
point potential Oq = 0.72341\31°.299, in the middle of the 
chord A9, Again, if we divide Om by 0.81520Z4°.142, we 
obtain OX = 1.08858^39^.583 volts, the potential at the first T 
leak. 

Proceeding in this way, the lines joining the mid T-section 
points X, IX, VIII, etc., contact with the spiral at their respective 
centers. At the junction points 9, 8, 7, etc., the internal and 
external spiral polygons contact with the smooth-line spiral. 

General Considerations of Alternating-current Potential Fall. 
— Although the numerical values tabulated and charted in Table 
VIII and Fig. 98 pertain to this particular Une, operated at the 
selected frequency, and under the particular assigned motor load, 
yet the results indicated are typical of fairly long aerial lines 
operated at any moderate or audio frequency (between 100^^ and 
10,000^^), under any ordinary load. The procedure is the same 
in all cases, except when the terminal load happens to have an 
impedance very nearly equal to the linens surge impedance, in 
which case the voltage spiral approaches, as we have seen, the 
equiangular spiral of normal attenuation, instead of a sinusoidal 
spiral of stationary-wave attenuation, corresponding to the gen- 
eral case of superposed waves reflected from the motor end of 
the line. When the impedance of the motor load differs from 
the line's surge impedance, the position angle at B may always 
be foimd by (89), from tables, charts or computation, whether 
the size of the motor load impedance is large or small; i.e., whether 
the line at B is freed, grounded, or in any intermediate state 
differing from zo. The potential at any position angle then fol- 
lows the sinh of that angle, and there is no exchange from sinh 
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to cosh, as wc have seen may occur in the c.c. case wiih large 
motor-load impedances. In this respect, the a.c. interpretation 
of the algebraic theory is simpler thaii the c.c. interpretation. 

Current Distribution over Artificial and Conjugate Smooth 
Lines. — The distribution of current over the Hnes, at the selected 
frequency and motor load, is shown in Table IX, which is drawn 
up like Table VITI. Column 4 gives the tabular values of the 
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cosines of the position angles at junctions ami mid-sections. The 
r.m-s. current entering the line at A is 2.43385 X 10-'Z6°.883 
amp. by (126). The line currents at the other positions are then 
simply proportional to the cosines of the position angles. At 
junctions, the currents in the artificial lines are identical with the 
currents in the smooth line; except that in the case of the 11 line, 
in order to measure the line current at a juncli<m, it is neccs.sary 
to substitute a pair of semi-leaks, each of g/2 mhos, for the single 
leak g mhos, ami to insert the ammeter in the hne between the 
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two semi-leaks ( Fig. 41'!, as already explained in relation to t201 
Otherwise onlv the II niid-section currents can be measured. 

Column 6 gives the T mid-section currents, by applWng cosh i 
to the corresponding smooth-line mid-section currents, in the 
manner set forth ^ith (230» : while column 7 gives the 11 mid-sec- 
tion currents, according to <242). 

The polar graph of the current distribution over the three lines 
is given in Fig. 99, to voltage standard phase. The enterine 
current is OA = 2.43385Z6**.883 milliamp., as in Table IX, or a 
current leading the impressed voltage at A by G'^.SSS. Along 
the smooth line, the current changes its phase from point to 
point, along the complex cosh curve, or inwardly directed hyper- 
boUc cosine spiral A, 9, 8, 7 . . . B, making in all, 782^693 of 
rotation or more than two complete revolutions. 

The internal spiral polygon A, 9, 8 . . . B, belongs to the 
T line, and the external polygon to the 11 line. The vector Om 
indicates the smooth-Une current at the first mid-section A'. 
Oq = Owi cosh r, and OA' = 0?w sech r. Consequently, when an 
ammeter is inserted in this architrave of the II line, the current 
observed is Oq. 

The chords of the artificial-line spiral pK>lygons necessarily 
measure the currents in the leaks. Thus OA — 09 = 9-A, the 
vector current in the T-line leak A', namely, 1 .08858\39**.583 X 
2.43033 X 10-»Z94^331 = 2.6456 X 10-»Z54^748 amp. Simi- 
larly, XA is the vector current in the semi-leak at the entering 
end of the 11 line, 9A' and IX 9, the currents in the semi-leaks at 
n junction 9. If there is only one full leak g at this junction, the 
current in it will l>e IX-X milliamp. 

General Considerations AfFecting Altemating-ciirrent Graphs 
of Potential and Current. — It will l.>e obser\-ed that the spiral 
relations of potential and current graphs on T and 11 lines are 
mutually inverted. The T-line graphs an the internal spiral poly- 
gofis on the current diagram, but they are the eiiernal polygons on 
the voltage diagram, • 

It will also Ix* noticed that the circular angle subtended on 
those graphs by a section, although identical for any one section 
on all thnv tyix^< of line, are very different for different sections. 
Thus in Fig. 99, or Table IX, the last section B-l subtends an 
arc of nearly 2lH)^; while the next section, 1-2, subtends only 
alx^ut 27^. The same remark applies to the potential graph. 
Consequently. a/f/ioi<<7'j :n the equiangular spirals of normal aitenm' 



FUNDAMENTAL PROPERTIES 181 

tiorif equal line sections subtend equal circular arcs, yet in the 
ordinary case of a hyperbolic sine or cosine spiral of standing-wave 
attenuation, equal line sections do not, in general^ subtend equal 
circular arcs, especially near the motor end of the line. For this 
reason, these two-dimensional graphs of potential or current are 
inadequate to present a correct idea of distances along the line,* 
and sonic other device such as a three-dimensional model must 
be resorted to, if a correct distance representation is called for. 
Nevertheless, the relatively simple two-dimensional diagrams of 
Figs. 98 and 99 suffice for many purposes. 

Distribution of Impedance over Alternating-current Artificial 
and Conjugate Smooth Lines. — It is evident from (126) that the 
line impedance of any real uniform line, in a steady a.c. state, 
must be a continuous quantity, without sudden changes or dis- 
continuities, in the absence of localized leaks or inserted loads. 
In the case of lumpy artificial lines, however, the line impedance 
undergoes a discontinuity, or takes a sudden jump, at each 
leak. 

Table X shows the distribution of line impedance for the par- 
ticular case already discussed. Column 4 gives the tangents of 
the position angles, and column 5 the line impedance, respectively 
proportional to them. In columns 6 and 7 are the corresponding 
values for the n and T lines. 

It will be observed that the line impedance commences, for all 
three lines, at A with 410.872^6**.883 ohms. An indefinitely 
long line of this type would offer zo = 400^8° ohms. The line 
impedance ends at B, with 1,216.936Z72°.329, for all three 
types, this being the assigned impedance of the motor load. 

In the case of the 11 line, of column 6, the impedance falls at 
the entrance leak from 410.872^6°.883 to 362.885Z33.°789 ohms, 
by (212). At the mid-section X, it is 262.512Z2**.490. At the 
upside of leak 9, it is 285.913^38°.762 ohms, and in the middle 
of that leak, i.e., at junction g, it is 380.700 "^8**. Similarly, for 
the T line in column 7, the entering impedance at A is 410.872\ 
6^883 ohms. At the upside of the leak X. it is 447.265\46^466 
ohms, and at the downside it is 525.987Z24°.968 ohms. Twice 
the joint impedance of these last two values is 594.437"^ 14**.078 

* "Telephonic Transniission Measurements," B. S. Cohen and G. M. 
Shepherd, Johth. of Proc. I ml. Elec. Engrs., Tendon, vol. xxxix, p. 503, 1907. 

See also "The Theorv of Alternate-current Transmission in Cables," 
by C. V. Drysdale, The Electrician, December, 1907 and January, 1908. 
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ohms, nhich is ol tamed from 7pm column o at \ bj multiply- 
ing with sech* 1 or 1 o04 ^8° 284 m accordance with (231). 




1 ped 



The graph of line impeilaiice uver the conjugate smooth lint 
is indicated in Fig. 100. Starting with OB = 1,216.936Z72°.32£ 
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Fia. 101. — ^Line unpedauca oa T line and on oanjufata ■mooth 
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I'lQ. 102 — Lme imiiedaiice on □ Imc and on conjugate smooth line. 
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ohms at the motor end, the Une impedance in the first half sec- 
tion exceeds 4,000 ohms, in a widely extending spiral. There 
are, in all, about four turns in this inwardly directed hyperbolic 
tangent spiral, or about twice as many convolutions as in either 
of the potential or current graphs. 

The parts nearer to the origin of Fig. 100 are repeated, in Fig. 

101, on an enlarged scale. The T-line impedances are also indi- 
cated therein. Each junction point 1, 2, 3, etc., on the spiral, is 
intersected by a straight line extending 292.573Z70°.047 in each 
direction, or having a length of 585.146 ohms in all. These 
straight lines are the continuous portions of the T-line impedance 
graph. Between their ends, there are jumps or discontinuities, 
due to the sudden efifects of the leaks, and indicated by broken 
connecting lines. Thus the graph jumps from II to IV, from III 
to Iir, and so on. The continuous portions of the T4ine impe- 
dance graphs are thus a bundle of equal and parallel straight lines, 
whose middle points coincide with corresponding junction points on 
the smooth-line spiral. 

The corresponding graph for the 11 line is presented in Fig. 

102. Here the continuous portions are a bundle of equal and 
parallel straight Unes, or vectors of 388.853Z78°.331 ohms, the 
mid-points of which are related to the corresponding smooth-line 
mid-points by the operator, cosh^ v. 

General Considerations Concerning Line Impedance. — The 
foregoing discussion indicates that the line-impedance graph of 
a smooth line, in the general case, is a tanh spiral of two convolu- 
tions per wave of voltage or current, and confined to the right- 
hand half of the complex plane, the phase angles being ordinarily 
limited to ±90°. The line-impedance graphs of artificial lines 
are discontinuous, and more complicated. At junction points, 
however, coincidence is complete, assuming that Il-line leaks are 
provided in contiguous pairs. 

Since the phase-angle variation of line impedance is approxi- 
mately twice as rapid as that of potential or current (1.7*^ per 
km. in the case considered), the measurements of line impedance 
at the successive section junctions are particularly liable to be 
vitiated by accidental changes in impressed freciuency. 

Distribution of Power over Alternating-current Lines. — The 
distribution of power over a smooth a.c. line may be computed 
in two ways. First, tluj local potential and current may be found, 
as in Tables VIII and IX. The complex power has then, as its 
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size, the volt-amperes, i.e., the product of the sizes of the volts 
and the amperes, and, for its slope, the difiference of the slopes 
of the volts and amperes. Thus, if at position P, the potential 
is Vp = Vp/^Pv° volts, and to the same reference phase, the cur- 
rent is Ip = Ip Z/3/° amp., the power at P is either: 

Pp= Vp I'lp Z(/3v^ - pn watts Z (381i 

or Pp= Vp ' Ip Z(/S/ - jS/) watts Z (382) 

according as the power is reckoned to current or potential phase 
as reference standard (Fig. 71). In the case of the c.c. circuit, 
the power Pp = V pip watts, where all of the three quantities P, 
V and 7 are real. In the case of the a.c. circuit, this equation 
will hold only if one of the two complex quantities has Z0° slope, 
or is taken as of local standard phase, and the phase of the other 
is reduced to this local standard. Thus if to the same reference 
phase, V = lOOZGO*^ r.m.s. volts, and 7 = 2Z30® r.m.s. amp., the 
local complex power will be 200Z30*^ watts to local current stand- 
ard phase, or 200\30*^ watts to local voltage standard phase. 

The second method of computing the distribution of power 
over the a.c. line is to write down the sinh of twice the position 
angle opposite each position. The size of the power will then be 
directly proportional to the size of sinh 25p, and the slope of the 
power, to current standard phase, will be the slope of the line 
impedance at that point. 

That is, if Vc and Ic are the vector potential and current at 
some point C, whose position angle is 5c, 

Vp ' Ip sinh bp ' cosh bp sinh (25/») . , ,^^^. 

,,> = .,- ,- = -r-r- ;-^^~ numeric Z (383) 

V c'lc sinh be cosh be sinh {2oc) 

\Pp\ ^Isinh(2W| 
\Pc\ |sinh(25c)| 

or the size of the vector power is as the sinh of twice the position angle. 
Moreover, 

Pp = Ep/Ip = zo tanh bp = Zp cir. degrees (384) 

or the slope of the power at any point is the slope of the lin^ impe- 
dance at that point, to current phase as standard. 
Therefore, to local current standard phase. 



or 



Pp = , J^''' , . Isinh 25p\-Zp watts Z (385) 



Isinh 25 



C\ 



FUNDAMENTAL PROPERTIES 



189 







00 10 -^ 


»c l>. ^ 


10 CO CI 


Oft 


^^ 


t* CO 


s§s 


^ 


X ^ 




• 


»C ^ Oi 


r^ oj "^ 


r- ^ o> 


<^ X CI 


r^ X 


X CO X 

^ »o 




«< 
^ 


F-H *-l CO 


r-^ QC t^ 


»C CO CO 


CI ^ o> 


Oft Oft CO 


^ n* q6 






o> c^ 
d c^ c^ 


S 2 P; 

CI i-^ 


W X <^ 
^H 


28§ 


d ^ S 
000 


ssi 


SS3 




p p p 


p d d 


d d d 


d> d d 


d G d 


G G ci 


<6 C^ c> 




C 


r» ?» ?> 


•'^••^•«*^ 


••^•'*>"'^ 


^'r^'r^ 


••^•'^••^ 


'r^'^'^ 


•^ ••^ ••^ 




M 


1 1 1 


1 1 1 


1 1 1 


1 + + 


1 1 1 


+ + 1 


1 1 + 




5 


^ d CO 


r^ 00 »o 


r* X 


CO CI X 

00 Oft r^ 


CO X 


1-1 ^ 


CO CO 




• (8 


CO CO r^ 


^ O) CO 

^ ^ 


-^f r^ CO 


CO -^ 


CO r* ^ 
CO d 


^ r^ CO 
r« ^ 






CO CO "^ 


""^ ^ c^ 


r^ r^ ^ 


r^ Oi Oi 




^ CO ^ 


^ r^ Oi 


CO 05 l>- 


X CI r^ 


^ »o d 


SSS 


CO ^ ^ 




<^ Oi CO 


CO 00 


r* »o -^ 


CO CO CI 


d ^ 1-1 


000 




a 


c^ ^' ^ 


1-M fh 


d G G 


d ci d 


d> <6 <6 


d d d 


<6 <6 <6 






CO -^ 


^ CO C^ 


X -^ 


»0 CO 


X 


CO -^ 


•-• CO Oft 






00 Oi 
00 l>- 


Od X CO 
M -^ Oft 


© CO 
Oft 


Oft '^ CI 


^r ^^ 


»o -^ 


X »H d 






l>. CO CI 





1^ X 


d CO CO 




• 


000 


000 


e 


sJ ?L 


00' 


• • 




000 




"•* 


CO »C 00 


^ "^ 


C^ X CO 


"^ X 


X d r^ 


»0 "^ 


Oft d 




a.S 




1-M 1-M 


fH 


fH 


CO d 


•-^ CO X 


CO r^ r* 




*^^l 


1/1/1/ 


1/1/1/ 


1/1/1/ 


1/ Nl N 


1/1/1/ 


N N l^ 


k^ 1/ Nl 




«o 


10 -^ ^ 


C^ ^ ^ 


CI d ^ 


52§ 


CO 1-1 '^ 


^ ^ 


« 


s 


00 »0 CO 


X d 


Oft »c ^ 


^ Oft CO 


r>- Oft CI 


»0 ""^ ^ 


c 


CO CO 


CO CO »o 


-^ r^ M< 


1-1 t^ <^ 


CO X "^ 


t* d "-^ 


r^ CO <^ 


3 




CO 05 CO 


CO ^ 9 

CO X 


CO Oft Oft 


d r^ 


^ X "^ 


•^ ^ S 

«-4 1-1 


X >o X 




^ Oi CO 


r* 10 "^ 


"«*< CO d 


d 1-^ 'H 


s 


g 




e% ^ ^ 


1-1 »-< 


d d d 


G d G 


<D <6 <D 


• • • 


<6 <6 <6 




1 

CO '* 


1-1 CO CSI 


^ CO 


»0 CO 


X 


CO «o 


fh d Oft 


oc 




00 Oi 

1 00 r^ 


Od X CO 

CJ -^ 


© CO 
Oft 


Oft '^ CI 

r^ CO d 


ss 


r* X 


X 1-3 d 

d CO CO 


Q> 


tf)' '^' 


■ • 


« ■ • 


• • 


• • • 


• • 


• • 


• • • 


•«^ 


*.N 1 


000 


000 


000 





e 








08 




, CO 10 X 


^ "^ 


CJ X CO 


M< X 


X d r^ 


»o -^ X 


Oft CI 


M) 






f1 fH 


f1 


^H 


CO d 


»^ CO 


CO r^ 1^ 


d 




1/1/1/ 


k^ 1/ 1/ 


1/1/1/ 


1/ N N 


1/1/1/ 


N N 1/ 


1/ 1/ N 














X 


CO CO 


Tablb 
pr over < 


a 

•s 


05 ^ 

1^ ^ 

^ 1^ c^ 

"^ d 

CO d d 


^ d 
r^ 10 ^ 

»o »o 

d CO ^ 

1-1 fH 1-1 


CO CO to 

^ -^t* ^ 
d |N^ d 


X CO In. 
^ ^ CO 

t^ c5 

Oft -^ 

• • • 

^ ^ CO 


CO d 

»o d r^ 

^ CO Oft 

CO CO r* 

d CI ^ 


CO M« iQ 
9 9 X 
»0 Oft »o 

-<*< CO r* 

• « • 

^ -^ 


^ d 
•^ d CO 

X CO Oft 
CO 

■ • • 




— 






" 


- 


-. 


- -- — 


_ _ _. _ . 




cojoo 


Cli-^lCOi 

■ • • 


X C^ 1 


'^ CO'XI 


Oidi*^ 


CO'XjO 


d "^|CO| 


c 


'-■•i 


r>^ CO CO 

1-M 1-M 1-i 


10 ^ n 

w^ f—t l-^ 
•**» ••*i •«^ 


ci csi -h' 

1-i »^ fi 
•'^ •«*^ •»*> 


S^^^ 


X l>.!cO 


d M« -^ 


CO 




.2 


"^ 


+ + + 


+ + + 


+ + + 


+ + + 


+ + + 


+ + + 


+ + + 


3 




i-< Oi r* 

• • • 


»0 CO ^ 

• • • 


Oft In. »0 


CO ^ Oft 


1^ »0 CO 


^ Oft r* 


»0 CO ^ 


90 




'^ CO CO 


CO CO CO 


csi c^' c^' 


CI ci ^ 


«-4 1-1 1-1 


^ C> G 


odd 






OO-'^IO 

■ • 1 • 


coe^iX 


r 1 

^ 0|CO■ 


d-X-^l 





co.d 


X!"^ 


CO d'OO 






9^92^^ 


r^ hJ d 


^ d »p' 


10 M«!'**«l 


"**« 


CO CO 


CI d CI 


*-4 v-4 >0 






**> •^ **^ 


"% **» •*! 


^ ••-^ ••*l 


•'^••^•'-» 


•«N»-*«>-»-^ 


••M. i*^. ••w 
•^ •^ «*» 


•^ ••>* -^ 




+ + + 


+ + + 


+ + + 


+ + + 


+ + + 


+ + + 


+ + + 






10 10 to 

c5 O) 00 

• • • 
C4 i-i4 vi4 


«o »o »o 
r* CO »o 

• « • 
^^ ^^ ^^ 


10 lO »o 

"^ CO CI 

• • • 


• • • 


»o »o »o 

X r« CO 

c> ci G 

X d S 


»o «o «o 

«0 "^ CO 

<6 d> <6 


to 10 »o 
d -^ 

• • • 




"* 00 


^^ ^^ T"^ 

000 

d CO 


^^ ^^ ^H 

000 

't* X CI 


vH ?-i ^3 

CO S S 


000 




2 S 

sis 


00© 

d CO 




.M 


_ .. — 


1-1 1-^ c^ 


CI CI CO 


CO ""f ^ 


"^ »o »o 


i>. r* X 




d 

o 


^><o^ 


'^ X S 


1-^ 
1^ JT* CO 


> »o> 


"^ 


>;« 


•-I d 2 


fH 


l-lfiQ 



190 



ARTIFICIAL ELECTRIC LINES 



The real component of the local vector power P/. is active powr. 
or the rate of cnerKy flow past the point, outward bound from the 
circuit; while the imaginary component of Pp is reactive power, 
or the rate of energy flow past the point into storage, or tor re- 
tention in the circuit. 

If we seek for the vector power to potential local standard 
phase, we must reverse the slope' of (385) or 

where Y/. is the hne admittance at and beyond P. 

Table XI gives the distribution of vector power over the con- 
jugate smooth line under consideration. Column 4 .shows the 







doubled position angles, and column 5 the sizes of the corre- 
sponding tabular sines. The slope of Zr, taken from Table X, 
appears in column (i, as (he sIojk; of the power. Column 7 gives 
the vector power, proportional to the value in column 5, and also 
equal to tlie local product of V,. and Ip (Tables VIII and IX), 
with Ip at local standar<l phase. The real components, or local 
active powers, appear in column 8, an<l the reactive components 
in column 9. The active power is always positive, and steadily 
diminishes from the generator toward the motor end. The Buc- 
cessivo differences are due to the local values of Ip r along the line. 
The reactive power changes sign several times. 

Fig. 103 gives the graph, in polar coordinates, of the vector 
power along the line. Near the generator end, the power in- 
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creases rapidly in size, but approaches the Hmiting value of —8** 
in slope. The power graph for an indefinitely long uniform ax. 
conductor would he a radial straight line. Near the motor end, 
the fluctuations of power are rapid both in size and slope. 

The active and reactive power components of the power are 
plotted separately in Fig. 104. The active power falls off with 
distance along an approximately exponential curve. The re- 
active power fluctuates through about four waves. 

The powers at junctions along the artificial line are vectorially 
identical with those at corresponding junction points on the con- 
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Fig. 104. — Active and reactive components of power along conjugate 

smooth line. 

jugate smooth line. At mid-sections, the volt-amperes or power 
sizes agree with those at smooth-line mid-sections, l)ut the slopes 
are different; so that the active and reactive components do not 
tally, unless corrected. 

Thus, if we consider the first n section at the generator end, 
we find from Tables VIII and IX that 

Vx = 0.72341.\3r.299 volts, and Ix = 2.7557\33.°789 milliamp. 

To local current standard phase, these become 

r'j, = 0.72341/2^.490 volts, and Px = 2.7557/0° milliamp. 

The power at this mid-section point of the 11 line is then 
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Px = 0.72341 X 2.7557/2^490 = 1.9935/2^.490 milliwatts 

But the power at the corresponding point on the smooth line 
(Table XI) is P,x = 1.9935\5^794 milUwatts; so that Pj = 
Pfx/8®.284; or the power at the Il-line mid-section has a slope 
8*^.284 greater than that at the corresponding smooth-line mid- 
section. This condition will he found to apply throughout. 
The slope of cosh* v is 8*^.284, and at any midsection^ 

Pcx = Px ^(Px - cosh* r) watts Z (387) 

or Px = Pcx 4(Pcx + cosh* r) watts Z (388i 

Plural Frequencies or Complex Harmonic Potentials and Cur- 
rents. — We have hitherto assumed that the impressed a.c. vol- 
tages employed possessed one and only one frequency, or were 
purely sinusoidal; so that, in the absence of iron-cored coils in 
the circuit, the currents over the line were also of single frequency. 
We may now consider the effects of plural impressed frequencies; 
i.e., of the ordinary- complex harmonic impressed e.m.f., containing 
a fundamental frequency associated with multiple frequency 
harmonics. The nth multiple of the frequency is called the nth 
harmonic. The fundamental may thus be included as the first 
harmonic. 

In order to deal with the plural-frequency case quantitatively, 
it is necessary to analyze the impressed potential wave into its 
harmonic components. As is well known, the complete Fourier 
analysis of a complex wave may be written 

Vo + V\ sin o)t + V'i sin 2u)t + V'z sin 3wt + V\ sin 4w« + . . 

+ T'"i cos ojt + T'"2 cos 2o}t + V'z cos 3w< + V'\ cos 4w( + . . 

volts (389) 

where T'o is a continuous potential, such as might be developed 
by a storage battery, ordinarily absent in an a.c. generator wave, 
V'l, T'"i, V\, T^"2, etc., maximum cyclic amplitudes of the various 
sine and cosine components. The even harmonics are ordinarily 
negligible in an a.c. generator wave; so that V't, F"j, V'4,V"4, 
etc., are ordinarily all zeros. If we count time from some moment 
when the fundamental component passes through zero in the 
positive direction, T'"i = and the series becomes 

r'l sin u)t + l^'a sin 3w/ + V^i sin 5w/ + . . • • 

V"a cos 3co/ + V'\ cos 5w/ + . . . . volts (390) 
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^ Compounding sine and cosine harmonic components into result- 
' ant harmonics of displaced phase, this may be expressed as 

Fri sin 0)1 + Vrz sin (Soyt + 18,*') + T^rs sin (5U + fi^"") + . . . 

volts (391) 

where Vm = VF^'^-FFV volts (392) 

and tan Pn^ = y,j^ numeric (393) 

Formulas (389) and (390) give the wave analysis in sine and 
cosine harmonics^ while (391) gives it in resultant sine harmonics. 

When considering a plural-frequency a.c. line, we require to 
know the harmonic analysis of the impressed potential, either 
in sine and cosine harmonics, or in resultant harmonics. The 
latter analysis is preferable, as being shorter and containing fewer 
terms. A decisi6n must be made as to the number of frequencies 
or upp)er harmonics which must be taken into account. 

Ordinarily, the sizes of the harmonics diminish as their order 
increases; but there are numerous exceptions to this rule, as 
when some particular tooth frequency in the a.c. generator 
establishes a prominent size for that harmonic. Care must there- 
fore be exercised not to exclude any important harmonics. On 
the other hand, the fewer the harmonics to be dealt with, the 
better, because the labor involved in correctly solving the 
problem increases in nearly the same ratio as the number of 
harmonics retained. 

The rule is to work out the position angle, r.m.s. potential, and 
r.m.s. current distributions, over the artificial or conjugate smooth 
line, for each harmonic component in turn, as though it existed 
alone, and then to combine them, at each position, in the well- 
known way for root mean squares. 

Combination of Components of Different Frequencies into a 
R.m.s. Resultant. — Let the r.m.s. value of each a.c. harmonic 
component be obtained by dividing its amplitude with y/2 in 
the usual way, and let 

Vn = ^y = J^''"' "^ ^""' r.m.s. volts (394) 

be the r.m.s. value of the nth harmonic. Then the r.m.s. value 
of all the harmonics together, over any considerable number of 
cycles, will be 

y = VFi' TTiMn^aM^" .Tr r.m.s. volts (395) 

13 
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or, as is well known, the joint r.m.s. value of a plurality of r.mi 
values of diflFerent frequency, is the square root of the sum of 
their squares. If a continuous potential T'o be present, this may 
be regarded as a r.m.s. harmonic of zero frequency, and be in- 
cluded thus: 

V = VW + V^"»~+ T'V~4n^j'* +~T." r.m.s. volts (396) 

Moreover, from (392), it is e^-ident that the squares of the r.ras. 
values of the sine and cosine terms of any harmonic ma\' be sub- 
stituted for the square of their resultant; or that, in this respect, 
the sine and cosine terms may be treated as though they were 
components of different frequencies. 

The same procedure applies to plural-frequency currents. 
Find the r.m.s. resultant harmonics. The r.m.s. value of all 
together will be the square root of the sum of their squares. A 
continuous current, if present, may be included, as the r.m.s, 
value of an alternating current of zero frequency. 

Graphical Representation of R.ni.s. Plural-frequency Com- 
bination. — The process represented algebraically in (395) or (396) 
may be represented graphically by the process of successive per- 
pendicular summation, or "crab addition." An example will 
suffice to make this clear. A fundamental alternating current 
of 100 amp. r.m.s., is associated with a continuous current of 50 
amp., and with two other alternating currents of other frequen- 
cies of 20 and 10 amp. r.m.s., respectively. What will be the 
joint r.m.s. current? Here by (396), 

/ = Vroo2T5b^'+ W +16* = \/Io;6o6T 27566 +400 "-MW 

= Vl3,060 = 114.0175 amp. r.m.s. 

In Fig. 105, OA represents the fundamental r.m.s. current. 
ABf added perpendicularly to OA, represents the continuous cur- 
rent, or current of 50 r.m.s. amp. at zero frequency. The per- 
pendicular sum of OA and AB is OB = 111.8034 amp. Adding 
similarly the other frequency components BC and CD, the total 
perpendicular sum is OD = 114.0175 amp. The order in which 
the components are added manifestly does not aflfect the final 
result, and it is a matter of insignificance whether the various 
frequencies coacting are '* harmonic," i.e.,SLve integral multiples 
of a fundamental, or not, so long as they are diflFerent. 

The complete solution of an a.c. line with complex harmonic 
potentials and currents thus requires an independent solution of 
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potential and current for each single frequency in turn, as though 
the others were non-existent, and then the r.m.s. value at any 
point on the line is the perpendicular sum of the separate fre- 




FiG. 105. — Geometrical representation of a joint r.m.s. value of plural- 
frequency components by perpendicular^summation or " crab addition," 

quency values. The powers and energies of the different fre- 
quencies are independent of each other, and the total transmitted 
energy is the sum of the energies transmitted at the separate 
component frequencies. 



CHAPTER XII 

DESIGN AND CONSTRUCTION OF ARTIFICIAL 
ALTERNATING-CURRENT LINES 

The ordinary a.c. artificial line, designed to represent the be- 
havior of a given actual line at a specified frequency, requires 
a definite amount of line resistance and inductance per section, 
and also a definite amount of leakance and capacitance per sec- 
tion. This calls for reactors, with or without external resistance, 
in the Une, and condensers, with or without external resistance, 
in the leaks. In certain cases, however, such as artificial twisted- 
pair telephone cables, or artificial submarine telegraph cables, 
the inductance required in the line circuit is so small that it can 
be neglected . 

The preliminary calculation designs, conducted in the manner 
already indicated, will show how much line imp)edance and shunt 
admittance is required per section, and the numerical valuesof 
the elements needed for the equivalent T or n. 

Relative Merits of T and n Sections. — As to the choice be- 
tween T and n sections, assuming that they are both readily 
realizable, T sections have the advantage that the ammeters, or 
equivalent current-measuring devices, can be inserted at section 
junctions, without disturbing adjacent leaks. Moreover, series 
loading coils at junctions can much more easily be inserted ex- 
perimentally in T lines than in 11 lines. On the other hand, the 
terminal sections of a T line call for half reactors. It is often 
inconvenient to supply terminal reactors of half the usual section 
reactance, or to find the correct mid-points of the section reac- 
tances. It is ordinarily preferable to make all the line reactors 
similar, and equal, without mid-point, taps. Two section reac- 
tors may be used in parallel to form each terminal semi-reactance, 
but this is wasteful of material. It is easier in such cases to 
employ 11 sections, with full reactors throughout, and semi-leaks 
at the terminals. Each of these two types of artificial line has, 
therefore, its particular advantages and disadvantages, and the 
selection between them will depend on the merits of each case. 

196 
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Line Reactors. — The line reactors should be as simple to con- 
struct as possible. They should be capable of being adjusted 
into close mutual agreement. They should be so mounted that 
the mutual inductance between adjacent reactors should be 
negligible. They should be easily insulated from ground, and 
should be impregnated with a waterproof insulating compound 
so as to maintain good internal insulation. Finally, they should 
be solidly constructed so that their electrical constants may re- 
main unaltered with time. 

A question, which naturally arises early in the design, is 
whether the reactors should be ferric or non-ferric; i.e., whether 
they should have, or should not have, subdivided iron cores. The 
advantage of iron cores is that they enable the needed amount 
of reactance to be obtained with cheaper, smaller, more compact 
and less mutually reactive toroids, than if wooden or air cores 
are used; so that the whole artificial line can be compressed into 
a relatively small compass. On the other hand, the disadvantage 
of iron cores is that the electrical constants of their coils vary 
appreciably, not only with the frequency, but also with the 
strength of exciting alternating current, at one and the same 
frequency. 

If, therefore, an artificial line with reactors is needed for first 
approximation purposes only, and esp)ecially if it is required to 
be semi-portable, laminated steel cores should be used, preferably 
in toroid coils. If, however, the line is needed for quantitative 
purposes, and especially for careful study in the laboratory, non- 
ferric reactors should be selected. Up to the present time, arti- 
ficial lines used industrially, for practical checks, commonly use 
ferric reactors, and artificial lines in the testing laboratories of 
technical colleges ordinarily employ non-ferric reactors. 

Non-ferric reactors for artificial lines have been constructed in 
three forms, namely: (1) toroids with wooden ring cores; (2) 
square wooden frames intended roughly to simulate closed circu- 
lar solenoids; and (3) toroidal coils of wire wound on forms and 
assembled in air, so as to approximate closed circular solenoids. 

The first type is described by Mr. G. M. B. Shepherd.* " They 
are wooden-core toroids of nearly the same dimensions as the 
loading coils commonly used for underground cables.** There 

* "An Artificial Equivalent of an Opon-wire Line for Telephonic Experi- 
ments," by G. M. B. Shepherd, The Post Office Electrical Engineers' Journal, 
vol. vii, part 3, October, 1914. 
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are two windings on opposite halves of the ring, the middle point 
of each being brought out and connected to the capacity aa shoKii 
in Fig, 106. This figure shows a two-wire artificial line in J e«r- 
tions, each representing 8 miles ( 12.9 km.) of overhead telephone 
copper pair conductor, except two sections of 4 miles each (6.45 
km.). The loop resistance is 72 ohms per section, the loop iih 
ductance is 0.0296 henry per section, the loop capacitance 0.08 fif. 
per section, and the loop Icakance adjustable in three stcpg be- 
tween 8 and 80 micromhos per section. There are altt^ther 
26 sections, representing in all 200 miles (322 km.) of aerial loop 
pair. This line is made up in two wooden-frame cases, e&ch 
about 37 in. by 7 in. by 10 in. high (94 cm. by 17.8 cm. by 25.4 
cm. high). 




Fio. 106. 



ith adjustable section 



The second type is described* in the Electrical World of Feb. 17 
1912. It consists of a four-section square wooden frame, such as 
is indicated in Fig. 107. Each coil is separately wound in the 
lathe, with double cotton-covered copper wire, and then thor- 
oughly impregnated with paraffin wax. The ends of each coil 
are soldered to small brass terminal plates, and the direction of 
winding is such as to imitate that of a closed L'ircular solenoid. 
The wooden cores are assembled into square frame reactors by a 
single brass screw ImU S, at each corner. Such a frame reactor 
possesses an appreciable amount of external magnetic leaki^; 
so that it is desirable to screw them down to the supporting shelf 

* ".\n Artificial Powvr-lransmissiun Line," by A. E. Ke.vnellt and H, 
Tadokhi, KUflrical World, Feb. 1", l'J12. See also " Measuremeota of 
VoltHRi; and Current over a Long .Vrtificial Poiver-transmisBion Line at 25 
and tiO ('ycli'S per Second," by A. K. Kesnelly and K. W. Lieberknecbt, 
Trana. A. I. E. K., June, 1912. 
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alternately in perpendicular planes as is sufcgested in Figs. 108 
and 109. The particular frame reactor of Fig. 107 weighs, un- 
wound, 2.8 kg. (6.2 lb.). The insulated wire on the frame weighs 
5.G kg. (12.4 lb.). Each of the four component coils is wound 
with 1,190 turns of d.c.c. No. 19 A.W.G. wire, of bare diameter 
0.915 mm. {0.036 in.), and of mean covered diameter 1.14 mm. 
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FiQ. 107. — Outline sketch of one coil. Dimcnsiona in millimeters. 

(0.045 in.) occupying approximately seven layers of 170 turns 
each. The total inductance of each frame reactor averages 90 
millihenrys. The total resistance of each frame reactor at 20°C. 
averages 24.1 ohms. 

In the particular n line into which these frame reactors enter, 
there are 30 reactors in all. Each section approximately repre- 
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n of the grouping of reactors o: 



scnts 80 km. {49.7 miles) of No. 000 A.W.G. aluminum stranded 
three-phase conductor of pverstrand diameter 1.195 cm. (0.47 
in.), suspended parallel in air, at equal interaxiul distances of 230 
cm. {90.5 in.). The total length of the artificial line is therefore 
2,400 km. (nearly 1,500 miles) if connected single-phase, as in 
Fig. 110, or 800 km. {nearly 500 miles) if connected three-phase, 
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as in Fife?. Ill and 112. The line is mounted on three ^ves. 
ss jihown in Fig. 113. For many purposes, a much shorter arti- 
ficial line would suflBce. 




Fig. 110. — Cofinertion of sectiorus when operated mb a 



,.^ 




Fig. 111. — Connection of sections when operated as a three-phase hue. 



0.09 fc 




Fig. 112. — Diaeram of connections of artificial line. 



The condensers are of leadfoil and impregnated paper, of the 
type employed in telephony. Kach section condenser averages 
0.75 m/- The six terminal condensers of Fig. 112 are each of 
0.375 m/- Each condenser is placed in a separate tin box, 20 era. 
I\v 5.() cm. by 14.2 cm. high ■ 7.0 by 2.2 by 5.6 in.), which is then 
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filled up with paraffin wax. They are tested initially to with- 
stand 500 volts a.c. They have a small dielectric leakance at a 
low frequency, which, if fairly uniform, measured, and taken into 
account, is no practical disadvantage. 

The total weight of insulated copper wire in the entire 30-frame 
line is 168 kg. (370 lb.), and the total capacitance 22.5 nf. 

The constants of the conjugate smooth line at low frequencies, 
not exceeding 60'^, are given in the accompanying table.* 




Nominal Linear CoDHtanU of Artificial 83 sq, mm. (16R,000 ci 
Aluminum Line, taking each Section an representing 



Linear resistance r ohms at 0°C . 'IIH fl . 44a 

Linear resistance r ohms at 20°C 0.30t OAHU 

Linear inductance I hcnrys , , . , . 1 . i:i X 10"* 1 . 82 X 10"' 

Linear capacitance c farads B.iiH X 10"' lo, I x 10"' 

Linear leakance ff mhos Oli X ID"* 0.19 X 10-' 

Linear hyperbolic angle hypH. at 00^., (LOOUS/Zr .fj OMO-ilxm' 



• Tests of one of the roHcturs, rcmovi-it from fho line, iit difrcrimt improtuK'd 
frequencies, have shown that its effcrlivi' rcniMtiui''c at '2H°('. wus 'Za.'i uhiiiH 
at tero frequency, 26.8 ohms ul 1,(HHI-., :tl..j ohms iil 2,000— ami 3.'i..'i 
uhma at 2,500'^. 
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The angle 9 subtended by each section at 60''^- is 0.108/71°.5 
hyp. The angle v subtended by each half-section at 60^ ia 
0.054/71°. 5 hyp. The lumpiness correction factor, at 60'--, is 
1.0007'\0°.03; so that there is practically no correction for lumpi- 
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Fia. 114. — Single coil and wooden core of square-frame reactor. 

ness at this frequency. The total angle subtended by the whole 
single-phase line of 30 sections, at 60 ^ — ^, is 3.24Z71''.5 hyps. 

This type of artificial power-transmission line has been found 
convenient for experimental investigations at low frequencies. 




IIS, — Reactor frame. 



It has been found practicable to insert a small manganin wire 
resistor in circuit with each reactor when it is desired to have the 
line approximately imitate a telephone overhead copper line 
say 3.65 mm. (0,144 in.) in diameter. The line is then, however, 
not well adapted for use with telephonic frequencies, because of 
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the large lumpiness correction factor, and for telephonic measure- 
ments, a similar line has been constructed with smaller and more 
numerous frame reactors and sections. 

The dimensions of the frame in this higher-frequency line are 
indicated in Figs. 114 and 115. The winding consists of No. 24 
A.W.G., d.c.c. copper wire, diameter bare 0.51 mm. (0.020 in.), 
covered 0.76 mm. (0.03 in.). Each of the four limbs composing 
the frame carries 975 turns, in approximately 7^:4 layers of 125 
turns per layer. The mean diameter of the winding is 32.5 mm. 
(1.27 in.), and the length of wire on each limb is 100 m. (328 ft.). 
The total length per frame is thus 400 m. (1,310 ft.), with a total 
frame resistance of 33.0 ohms at 20°C., and a total frame 
inductance of 0.031 henry. The weight of wire on each frame 
is approximately 0.735 kg. (1.62 lb.). 

There are 80 frame reactors and sections in the Une, making 
the total weight of wire 58.8 kg. (130 lb.). The total line resist- 
ance of the 80 reactors is 2,640 ohms at 20°C., and their total 
inductance 2.48 henrys. They are connected as a 11 line. The 
reactors are arranged alternately in mutually perpendicular up- 
right planes, as in Figs. 108 and 109. The Kne occupies two 
shelves of a pair of cabinets which, in combination, are 6.75 m. 
(22 ft. 2 in.) long, 45.7 cm. wide (18 in.) and 88 cm. (34.5 in.) 
high. These cabinets are provided in front with sliding glazed 
doors. They are shown on the upper right-hand side in Fig. 118. 

The condensers are selected telephone condensers of leadfoil 

and paper, tested up to 500 volts, a.c, r.m.s. The average 

capacitance of each condenser is 0.325 /x/., making the aggregate 

capacitance of the 80 sections, 26 nf. Each section is intended 

to represent 30 km. (18.7 miles) of heavy long-distance aerial 

telephone wire. 

Table XllI 

Nominal Linear Constants of Artificial Line for 15.67 sq. mm. (30,000 circ. 

mils) copper aerial conductor at interaxial distance of 30 cm. 

from its parallel return conductor, each section being 

taken as representing 30 km. (18.7 miles) of wire 



Per wire km. 



Per wire mile 



Linear resistance r ohms at 0°C ' 1 . 013 

Linear resistance r ohms at 20°C I 1.1 

Linear inductance I henrys 1 . 03 X 10"* 

Linear capacitance c farads 10.8 X 10"' 

Linear leakance g mhos 1 . 2 X 10~* 





1.03 




1.77 


1. 


66 X 10-» 


1; 


^4 X io-» 


1. 


93 X lO"" 
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The conjugate smooth Kne is 2,400 km. (1,490 miles) of aerial 
copper conductor, one of a pair of parallel copper wires 0.447 cm. 
in diameter (0.176 in.) at an interaxial distance of 30 cm. (lU 
in.). The cross-section of such a wire would be 15.67 sq. mm. 
(0.0243 sq. in. or 30,900 circ. mils) between the sizes of Nos. 5 
and 6 A.W.G. 

The data concerning the conjugate smooth line, at low fre- 
quencies appears in the preceding table. 




Fig. 116. — Non-fcrric reactor for artificial power transmission line, 
view. Wooden wedge-shaped spacing pieces between coils. 



Plan 



The third type of non-ferric reactor is described by R. D. Hux- 
ley,* and by Prof. C. E. Magnusson.f In each case, there are 
wooden-cored or air-cored coils of insulated wire mounted on a 
base, in such a manner as to approximate the structure and be- 
havior of a closed circular solenoid, or toroid. 

• R. D. Huxley, "Design for Artificial Transmission Line," Electrical 
World, May 2, 1914, p. 980. 

t C. E. Magnusson, J. GooDERHAM and R. Rader, "A 200-mile Artificial 
Transmission Line," Electrical World, June 22, 1915. See also "An Artificial 
Transmission Line with Adjustable Lino Constants," by C. E. Magnusson, 
and S. R. Biubank, Trarm. A. 1. E. E., September, 1916. 
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In the Pender and Huxley design, there are eight coils in an 
octagonal reactor group, as shown in plan by Fig. 116. Each 
coil is wound in the lathe on a wooden form. The axial length 
is 2.5 cm., the internal winding diameter 5.75 cm., the external 
winding diameter about 16.0 cm. or the winding depth 5.13 cm. 





Fio. 117. — Supporting base of reactor and mode of assembling coils. 



in 23 layers of about 10 turns each, or 230 turns in all, per coil 
of No. 12 A.W.G. double cotton-covered copper wire 0.0808 in. 
(2.05 mm.) bare, 0.092 in. (2.35 mm.) covered diameter. The 
weight of wire in each reactor group of eight coils is approxi- 
mately 43 lb. (19.5 kg.). The d.c. resistance of each reactor 
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group at 20°C. averages 3.39 ohms. Its average inductance at 
low frequencies is 0.056 henrj'. 

As each coil was completed, it was transferred from the lathe 
to an oven, where it was dried for several hours. It was then 
thoroughly impregnated in a bath of molten beeswax and i^in 

The coils, painted with paraffin wax, are mounted by selling 
them in channel holes cut out in a wooden base, as indicated iti 
Fig. 117, and the connections between coils are soldered togetlier. 

The capacitanec per isection is 0.485 ^/. in paper condenscrsof 
the telephone type, sealed in tinned iron cases and individuallT 








l*'i(i. lis. — Picture of cabinets containing artificial liaes. 

designed to withstand 2,000 volts. At 60 — ■, the condenser phase- 
angle defect was loss than 15 niiiiufes of arc. These condenscrj 
were «peeially selected for uniformity. 

Euf'h section of the artificial line repre-scnts approximately 30 
miles (48.25 km.) of aerial power-transmission copper conductor 
of 500,(MH) circ, mils (253 sq. mm.) cross-section, spaced at equal 
intcraxial distances of 9 ft. (275 cm.). The entire line of 26 11 
elections thus represents 780 miles (1,250 km.) of single-phase 
e<mduetor. The total weight of insulated wire is about 1,100 lb. 
(500 kg). The sections are mounted in racks five shelves deep 
in two cabinets, each capable of holding 15 sections. Eachcabi- 
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net measures approximately 185 cm. by 61 cm. by 167.5 cm. 
high, with a floor space of 1.1 sq. m. The appearance of the Hne 
is shown in Fig. 118, on the left-hand side of the picture. 

The linear constants of the conjugate smooth Une at low fre- 
quencies are given in the following table. 

Table XIV 

Nominal Linear Constants of 250 sq. mm. (500,000 circ. mils) copper artifi- 
cial power-transmission Line taking each section as representing 30 miles 
(48.3 km.) 



Linear resistance r ohms at 20*^0. 

Linear inductance I henrys 

Linear capacitance c farads 

linear leakance g mhos 

Linear hyperbolic angle a hyps, at 



Per wire km. 



0.0702 
1.16 X 10-» 
1.004 X 10-» 
0.013 X 10-* 



180.4^ I 0.0407Z88°.2 



Per wire mile 



0.113 
1.87 X 10-» 
1.617 X 10-» 
0.021 X 10-« 

0.0655Z88°.2 



No lumpiness correction factor has to be applied on this line, in 
practice, below 200^^. The section angle at 189.4'^ is 0.1964Z 
88^.2 hyp. (see page 289). At 189.4^^, the lumpiness correcting 
factor is 1.002^0°.01. 

This line is relatively heavy to construct, but is very well 
adapted to manifest a.c. and transient phenomena, owing to its 
relatively very low linear resistance, and its small section angle. 

The University of Washington design of non-ferric section re- 
actor employs four hollow coils arranged in a square, as shown in 
Fig. 119, on a wooden supporting back. These four fixed coils 
are so connected, with one of them subdivided, that different 
values of inductance can be included between the pairs of termi- 
nals selected. Moreover, one of the coils can be rotated ad- 
justably in azimuth, to change the mutual inductance. The sec- 
tion inductance can thus be varied between 0.01 and 0.021 henry. 
The section Une resistance can also be varied within certain limits 
by means of the loop of resistance wire. An extra section resist- 
ance of 50 ohms can be inserted in each section when telephone 
wires are imitated. 

The coils are wound with d.c. No. 14 A. W. Gage, 0.072 in. 
(1.83 mm.) bare, 0.081 in. (2.06 mm.) covered diameter. Their 
axial length is given as 5.47 cm., internal diameter 4.8 cm.,^;ex- 
ternal diameter 6.3 cm., 76.3 m. of wire in 216 turns — eight layers 
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of 27 turns each. The average reactor resistance is 2.59 (Ams 
at 25''C. The section capacitance is adjustable between 0.092 
and 0.92 ^f. 

Each T section ia designed to imitate 10 miles (16.1 km.) o( 
aerial line of almost any practical size of copper wire up to So. 
0000 A.W.G., diameter, 0.46 in. (11.6 mm.) or 211,600 circ. w5i 
(107 sq. mm.), at interaxial spacings up to 10 ft. (3.05 m.). 




of Washington T lino. 



There art- 20 sections in the artificial T line as described, a^re- 
gating a length of 200 milew (322 km.) of aerial line. 

The ccinstrnction described offers the advantage of enabling 
different wiztw iind tjpi's of overhead line to be tested on different 
occasions. Snt-h advantiige is accompanied by s corresponding 
need for increased care in ascertaining that all the section sA- 



DESIGN AND CONSTRUCTION 209 

Unents are similar, and that all the screw terminal contacts 
in Kood electrical condition. 

'he short equivalent length of the section in this line enables 
ler a relatively hifjh audio frequeney to be used on it, or assists 
,he study of transient phenomena. 
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V\c,. 120, — Asuenililnd nrtificial line. 

I picture of the line of 20 sections, as given in the EUctri- 
World article appears in FiR. 120. 

reneral Remarks Concerning Artificial-liBe Connections. — In 
tblishing the connections of an artificial line, it is important 
mvc as few and firm electric contacts as possible, and to pro- 




c convenient means for tcsttnK the continuity and nniforniity 
;he sections. A |i!irticular form of plug contact piece having 
le advantages for ccmnecting consccutivt^ 11 sections, is shown 
?'ig. 121. The con<lenser is cninected to the brass split plug, 
capable of being tightly inserteil in ihn piece am! of being 
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«p*<-^iily T*Tz:iorfri. By tLrowinc off &I1 the Wpodeteer pioe. a 

^'r.':ii:.T'!//r-^'r/h'i«*r :*^t of thf- lirie circuit, or of any pan therKi. 
r-ar; ':/*: -pfrf-dilv rfiAdf-- The open-rirruitini: phue O. permaatDtlT 
fihorr-^riTfrmx^l hy xhf- removable bra» ?trip .S. enable? th^ line 
to tff- operiM 'y^Lveniently at that pr^t. or permit* the insenion 
of a -mail Tf^l^^siTtf:*' in the line, for mea^urine line cturent by 
pot^rj*iorr;et^r. 

()u^ of the Tufra iixiportant requirement? of any artificial line 
i- ohvio»x«lv iiniforrriitv amon£ the section*- It L? usually morf 
important that they should be aU alike, even if they are somewhat 
off standard, than that «ome should approach the standard elec- 
tric condition* vf-r>' closely while others depart appreciably there- 
from. It L* ver>' disconcerting to ob?erver5 and computers to 
find certain section* Uyfj far off the averajee. If electrical dis- 
crepancies exist, it is a*ually better to place them near the motor 
end of the line, and to have the highest available decree of uni- 
formity in the generator-end sections, where the fall of potential 
and current Is greatest. 

It is found advantageoa* to insulate elaborately all parts of 
the line circuit, and to ground carefully the ground side. For 
s^ime purpf^ses it is insufficient to employ the ground side as a 
merf* return crmductor. and actual grotmding to water pipes is 
to \Hf preferred! as a general practice. 

T and IT Artificial Lines of Double Surge Inqiedance. — We 
have s^-€*n that T and 11 artificial lines are single-wire lines with 
ground or zero-potential return. Consequently, when an actual 
twr>-wire line circuit is imitated bv a T or 11 artificial line, the 
latter should be operated with half the e.m.f. applicable to the 
two-wire line at the generator end. and with half the impedance 
load at the motor end, as is indicated in Figs. 15 and 16. In some 
practical cases, there may be difficulty in testing the artificial 
line with half the voltage and half the load that should be applied 
to a double-wire model, i.e., an artificial line of / or sections 
(^Fig. 89;. This objection may l>e overcome in a T or n line by 
employing sections of double surge impedance. 

In Fig. 122, a single-section / artificial line is indicated at -46 
AB, with 20 volts applied across the two sides at A, and a 2,000- 
ohrn load across the two sides at B. This line nominally repre- 
s(»nts a single mile (1.6 km.) of standard telephone twisted-pair 
cable, having a capacitance of 0.08 mf. and a total conductor 
resistance of 88 ohms, half in each conductor. At « = 5,000, 
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the angle subtended by this / line is 0.0839/45° hyp., uncorrected 
for lumpiness, and the uncorrected surge impedance is Zo- = 
1,048.8^45° ohms at this frequency. 

The nominal T section corresponding to this line is shown at 
A'B\ It has 44 ohms conductor resistance and 0.16 mf. capaci- 
tance to ground return. It should be operated with 10 volts at 
A' and with 1,000 ohms at S', in order to develop the same dis- 
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Fio. 122. — / section and T section, with a T of double surge unpedance. 



tribution of position angles, potential and current as the / line 
at AB. The nominal angle subtended by the T section A'B' is 
the same* as that of the / section (0.0839Z45° hyps.) ; but its surge 
impedance is only half that of the / section. 

If, however, the T section be given the same total conductor 
resistance as the / section (88 ohms) as at A"B"y Fig. 122, with 
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Fi(i. 123. — Elementary -connect ion diagram of a railway-track signal systeni. 

the same capacitance as the / .section, we obtain a T of the same; 
section angle as before; but with double aurge impedance. This 
T section may now be operated with full voltage at A" and full 
impedance at /i", in order to develop the same distribution of 
position angles, potentials and curn^nts as the / s(M'tion. The 
correcting factors for lumpin(»ss will also be the same for all three 
types of eciuivalent circuit. Moreover, the e(iuivalent II can be 
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similarly produced for double surge impedance by keeping the 
same leaks as in the section, but putting all of the conductor 
impedance into one line, and using the other as a ground 
return. 

From an examination of the foregoing conditions, we are led 
to infer that in any two-wire artificial-line section, either of the 
I or variety y no change is madey either in its angle or in its surgt 
impedance, by changing the proportions of conductor impedance be- 
tween the two sides. As an extreme case, all of the line impedance 
can be collected in one side (as at A"B'\ Fig. 122), in which case 
the section becomes a T or IT section of double surge impedance. 

Altematmg-current Track-signaling Circuits. — Many st^m 
railroads employ automatic block-signal systems, in which the 
bonded track rails form the operating conductors. A ven* 
simple set of connections in such a system is indicated in Fig. 123. 
An a.c. transformer T, at position ^4, supplies say 8 volts, at 
25^^, to the rails of the track AS, through the current-limiting 
resistance, r. The rails are electrically disconnected at the in- 
sulating points //, //. A track relay fl, at the distant end B 
of the section, is arranged to be operated by the alternating 
current from A , unless a train A^ at any position between A and 
By establishes a short-circuit between the rails. As soon as the 
train clears the section, the relay R will become reenergized. 

The two rails of the track, if properly and uniformly bonded at 
joints, form the two conductors of a two-wire circuit, with an 
impressed e.m.f. at A, and a permanent load at B, The leakage 
across the track due to moisture in the ties and ballast, will tend 
to develop a uniformly distributed leakance, the linear value of 
which will depend upon the chemical and mechanical conditions 
of the track, and also on the weather. It is reported, as the re- 
sult of many electrical observations on a variety of lengths and 
locations of track, that this linear leakance, at any one locality 
and time, is substantially uniform and uniformly distributed ; so 
that this distributed leakance obeys Ohm's law sufficiently nearly 
to admit of l)oing treated as uniform, in the engineering application 
of the hyperbolic theory. 

The linear impedance of the track rails will depend upon their 
size and shape, the conductivity and permeability* of the steel at 

* "Experiincntal l^csoarclics on tlio Skin EfiFort in Steel Rails," by A. E. 
Kennelly, v. U. AruAiu) iind A. S. Dan.\, Journal of the Franklin Institvlf, 
August, 19U), pp. 1:^5-189. 
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the working temperature, on the impressed frequency, the cur- 
rent strength, and on the nature of the bonding. Tables of linear 
impedance* for different sizes of rails and different kinds of bond- 
ing have been prepared by Railway Signal Engineers. Its size 
is estimated to vary between 0.3 and 1.5 ohms per track km. 
(0.1 and 0.5 ohm per track 1,000 ft.), and its slope between 12® 
and 66**. The hnear leakance may also vary between 0.15 and 
1.2 mhos per track km. (0.05 and 0.4 mho per track 1,000 ft.), 
according to the nature of the ballast, and the wetness of the 
same. This linear leakance is relatively so large that the ca- 
pacity susceptance is ordinarily negligible. 

In preparing an artificial line to represent a signal circuit of 
given length and track conditions, the linear resistance would be 
taken from tables, for the rail size and character of bonding, as 
well as for the impressed frequency of the signaling current. The 
linear leakance would naturally be selected at a reasonable maxi- 
mum value t likely to be met with under the worst prevailing 
weather conditions. If the signaling apparatus worked with 
an ample margin of safety in the laboratory on such an arti- 
ficial line, it might be expected to work satisfactorily over the 
corresponding actual track circuit under all normal operating 
conditions, all defective rail bonds having been removed. 

A particular 1-km. section of track is indicated at A B in Fig. 
124. Here the linear impedance is taken as Z" = 1.18Z22**.2 
ohms per track km. (0.36Z22*'.2 ohm per track 1,000 ft.) and 
y,, = 0.563/0** mho per track km. (0.172Z0° mho per track 1,000 
ft.). These conditions lead to ^ = 0.815Zll°.l hyp. per km. 
andzo,, = 0.725Z11.°1 ohm, or j/o,, = 1.380Xll°.l mhos. 

The correcting factors for the equivalent circuits of this length 
of track are indicated in Fig. 124. The larger is 1.106Z2°.3. 
For shorter lengths of track, these correcting factors would be 
nearer to unity. For lengths of 0.25 km. or less, the nominal 
Ts and Us would be substantially equivalent Ts and IT-s. 

The equivalent / section for 1 km. is indicated at A'B\ Each 
Une wire has 0.562Z2r.l ohm, and the central leak has 1.608^2°.3 

* *' AltematinK-curront SignnlinK," by Harold M('Crf:ai)Y, rnion 
Switch and Signal Co., SwisHvalo, Pa., 1915, p. 440. 

"Electric IntorlockinR," by the Knf^inoerinK Staff of the ricnoral Railway 
Signal Co., Rochester, X. Y., 1915. 

t Technological PajxTs of the Hunan of Standards, No. 75, ** Data on Klcc- 
tric Railway Track I>»akagc," liy CJ. II. Aiiujorn, August, 191G. 



214 



ARTIFICIAL ELECTRIC LLXES 



ohms. The equivalent T is found on either side of the neutral 
line .V.V. 

The equivalent section is shown at A"B". It has 0.633/ 
24°.5 ohm on each side, and 3.81Zl°.l ohms in each leak. On 
each side of the neutral line .V'.V" is an equivalent IT. 
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. r24. — Diaftnims of a p.irlicular 1-kni. track section and its equivalent 



At n'b' is the winivalent T with double surge resistance, and 
at a"li" is the coiresponding equivalent II with double surge 
resistance. 

Hy making up a set of such similar equivalent sections for 
various Icnpfhs of track, say three of 1 km., two of 0.5 km., two 
of 0.2.'» km., and two of 0.125 km., it would be readily possible 
1() connect up an artificial track line of any desired length from 
U.125 km. u]> to i.lH km. On this artificial line, any specific 



DESIGN AND CONSTRUCTION 215 

piece of apparatus such as a track relay might be tested under 
conditions resembling; those occurring in actual operation.* 

Fig. 125 shows an artificiai track circuit for connecting various 
lengths of line with suitable e.m.f. and auxiliary devices, on a 
pair of switchboards, as used by the General Railway Signal Co. 

Artificial Telephone Lines. — Fig. 126 shows a convenient ^and 
portable form of artificial twisted-pair standard telephone cable 
as constructed by the Western Electric Co. for comparative tests, 
either electrical or auditory, on actual operating telephone cir- 




Fiu. 125. — Artificial track circuit uaed by the General Railway Signal Co. 

cuits. The approximate inside dimensions of the box are 35.5 
cm. by 19 cm. by 14 cm, deep (14 in. by 7.5 in. by 5.5 in. deep). 
The electrical connections are indicated in Fig. 127. The box 
contains 32 miles (51.5 km.) of artificial cable in / sections of 16, 
8, 4, 2, 1, and 1 miles. Each 1-mile section has 88 ohms conduc- 
tor resistance and 0,08 fif. intercapacitance, as at AB, Fig. 122. 
These sections are connected each to a quadruple group of bind- 
ing posts along the central Hne. A pair of throw-over double- 
blade switches arc also connected to each section, in such a man- 

' L. V . Leviih, The Sigtial Enffinrer, July, 1911. "Annlytlc Method cif 
Solving Track Circuit Problems," by C. F. Estwick, Joiirriat of the Kailu-ay 
Signal Aiiociation, May, 1918, 2l8t year, No. 2, pp. 348-392. 
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ner that when AA anti BB are made the main terminals of the 
line, each pair of switches brings in a section when throwo iu- 




Pio. 126. — ^32-inilo artificial twisted-pair standard telephone cabji*. 




Fill. I20vt.— W'p^'C-rii KliTtrii' CotLiiKiriys artifirial aerial tHephonr linf 

ward, and cuts it out of circuit when thrown outward. As eon 
iiecti'd in FIr. 127, fhorc is one section of 2 miles (3.2 km.) lef 
inserted in flie lino. Hy sdw-ting the proper combination o 
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switches, any integral number of miles of standard cable between 
1 and 32 inclusive can be connected in circuit. 
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Fni. 127. — C^nnec^ii>n-<liaf(rain iif Western Elcctrir Artifirial tclephont^ line. 

A larger Western P'lectric C'o.'s artificial telephone line box is 
illustrated in Fig. 126A. It contains / sections of artificial No. 




12 N.B.S. page, dinmotor 0.104 in. (2.fi-l mm.) atrial open two- 
wire line of the foliowinK eoiL-itaiits, r,, = 10.4 ohms loop mile 
(6.46 ohms, loop km.), I.. = 3,67 millihenrys/ loop mile (2.28 
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millihenrys/loop km.), and c,, = 8.35 m/if./loop mile (5.19 n\4- 
/loop km.).* The plan of connection by switches is the same as 
in the box of Fig. 126. By means of these switches, any length 
between 10 miles (16 km.) and 600 miles (966 km.) of two-wire 
line may be inserted by 10-mile steps. 

Artificial Submarine Cables. — A box of smooth artificial line 
containing resistance and associated distributed capacitance for 
a particular type of submarine cable is represented in Fig. 128. 
The box contains the equivalent of about 60 nauts. of ordinary 
cable (112 km.). The distributive association of resistance and 
capacitance in such a box has already been described in Chapter I. 

* m/if is a symbol for millimicrofarad or 10"* farad. 



CHAPTER XIII 

TESTS OF ALTERNATING-CURRENT ARTIFICIAL LINES 

Steady-state tests of artificial lines are ordinarily of three kinds, 
namely: (1) Tests of plane-vector impedance or admittance; (2) 
tests of plane- vector potential; (3) tests of plane-vector current. 
These tests may need to be made at any point along the line, and 
especially at any section junction. 

Impedance Tests. — Impedance or admittance tests are ordi- 
narily one of two types: (1) Bridge tests by some null method; 
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Fig. 129. 



Fig. 130. 



Fio. 129. — Ilayleigh bridge. 

Fig. 130. — Modified Rayleigh bridge for nieasurement of one of a series 
of nearly uniform impedances in terms of a fixed inductance standard. 

and (2) equality of potential-difTerence tests, by electrostatic 
voltmeter. 

Bridge Balances. — In order to measure the vector impedance 
or admittance of an a.c. line, it is necessary to obtain a bridge 
balance with both resistance and reactance. One method of such 
measurement employs the Ilayleigh bridge, which has an adjust- 
ably variable inductance L in that arm of the quadrilateral (Fig. 
129) which equilibrates the hne to be measured. When the line 
is condensively reactive, an adjustable capacitance C may be used 
instead of an adjustable inductance. The balance is noted either 
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on a vibration galvanometer, tuned to the measured frequency of 
the testing alternating e.m.f., or on a pair of head telephone 
substituted for the galvanometer. In case a variable inductance 
standard is not available, a fixed standard inductance may be 
employed of the same order of magnitude as that to be measured. 
In that case (Fig. 130), the ratio arms A and B must be so a<l- 
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Fig. 131. 



Static 
Toitmeter 

-Cimiiections for sen(iinfc-ond impedance measurement. 



justed for balance with the aid of a rheostat /?, that their ratio 
corresponds both to the resistances and inductances of the arras 
bd and cd. This dual ratio is sometimes tedious to attain. 

Tests of Equality of Potential Difference. — Fig. 131 indicates 
a method of measuring Hne impedance when a bridge balance or 
equivalent null method is unavailable, and when a suitable elec- 
trostatic voltmeter is at hand. 
Thea.c. testing source Eg of 
carefully measured and con- 
trolled frequency, is impressed 
upon the artificial line to be 
tested, through the non-induc- 
tive adjustable resistance R. 
The electrostatic voltmeter is 
connected alternately to read 
Fi<;. l32.-(^raphic method <>f deter- ^he voltage drop in the resL^- 

inininf;; the hne impedance. ^ ^ v v *v^ 

tance fl, and in the line to 
ground. The resistance R must then be adjusted, by successive 
trials, until those two readings are equal. This means that the 
size of the line impedance is equal to the numerical value of the 
resistance /?, in ohms. By n^poating the observations many 
times, this adjustment can he made with considerable precision. 
After equality has been obtained, the two voltmeter readings are 
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recorded, and the reading from the generator to ground is noted. 
This reading, the voltmeter connections for which are indicated 
in Fig. 131, corresponds to the total drop in line L and resistance 
R together. 

From the calibration curve of the voltmeter, the three voltage 
drops or potential differences Ea, El^ and Er, are found. The 
former represents the size of the total p.d. The other two have 
been made equal by adjustment, and represent the sizes of the 
line p.d. and resistance p.d. In Fig. 132, let OG be drawn to 
scale to represent Ea, and likewise OA and GA, to represent Er 
and El^ Then, since the same a.c. produces all three p.ds., the 
diagram may be regarded as an impedance diagram to a suitable 
scale, as well as a voltage diagram. The impedance scale must 
be such that if the length of OA be taken numerically equal to 




Fio. 133. — Indeterminate alternative vector diagrams obtainable from line- 
impedance measurements conducted as in Fig. 131. 

the adjusted resistance R at equality. El will represent the im- 
pedance offered by the line, both in size and slope. 

The line impedance, whose size is fl, will now have a slope of 
2/3**, where /3** is the angle AOG, 

In practice, it is not necessary to draw the diagram, because 
evidently 

Eq 



cos pr = 



2Er 



numeric (397) 



Knowing Eq and Er^ /3° may be immediately obtained from 
tables of circular functions. 

Strictly speaking, the method is open to ambiguity in interpre- 
tation; because the line impedance may be either /JZ/3**, or /?X/3°, 
as is shown by Fig. 133. The uncertainty may be overcome, 
either by preliminary rough computation, as to whether the line 
is inductive or condensive; or else a definite increment of react- 
ance, such as a suitable reactor or condenser, should be added 
to the testing end of the line, and the test repeated. Knowing 
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thp sign and approximate magnitude of the reactance incremeni. 
the interpretation of the sign of the slope 0° should thus be 
reduced to certainty. 

The precision of the test in regard to the slope 0° is usuallv 
distinctly less than in regard to the size H, because of the cffwt 
a small error in voltmeter reading or in the voltmeter caUbratioD 
may have in (397). 

Potential Tests. — There are two types of tests for measurinn 
the potential along t he line, namely : ( 1 ) a.c. potentiometer tfsts ; 
and (2) elcctrostjitic voltmeter tests. 

The Drysdale-Tinsley c.c. and a.c. potentiometer measuns 
both the size and the slope of the a.c. potential applied to i(< 
test terminals. A view of the instrument is presented in Fig. 




F[<i. 134. — Drysilnle-Tinsley a.c. and r.c. potentiomclcr. 

134, and a simplified diagram of the principal connections appear? 
in Fig. im. In the latter, the a.r. mains MM, M'M', supply 
both the tenting transformer 7*1, for energizing the artificial line 
AB, and the split-pha-^e rotarj-field transformer Tj, for deliver- 
ing any desired |)has(> of e.m.f. in the secondary circuit to the 
slide wire of the potentiometer. The phase-splitting is accom- 
plished by means of the adjustable rheostat r, and condenser C, 
The values of resistance and capacitance, at j- and C, necessarj' 
for splitting the pha.se, vary with the impressed frequency, and 
have to be adjusted by trial, at the fre«iuency of the test, until 
the e.m.f. in the seeiindary circuit of T- has the same size at all 
positions of the secondary coil, which is capable of being moved 
around the circle by means of the hamllc /.. (Fig. 134). 

The potentiometer is first caUbratcd for continuous currents, 
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by throwing the change-over switch H to the points pq. This 
permits the working e.m.f. £ of 8 volts to flow through the slide 
wire WWf dynamometer milliammeter D, and the controlling 
rheostat R. When the standard Weston cell S has established 
zero balance at 1.018 volts on the slide wire, with the aid of the 
c.c. galvanometer g, the milliammeter D should indicate pre- 
cisely 50 milliamp. on its scale. With this adjustment, the instru- 
ment can be used to measure c.c. potentials, up to 1.8 volts, in 
the usual way. 
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T T T 
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Gr 
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Fig. 135. — Simplific(i connections of a.c.-c.c. potcntionioter. 

If the change-over switch H is then thrown over to the points 
mn, an a.c. potential difference of 8.0 volts, and adjustably con- 
trollable phase, is supplied to the slide wire, from transformer 7^2, 
through dynamometer milliammeter D, and rheostat R. The 
latter must be so adjusted as to bring the pointer of D exactly 
back to 50 milliamp. 

The slide wire will then carry just the right current to indicate 
correctly in r.m.s. volts. If now we connect any a.c. potential 
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difference less than 1.8 volts, such as that between junction 4 and 
ground, to the slide wire, through a tuned vibration galvanometer 
G, the latter can show zero current only when the size and slope 
of the slide-wire potential and iunction-4 potential are respect- 
ively equal. The zero-current indication of G must, therefore, 
be reached by successive adjustment of the size and slope of riid^ 
wire potential. The size can manifestly be adjusted by sliding 
the contact pointer P along the wire WWy and by the usual drop 
rheostats dd. The slope can be independently adjusted, by 
rotating the secondary winding of the rotary-field transformer 
Tif under the control of handle L. The tuned vibration galva- 
nometer G will show zero current when both the slide reading and 
the phase reading are conjointly in proper adjustment. Reduc- 
tion to zero reading must, therefore, be effected in alternate steps 
on the slide and on the phase shifter. The f)otential difference* 
are thus read of the type EZfi^y or £X/3°, the phase being taken 
with respect to that of the impressed 100 volts single-phase e.m.f. 
at the split-phaser, within the range — 1.8 volts in E, and 
± 180°in/3°. 

The precision of the instrument,* with some practice, is con- 
siderable, although not up to that obtainable when it is used for 
d.c. measurements, because the calibration of the slide wire i.-^ 
determined by the full-scale deflection of the milliammeter -4, 
instead of bv a null method. 

A convenient form of vil)ration galvanometer for use with the 
instrument, when the frequency is l)etween about 20^^ and 100^ 
is shown in Figs. 136 and 137. Alternating current in the coil 
C impresses a cofrequent vibromotive torque on the suspended 
magnet ns. The galvanometer is easily tuned, by sliding a 
magnetic shunt *S over the poles of the controlling permanent 
magnet ii/, under the control of the projecting screw shaft Sc. 
The c.c. resistance of the coil C is ordinarilv 40 ohms, and the 
sensibility of the instrument, at 50^, is about 4 mm. per 
microamp. at 1 m. 

The potentiometer itself may be (employed up to a testing fre- 
quency of 1,000^ or over, if a correspondingly tuned vibration 
galvanometer is used. 

* (/. V. Dkysdalk, "TlieUs(M)f the Potontiometer on Alternating-current 
Circuits," Phil. Mag., vol. xvii, p. 402, Miirch, 1909; also Proc. Phys. Soc., 
London, vol. xxi, p. 501, 1909; also 77/r Electrician^ London, vol. Ixiii, p. 8, 
April 10, 19(X); also J. A. Klkmings "l^ropagation of Electric Currents in 
Tch'phonc and Tdegraph Conductors, " 1911, London, p. 216. 
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In order to make the apparatus available, the impressed a.c. 
frequency must be held nearly constant; not only on account of 
potential variations along the line, caused by variations in fre- 




Fnmt cinvation anil UHaJlu of vihrutioii giilve 



quency, but also because the auxiliary split-] >hasinfc and galva- 
nonieter tuning lx;come distressingly upset when the impressed 
frequency changes. If, however, the fretjuency cannot be held 
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sufficiently uniform to make the apparatus serviceable, the ob- 
served values of impedance, potential and current, along the 
line, are not likely to be closely dependable under any method 
of measurement. 

Line Potentials by Electrostatic Voltmeter. — If an a.c. volt- 
meter is used to determine the potentials at line junctions ormid- 
sections, it is very desirable to use an electrostatic voltmeter, in 
order to avoid the reduction of potential brought about by the 




Fig. 138. — Connection diagram for plane-vector potential test along ac. 

artificial line. 

admittance of the instrument. In practice, a good arrangement 
is to employ one electrostatic voltmeter over the range between 
2 and 20 volts, another over the range between 20 and 100 volts, 
and a third for higher voltages. The cahbrations should be care- 
fully checked, from time to time, on storage-battery voltages. 

Since an electrostatic voltmeter, used in the ordinary way, 
measures the size but not the slope of the a.c. voltage to which 

it is applied, additional 



Genorator Knd Voltage Vj 



G i> 




^c/:x 



"^^^^^ 



.^A^ 



V 



measurements are needed in 
order to evaluate the slope. 
Fig. 138 shows a method for 
carrying out this plan. If the 
potential V^ has to be meas- 
FiG. 139. — Triangle of three observed ured between junction 4 and 
rets/"' determining their phase ^^^^^^^ ^j^^ potential V„ at 

the generator end is also 
measured, as well as Vl the voltage drop between A and 4. In 
practice, Va is measured once for all, and held constant by means 
of an auxiliary a.c. voltmeter, which need not be electrostatic. 
A single testing electrostatic voltmeter is used to measure Vl 
and V'4, alternately in succession. The three values Va, Vl and 
V4 determine a voltage triangle, from which the phase or slope 
of Va can be determined, in the manner indicated in Fig. 139, 
where OG is the generator voltage Va at A, GJ the voltage drop 
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on the line, and OJ the voltage Vt at the test point. The size 
of this voltage in Fig. 139 would be OJ, and its slope S.a°, taking 
OG as at standard phase. The triangle is easily produced graph- 
ically, using the points and G as successive centers, with inter- 
secting arcs at J. The circular angle a° is then measured with 
a protractor. There is a possible ambiguity as to the side of 
OG on which the triangle should lie, which means that the slope 
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a" might be either Za" or \a^; but ordinarily, there is no diffi- 
culty in deciding this either by the aid of a rough calculation, or 
by means of a; special test with an added known reactance. 

The triangulation is repeated at each junction on the same 
sheet of polar coordinate paper, keeping the generator end 
voltage V^ constant, say at lOOZO" volts. Fig. 140 gives an 
example of this procedure in the particular case of a 13-section 
line of the type defined in Table XII and representing 1,040 km. 
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of aerial power-transmission conductor operated at 60.7'^, with 
the distant end free, and with 100 volts r.m.s. impressed at the 
generator end. The successive vertices of the triangles obtained 
from electrostatic voltmeter measurements fall on the points 1.1 
3, . . . 13, which, connected by the line VVV, show the graph 
of potential along the artificial Une, and also, by inference, on the 
conjugate smooth hne at this frequency. The open-end voltage 
is 173.8\61**. The observations are recorded both by voltmeter 
and potentiometer for this case in Table XV.* . Two other 
methods of presenting the results of these observations to the 
eye are given in Figs. 141 and 142. 

Relative Advantages of Potentiometer and Voltmeter Mediods. 
— The electrostatic voltmeter method of measuring line poten- 
tials has the advantage that its technique is simple and requires 
but little preparation. Impressed potentials of 100 volts r.m.s. 
are ordinarily applicable with it. Disadvantages are that its 
precision is seldom very high, because it is a deflection method, 
and moreover, if there are harmonics in the wave of impressed 
voltage, these enter into the measurements by perpendicular 
summation, as already described, and vitiate the results for the 
fundamental frequency as obtained by computation. The 
potentiometer method, on the other hand, is capable of much 
greater precision, and the tuned vibration galvanometer responds 
almost entirely to the fundamental sinusoid, but it involves a 
more elaborate technique. For class-laboratory work, therefore, 
the easier voltmeter method is to be preferred, unless the gen- 
erated voltage wave available is very impure. For research pur- 
poses, the potentiometer is superior. In potentiometer measure- 
ments, it may be advisable to limit the impressed voltage at the 
generator end to 1.8 volts, so as to dispense with multipliers and 
their attendant errors. 

Relations between the Impressed Voltage, tiie Current and 
Power. — In Fig. 143, we have an artificial line whose line impe- 
dances and leak admittances may be assumed properly to 
correspond with those of a certain imitated conjugate smooth 
line. The motor-end load Zr also has the same apparent im- 
pedance as the load which the actual line has to carry, as deter- 
mined by the vector ratio of receiving-end volts to amperes. We 

• 

* ''Measurements of Voltago and Current over a Long Artificial Power- 
transmission Line at 25 and 60 Cycles per Second," by A. E. Kennellt and 
F. W. LiEBERKNECHT, Proc. A. L E. E., June 25, 1912. 
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have to consider how the current and power in the artificial-line 
impedance model compare with those on the actual line as the 
impressed voltage is varied. 

It will be evident, on examination, that if the voltage impressed 
on the artificial line in the laboratory is 1/nth of that impressed 
on the actual line at the same frequency, the artificial-line 
currents will be 1/nth those at corresponding points on the 
actual conjugate smooth line, and the artificial line powers will 
be l/n^ those on the actual line. Thus if the star voltage on a 
three-phase transmission line is say 10,000 volts r.m.s. to neutral, 
and its conjugate artificial-line impedance model is operated at 
10 volts r.m.s. to ground, or l/l,000th of the actual working 
pressure, then each milliampere of observed current at junctions 
will correspond to an ampere on the actual line, and each micro- 
watt of power on the artificial line will represent 1 watt on the 
actual hne. The results obtained in the laboratory are, therefore, 
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Fio. 143. — Impedance model of a single-phase, single-wire line and its 

receiving-end load. 



readily interpretable in ordinary magnitudes, if we maintain the 
correct motor-end load impedance. 

The effects of synchronous-motor or "rotary-condenser" com- 
pensation at any point on the line, say at the receiving end, on 
the voltage regulation, can be investigated experimentally by 
connecting the proper equivalent reactance to the line at that 
point, and studying the corresponding distributions of potential 
and current. 

Current Tests. — There are three types of tests for alternating 
current along an artificial line; viz., potentiometer tests, fall of 
potential tests, and ammeter tests. 

Potentiometer Tests for Vector Current. — In this method, a 
small non-inductive resistance of manganin strip, say 0.1 ohm, 
is inserted in the hne at the test junction, and the vector voltage 
drop in this measured at its terminals by a.c. potentiometer. 
This method succeeds well at low frequencies, and the error 
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introduced by the insertion of 0.1 ohm at any junction is ordi- 
narily unimportant. This is a useful ''research method." An 
appropriate set of contact plug connections is indicated in Fig 
144. 

Sectional Fall of Potential Tests. — When an electrostatic volt- 
meter capable of measuring from 2 to 20 volts is used, the voltage 
drop upon a reactor in the line, adjacent to the test point, can 
be observed. Knowing the vector impedance of the reactor, and 
the slope of the vector drop from triangulation, as above described, 
the vector current strength in the reactor can be immediately 
deduced by Ohm's law. This is a useful "laboratory-class 
method. *' 

Ammeter Tests. — Occasionally, the line currents may be ob- 
served directly by the insertion of a suitable a.c. ammeter at the 
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Fio. 144. — Connections used in a series of measurements of potential and 

current along the line. 

test junction. Ordinarily, however, the impedance of the am- 
meter is sufficiently great to Introduce an appreciable error into 
the line distributions. 

Distribution of Test Operations among Observers. — It is pos- 
sible for a single observer, if he has ample time at his disposal, 
to make, unaided, all the observations of potential and current 
along an artificial line, if all the apparatus and controlling devices 
are conveniently arranged. It is much easier, however, for two 
observers to carrv on the work between them. As manv as six 
observers may cooperatively take part in the observations, Tiith 
mutual advantage, especially if the electrostatic voltmeter meth- 
ods are used. 

There are a number of tests which can be effectively carried 
out by students of electric transmission on an artificial line 
with different line lengths, impressed frequencies, loads, load 
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power factors and positions of load. As a rule, such tests on a.c. 
artificial lines should be preceded by preliminary tests on c.c. 
artificial lines. Such a.c. experiments properly checked, and 
supported by computation, give the student an unassailable 
comprehension of essential steady-state a.c. line phenomena. 

Barretter Tests. — The Fessenden hot-wire barretter has been 
employed in measuring apparatus for determining the distribu- 
tion of potential and current over an artificial telephone twisted- 
pair line.* The barretter consists of a little filamentary loop of 
platinum a few millimeters long, and a few microns in diameter, 
etched electrochemically out of a piece of platinum-cored silver 
Wollaston wire, and warmed by the passage of the feeble alter- 
nating current to be measured. The rise in temperature is 
detected by change in the resistance of the filament in a local 
c.c. circuit. 

The technique of these barretter instruments is somewhat 
difficult, and the barretters themselves are apt to burn out by 
accidental current overloads. Improvements in a.c. potenti- 
ometer testing methods, employing the inherent sensitiveness of 
the vibration galvanometer, have brought the latter methods to 
the front rank, and they are likely to be still further improved. 
In special cases, however, the barretter method has undoubted 
advantages. 

Measurements of Individual Inductances. — Although the 
measurement of the inductance of a line-section reactor belongs 
to the general domain of laboratory electrical measurement 
rather than to the particular province of artificial lines, yet it 
may be of service to offer a brief outline of the tests which have 
been found to be conveniently adapted to the measurement of 
artificial-line section elements. For more detailed and compre- 
hensive information, the reader may refer to text-books on elec- 
trical measurements. 

In addition to the Rayleigh-bridge method already described 
in connection with Figs. 129 and 130, there are at least two 

**' High-frequency Telephone Circuit Tests," by A. E. Kennelly, 
Proc. Int. El. Congress St. Louis, sec. G, vol. iii, pp. 414-437, 1904. 

"On the Production of Small Variable-frequency Alternating Currents 
Suitable for Telephonic and Other Measurements," by H. S. Cohe.n, Phil. 
Mag.j September, 1908, and Proc. Phys. Soc.j London, vol. xxi, 1909, 
p. 283. 

" Description et Utilisation de la M^thode pour la Mesure des Constants de 
Ligne au Moyen du Barretter," Bela Gati, La Lumikre Elec^ October, 1908. 
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other bridge methods which have been found useful in the meas- 
urement of Une-section reactor inductances, namely: 

1. The Anderson bridge. 

2. The Campbell bridge. 

It is alwa^'s desirable to employ at least two methods in the 
measurement of the section inductances, especially when the 
reactors are non-ferric, and a fairly high degree of precision is 
aimed at. In the tests hy different methods, different rheostats, 
instruments and parts should be employed, as far as possible. 
If the results arrived at, with different apparatus, in these differ- 




FiQ. 145. — Anderson bridge for measuring impedance. 

ent ways, are in close agreement, their mean values become cor- 
respondingly reliable. 

The Anderson bridge is indicated in Fig. 145. The reactor 
Z is first balanced to continuous currents by the resistance R 
and an ordinary c.c. galvanometer G. Leaving A, B, R and Z 
unchanged, the a.c. source E is substituted for the c.c. source e, 
and either a telephone or a vibration galvanometer for the c.c. 
galvanometer. An a.c. balance is then obtained by adjusting 
the condenser C, with the aid perhaps of adjustment in the bridge- 
wire resistance r. The final capacitance of the condenser C is 
supposed to be known. The inductance L of the reactor is then 
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Here p is the effective internal resistance in ohms of the capaci- 
tance C at the testing angular frequency <a radians per sec. If 
the capacitance C is pure, p = 0, and the formula reduces to 
the well-known form 



L = CB (r + ^- + ft) 



henrys (399) 



This method is very serviceable when a suitably adjustable con- 
denser is available.* 

The Campbell Mutual-inductance Bridge. — Another con- 
venient device for measuring the inductance of line reactors with 
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Fio. 146 — Campbell bridge for measuring impedance. 

precision is the Campbell mutual-inductance bridge, the con- 
nections for which are indicated in Fig. 146. The bridge arms 
A and B are adjustable anti-inductive rheostats. The zero- 
current indicating instrument G is preferably a vibration gal- 
vanometer tuned to the frequency of the a.c. testing source. The 
inductometer Mm consists of a pair of like coils L1L2, with ad- 
justable and measurable mutual inductance on the secondary 
windings M and m. Assuming that the bridge arms A and B 

•"A Handbook for the Electrical Laboratory and Testing Room," 
by J. A. Fleming, vol. ii, p. 192. 

" The Propagation of Electric Currents in Telephone and Telegraph Con- 
ductors," by J. A. Fleming, 1911, p. 208. 
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are equal, it is necessarj- for a zero balance in G that the resist- 
ances of the arms he and cd should be made equal, by adjuslinf 
the resistance ft, and also that the inductance of the reactor Z 
should be balanced with the aid of the mutual inductances J/ 
and m. The unknown inductance L, will then be* 

L, = C+ 2(.U + m) henr>-s (400) 

where Z*is the auxiliar>' fixed inductance inserted in the arm ti 
in cases where the mutual-inductance range (.1/ + m) is le£ 
than half the inductance L, to be measured. 





The Campbell variable mutual inductance containing the coils 
LiLJil and m is illustrated in Fig. 147, The primary coils LjL., 
(Fig. 146) of about 6 ohms each, are connected to the binding 
posts on the right-hand side. The secondary coils, of about 7 
ohms' in all, are connected to the terminals on the left-hand 
side. The graduated dial indicates to microhenries. 

Measurements of Section Capacitances. — Since mica condens!- 
ers in sufficient number to satisfy an ordinary artificial Une are 
expensive and difficult to obtain, condensers of rolled impreg- 
nated paper are customarily employed. Such condensers varj- 
appreciably in ca|)acitance and leakance at different frequencies, 

•"Oil tlif I'sc ii( Vuriiil>lp Mutual Induciuncps,'' by A. Campbell, 
Phil. Mag.. .lanuHr>', liHIS. [ip. l">,i-ITl : iilau I'roc. Phya. Soc, London, vol. 

"Tlif IV ot Muliiiil Imlm-lonir 
Ajitil, l!tHl. pii,.-)!l7-.107; niso 1't,k. T 
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ordinarily diminishing in capacitance and increasing in leakance, 
as the frequency and temperature rise; so that it is desirable to 
measure these quantities at the frequency and temperature 
which are to be employed in the tests. 

Two convenient methods are available for measuring the ca- 
pacitance and leakance of a condenser,* namely: 

1. The series-resistance method. 

2. The Anderson-bridge method. 

The Series-resistance Method. — The two condensers to be 
compared are connected in a bridge as shown in Fig. 148. The 
two ratio arms of anti-inductive resistance A and B — preferably 
equal — are adjusted for zero balance on the vibration galvanome- 
ter Gy which is tuned to the testing frequency. The condenser 
of C farads under test has a certain equivalent internal series 
resistance p ohms, and the adjustable condenser is Ci whose 
internal resistance is pi. By adjusting Ci and either ri or r2, 
balance is obtained. Then 



and 



C = Ci.t farads (401) 



P = ^ (ri -f- pi) - r2 ohms (402) 



The last formula expresses p in terms of the observed resistances 
ri, r2 and the internal resistance pi of the adjustable condenser. 
If p I is not known, some standard mica condenser of small known 
p may be balanced as a substitute for C, so that from it p\ may be 
determined. The phase angle defect of the condenser C or the 
complement of its impedance angle will be 

= tan-^pCw) degrees (403) 

The leakance G, in parallel to the condenser, equivalent to the 
resistance p in series with it, is very nearly 

G = pc^(a^ mhos (404) 

Anderson-bridge Method. — The Anderson bridge, already 
illustrated in Fig. 145, instead of being used to measure an un- 

• "Simultaneous Measurements of the Capacity and Power Factor of 
Condensers," by F. W. G rover, Bulletin of the Bureau of Standards^ vol. 
iii, pp. 371-431, 1907. 

''The Capacity and Phase Difference of Paraffined Paper Condensers as 
Functions of Temperature and Frequency," by F. \V. Grovkr. Bulletin 
of the Bureau of Standards f vol. vii, No. 4, pp. 495-678, 1911., 
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known inductance in terms of resistances and a known capaci- 
tance, may be used inversely to measure an unknown capacitance 
in terms of the resistance and a known inductance. A suitable 
standard condenser of known capacitance and internal resist- 
ance is first balanced and the unknown condenser then substi- 
tuted. From the two balances, both C and p can be evaluated. 

Frequency Meastirements. — ^Artificial-line tests conducted at 
power-distribution frequencies call for no recommendations as 
to the measurement of impressed frequency beyond watchful- 
ness and care. The ordinary laboratory frequency meters, 
properly checked and caUbrated, are satisfactory. A good means 
of checking the frequency of a vibrating-reed frequency meter 
is to examine it, in a good light, through the vibrating slits of a 
stroboscopic tuning fork.* 

At telephonic frequencies, however, special methods are 
needed for measuring frequency with the necessary degree of 
precision. One means is an improved stop-watch electromagnetic 
revolution counter, f 

A second means is a stroboscopic tuning fork applied to a 
target mounted on the shaft of the alternator supplying the 
testing current. In practice it is found convenient to place the 
testing apparatus within view of, but at a suitable distance 
from, the alternator. The observer at the apparatus can then 
control the speed and delivered frequency of the alternator by 
a hand rheostat, while he watches the stroboscopic image of 
the illuminated rotating target on the alternator, at a distance 
of say 15 meters, through a small telescope which has a stro- 
boscopic fork mounted in front of its eyepiece. 

A third means is the acoustic tonometer, or series of small tun- 

•"The Measurement of Rotary Speeds of Dynamo Machines by the 
Stroboscopic Fork," by A. E. Kennelly and S. E. Whiting, Trans. A. I. 
E. E., July, 1908, vol. xxvii, pp. 727-742. 

"Stroboscopic Measurements of Alternating-current Frequency with 
Electric Lamps," by A. E. Kennelly, Electrical Worldy Dec. 26, 1908. 
"Separation of the No-load Stray Losses in a Continuous-current Machine 
by Stroboscopic Running-down Methods," by D. Robertsgn, Joum. Inst. 
Elect. Engrs., vol. liii, February, 1915, pp. 308-322. 

"The Stroboscope in Speed Measurements and Other Engineering Tests," 
by D. IloBERTSON, Trans. Inst. Engin. and Ship Builders, vol. vi, 1912-13, 
pp. 37-82. Mech. Eng., vol. xxxi, 1913, pp. 512-515, 539-543. 

t " Experimental Researches on Skin Effect in Conductors," by A. E. 
Kennelly, F. A. Lawh and P. H. Pierce, Trans. A. L E. E., September, 
1915, p. 1757. 
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ing forks, such as are found in acoustic laboratories. The testing 
alternating current is supplied through a suitable impedance to an 
ordinary telephone receiver, and the observer finds by trial the 
tuning fork giving the pitch nearest to that of the telephonically 
emitted tone. When the a.c. frequency is steady, as, for example, 
when it is delivered from a carefully operated Vreeland oscillator, 
the difference in pitch between the a.c. telephonic tone and the 
tuning-fork tone can be found by counting acoustic beats during 
a measured time interval, such as half a minute. 

Frequency Limitations of Artificial Lines. — It will be evident 
from an inspection of Figs. 98 and 99 with their polygonal sec- 
tion voltages and currents, that as the frequency impressed upon 
an artificial line is increased, the number of sections per wave is 
dimin^hed, and the lumpiness correction factors tend to in- 
crease. There is ordinarily no difficulty in operating an artificial 
line up to the frequency which provides on the average three 
sections per wave, although the correction factor is then sensi- 
tive to small frequency changes. Operation ordinarily becomes 
impracticable at or below two sections per wave. 



(^HAPTER XIV 
COMPOSITE LINES 

A composite line is a line composed of a plurality of single lines 
in series, each posse.ssing its own linear electric constants. In 
practice, composite lines are more frequently met than single 
lines, especially when long circuits are used. Thus, a telephone 
circuit may include an underground-cable twisted pair, from the 
subscribers* set to his local exchange, then a different size of 
underground-cable pair to the outskirts of the city, then one or 
more different sizes of overhead copper-pair lines, and finally 
underground lines to the called subscriber's set. No steady-state 
working theory of a.c. lines can therefore be satisfactory, which 
fails to deal with composite hnes in a reasonably simple way. 

We may first consider the d.c. theory of composite lines employ- 
ing real hyperbolic functions, and then apply it to a.c. cases, by 
vector interpretation of the formulas; t.e., by extending them from 
one dimension to two dimensions. 
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Fi(». 140. — Two-section composite line of constant surge resistance. 

Case of Two Sections Having Different Linear Constants but 
the Same Surge Impedance. — If two single lines AB, CD, Fi^. 
149, are joined at BC\ and these lines happen to possess the same 
value of surge impedance Zo. then the composite line AD has 
very simple properties. 

Suppose the composite Hue AD to be grounded at D and vol- 
taged at .4. Let ^i be the angle subtended (18) by AB, and ^j 
that subtended by CD. Then, if we assign position angles to 
the system, commencing at D where bn = 0, we find the position 
angle at C is be = ^2. The line impedance at C is also 

Z^: = zo tanh br = Zq tanh $2 ohms Z (405) 

The section CD may now be regarded in its entirety as a single 
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motor-end load applied to the section AB. Then by (89), 
ff = Zc and 

tanh ff' = -- = ?sJ?:F^Jl = tanh ff, numeric Z (406) 

Zq Zq 

whence 6' = 62. Consequently, cU a junction between single lines 
possessing identical vector surge impedances, the position angles 
on each side of the junction are equal. The reason for this is that 
each and every individual electric wave which passes a junction, 
either way, undergoes no disruption, unless the surge impedances 
of the sections differ. The wave passes over from one section 
to the other as though the junction did not exist. 

The position angle at A, Fig. 149, will now be 5a = ^1 + ^2 
hyps. Z, and the distributions of potential, current and impedance 
will be continuously proportional, respectively, to the sinh, cosh 
and tanh of the position angle, as on an ordinary single line. 

Similar conditions wiU present themselves if we ground the 
composite line AD of Fig. 149, at A, and voltage it at D. The 
position angles will distribute themselves over the system without 
any discontinuity at the junction BC, Again, if one terminal 
of the composite Une, having unchanged surge impedance, is 
grounded through a terminal load, subtending a terminal angle 
B', the position angles will ijicrease continuously to 5a = 5d = 
^1 + ^2 + B' hyps. Z at the other end. 
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Fio. 150. — Equivalent n of two-section composite line with constant surge 

impedance. 

Equivalent 11 of Composite Line with Constant Surge Impe- 
dance. — The equivalent IT of the composite line of Fig. 149, 
with constant Zo is shown in Fig. 150. The architrave p" has an 
impedance Zo sinh 5a = Zo sinh Bd, the position angles, 5a and do 
being each reckoned from the opposite grounded end. The ad- 
mittance of the A leak is 

g^A ^ Ya- 1/p" = yo coth 5a - 1/p" = 2/0 coth 5a - p 

mhos Z (407) 

16 
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Similarly, the D leak admittance is 

g^D = rz)-l/V'= t/ocoth 5z)-l/p"= yocoth So— v 

mhos Z (408j 
where the architrave admittance is 

V = 1/p" mhos Z (409) 

These two leaks are equal. At either end, the rule is: GrouDd 
the composite line at the distant end. The home-end leak tnU 
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Fig. 151. 



-Two-section composite-line merger and hyperbolic equivalent 

circuits. 



then he equal to the line admittance at the home end, minus the 
architrave admittance v. 

In Fig. 151, we have a particular case of a composite Une with 
elements of equal surge impedance. The line AB has an angle 
$1 = 2.0 hyps., and Zi = 1,000 ohms. The line CD has 62 = 1.0, 
and Z2 = 1,000 ohms. Beneath each line is placed its equivalent 
n and equivalent T. The two lines are connected at the junction 
BC. The merger II and T are indicated underneath the compos- 
ite line AD. The ** merger 11, " A"D", is such as can be obtained 
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by direct computation from (406) to (409), Fig. 150. The 
merger T, A'D', can also be computed by hyperbolic formulas,* 
but we shall, for simplicity, here confine ourselves to a considera- 
tion of merger equivalent n's, and hyperbolic equivalent II's. 

Merger n's and Hyperbolic n's. — In all cases of composite lines, 
it is possible to replace each single section by its equivalent n, 
to connect these n's end to end, and to resolve them, by successive 
steps, into a single resultant or merger equivalent n. Thus, in 
Fig. 151, the central star ABCDG, of the double U immediately 
under and to the left of the composite line AD, can be replaced, 
. through known formulas, by its equivalent delta, and so lead 
to the merger equivalent IT, A"D", This process is very labori- 
ous, and liable to arithmetical error. The process of obtaining 
the same equivalent IT of the composite line by line position 
angles is much simpler. This process leads to what may be 
called the "hyperbolic 11." In the example offered throughout 
this chapter, the final 11 has in each case been obtained by both 
the merger and hyperbolic methods, as mutual checks; but only 
the hyperbolic method is recommended in practice. 

Transmission and Reflection Coefficients for Individual Waves. 
— If a composite line is composed of two single lines having differ- 
ent surge impedances Zi and 22, Fig. 152, then a voltage wave; 
i.e., an electric-flux wave, advancing from Zi to z%y will be disrupted 
at the transition, in the manner originally analyzed by Heaviside.f 
The transmission coefficient, m, or coefficient of voltage trans- 
mission is 

m, = , = - ,- - numeric Z (410) 

/^ -r_22\ Z\ -r z% 

\ 2 I 
and the reflection coefficient — (1 — m,) is 

m, — 1 = -^— j — - numeric Z (411) 

Z\ -h z% 

On the other hand, a current wave; i.e., a magnetic-flux wave, 
advancing from Zi to «2, will be disrupted, with a transmission 
coefficient nic 

TMc = r — = - ^ numeric Z (412) 

1^1 +^\ Zl + Z2 

♦ "The Equivalent Circuits of Composite Lines in the Steady State," 
by A. E. Kennelly, Proc. Am. Ac. Arts & Sciences, November, 1909. 
t "Reprinted Electrical Papers," by O. Heaviside, London, 1892, vol. 1. 
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and a reflection coefficient — (1 — me) 



mc — 1 = 



Zl — Z2 



numeric Z (413) 



Zl + Z2 

Thus, a wave of voltage lOOZO® volts passing from a section of 
surge impedance Zi = lOOZO® ohms to another of surge impe- 
dance 22 = 300Z0° ohms, develops a transmission coeflScient by 
(410) of nir, = l.oZO°, or rises to 150Z0° volts, after passing the 
junction. The reflected wave has a coefficient 0.5Z0°, or a value 
of +50Z0° volts. This reflected wave retreats along zi, and 
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Fio. 152. — Two-section composite line with equivalent U and T. 

raises the voltage on that side of the junction to 150Z0° volts. 
There is thus no discontinuity of voltage at the junction, after 
the incoming wave has split. The incoming current on Z\ was 
100Z0°/100Z0° = 1.0Z0° amp. On reaching the junction, it 
splits, the transmitted current, by (412), being 0.5Z0 amp., and 
the reflected current, by (413), — 0.5Z0° amp. Before the transi- 
tion, there was 100Z0° volts and l.OZO® amp. on 2i. After the 
transfer there is 150Z0° volts and 0.5Z0° amp. on both. The 
effect of the transition is, therefore, to raise the voltage and to 
lower the current in the sj'stem, so far as this particular set of 
waves is concerned. 
The effect of the terminal impedances, as well as of composite- 
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line junctions, is to split up the initial waves of potential and 
current into subtrains, which move thereafter to and fro along 
the circuit, undergoing further splitting and also steady attenua- 
tion. The final state in the line is the vector sum of all these 
split, reflected and attenuated waves, see Figs. 178 and 179. 
In general, the arithmetical process of finding the resultant 
steady-state summation is very long and tedious; but the 
hyperbolic-function method of assigning potential and currents 
is relatively very easy and swift, offering, as it does, a short cut 
to the final result, without the necessity of adding the numerous 
successive vector increments that present themselves in the 
preliminary unsteady or formative state. 
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Fig. 153. — Three-section composite line grounded at A. 

General Case of Composite Lines with Differing Surge Im- 
pedances. — In Fig. 153, three line sections are presented with the 
following constants: 

For AB, $1 = 2.0, Zi = 1,000. 
For CD, $2 = 1.5, Z2 = 2,000. 
For EFy Bz = 0.5, Zz = 2,500. 

We proceed to determine the distribution of position angles, 
potential and current over the composite Une AF, when grounded 
at A and voltaged at F. 

Position-angle Distribution. — Starting from the grounded 
motor end at Ay the position angle 5a = 0. At B, the position 
angle is evidently 6b = ^i. The line impedance of BA at B is 
Zi tanh ^1 = 1,000 tanh 2.0 = 1,000 X 0.96403 = 964.03 ohms, 
and this may be regarded as a terminal load a at C, applied to 
the section DC, The position angle at C just across the junction 
from B is therefore, by (89), ' 

tanh 5c = ^'"^ = ""' tanh ^i = ^J^^'^f = 0.482015, 

22 22 2,000 
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from which 6c = 0.525608 hyp. The junction BC thus intro- 
duces a discontinuity into the position angle. On the £ side a( 
the junction, this angle is 2.0. On the C side, it is O.525608l 
From C to Dy the position angle increases in the regular way. 
and at D it has reached the value 2.025608 hyps. The line im- 
pedance at 2) is thus Z^d = z% tanh 6d = 2,000 tanh 2.025608 = 
2,000 X 0.96579 = 1,931.58 ohms. This may again be regarded 
as a terminal load to the section FE. The angle subtended by 
this load will be 

tanh Se = "'- = ""' tanh fe ^^'f^ = 0.772632, 

Zz Z% i6,OUU 

from which bg = 1.02683 hyps. This position angle is marked 
off on the upside of the DE junction. 

From E to F, the position angle increases regularly to 1.52683 
hyps, at F, 

Potential Distribution. — Considering now a potential steadily 
applied at F, the potential at any point along any section of ike 
composite line will be simply proportional to the sine of the position 
angle. At the junctions there is discontinuity of position angle, 
but no discontinuity of potential. If, therefore, the potential at 
any point of the composite line is given, the potentials at the ends 
of that section are readily found, and these give known potentials 
at the terminals of the next adjacent sections, which likei^ise 
can be worked up for potential distribution, and so on, throughout 
all the sections. 

Thus, having given that the impressed potential at F is 1.0 
volt, the potential Ve is 

. ^ ^ sinh 1.02683 ^ .. .^^ ,, 

1-0 X • u 1 gogQo = 0.55491 volt, 
smh 1.52683 

ThLs must also be the potential Vd at the beginning of the DC 
section. Consequently, the potential Vc is 

0.55491 X ^!"i! JnSSI = 0.081969 volt, 
sinh 2.025608 

This must also be the potential Vb at the beginning of the BA 
section; while Va = 0, since the line is assumed to be grounded 
at A. 
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Line-admittance Distribution. — The line admittance in each 
section will be, by (127), proportionate to the cotangent of the 
position angle; so that 

YgB = yi coth 6b = 10-» X coth 2.0 = 1.0373 X 10-« 

mho; 

YgD = Vi coth do = 0.5 X 10-8 X coth 2.025608 = 0.51771 X lO"' 

mho; 

YgF = 2/3 coth 6f = 0.4 X lO"' X coth 1.52683 = 0.43961 X 10"' 

mho. 

The entering current /^ at F is therefore 0.43961 X 10"' amp. 
Line-current Distribution. — The Une current in each section 
may either be determined by the formula (128), or by taking the 
cosines of position angles and using formula (111). Thus 

Ie = 0.43961 X 10-» X - ^u !'?S = 0.38728 X lO^' amp. 

cosh 1.52683 

This must also be the current /d, just beyond the DE junction. 
Again, 

/. = 0.38728 X 10-' X ^-^eIS = '^'^^'^^ >< 1*^"' ^'^P' 
This must also be the current Ib just beyond the BC junction. 
Finally, 

/x = 0.085028 X 10-» X ~^^ = 0.022600 X lO"' amp. 

cosh 2.0 

Power Distribution. — The power distribution over the compos- 
ite line may be obtained either from the product of the local 
volts and amperes, or, in each section successively, by taking its 
size proportional to the sine of twice the position angle, and its 
slope from the Une impedance, as previously described. 

General Case of Composite Line with Terminal Load. — If the 
line, instead of being grounded directly at Ay had been grounded 
through a motor-end load of assigned actual or virtual impedance, 
the procedure would be the same, except that instead of start- 
ing with a position angle of zero at Ay there would be a definite 
starting position angle 6a = tanh~' (<^Ai) hyps. 

Reversed Distribution of Position Angles. — If instead of 
grounding the composite line at Ay Fig. 153, and voltaging it 
at Fy we ground it at F, and voltage it at -A, the distribution of 
position angles will be different from that already found, but will 
be determinable by the same process. The distribution is shown 
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in Fig. 154, for the three-section composite line above considered. 
Starting from F grounded, where dp = 0, 6^ = 0.5 hyp. At the 
other side of the junction DE, however, the line angle is 

do = tanh-i (^'tanh 6^) = tanh"' (1.25 tanh 0.5) 

= tanh-i 0.57765 = 0.65892. 

The position angle then regularly increases to 2.15892 hyps, at 
C. Again, 

da = tanh-» (^^ tanh dr) = tanh-^ (2.0 tanh 2.15892) 

= tanh-i (2 X 0.97369) = tanh"^ (1.94738) 

A Ojj'i B C 09' 1.5 D E ^t=0.6 
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Fio. 154. — Three-section composite line grounded at F. 

The antitangent of a quantity greater than unity must contain 
an imaginary quadrant or j (see Fig. 23); so that 

«« = c()th-'(l. 94738) +jI = 0.56748 + i]^ = 0.56748 +il.O hyp. 

Th(* position angle now increases regularly to 2.56748 + j ^ 
at A, 

The eflfoct of the imaginary' quadrant in the position angles 
on the AB section will be virtually to transmute sines into 
co.siiios, cosines into sines, and tangents into cotangent's in using 
the standard formulas. This complication presents itself only 
in c.c. cases. It does not intrude in a.c. cases. 

I^»peating the development of potential and current distri- 
butions, we lind that the current ly to ground at F is 0.022600 X 
10 ' amp., which is the same as I a in Fig. 153. This is a general 
hiw which may be expressed iu^ follows.* 

• .\iu. .Vr. Arts A: Soionoos. loc. ri7.. 11H)9. 
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Any composite line of any number of sections, with or without 
loculs of any kind, operated in the steady state either by a direct 
current or by a single-frequency alternating current, has the same 
receiving-end impedance from each end; so that if say 1 voU is ap- 
plied to each end in turn, the current strength received to ground at 
the other end will be the same. 

It is assumed in the above proposition that all the elements of 
the composite-Une system are subject to Ohm's law in complex 
arithmetic; i.e., that there are no faults, or bad contacts, subject 
to erratic variation. 
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Fia. 155. — Equivalent n of three-section composite line. 

Formation of the Hyperbolic Equivalent 11 of Composite 
Line. — In order to form the hyperbolic n of the composite Une 
represented in Figs. 153 and 154, we first find the value of the 
architrave impedance and then, in turn, the value of each termi- 
nal leak admittance. 

The steps in the process are indicated in Fig. 155. The archi- 
trave impedance by (252), if there were only a single section AB 
in Fig. 154, grounded at B, and voltaged from A, would be 

p" = Z\ sinh bA ohms Z (414) 

At each transition down Une from the voltaged end, take the 
ratio of the cosine of the downside terminal position angle to 
the cosine of the upside terminal position angle. As there are 
two transitions in Fig. 154, namely at B-C and D-E, the com- 
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posite architrave impedance working from the voltaged end A* is 

// • u • cosh 6c cosh 5^ V • /l,-^ 

p" = Zi smh Ba cv • i: » ohms Z (41o; 

cosh 6b cosh 6d 

If we worked from the F voltaged end, with A grounded, we 
should have for a single section EF (Fig. 153). 

p" = Zs sinh 6f ohms Z (417j 

Applying cosine ratios at transitions in position angles we obtain 



// • L t> cosh 6d cosh 6b , , /..o^ 

" = Zi smh dp r- • iT ;- ohms Z (418 

cosh 5« cosh dc 



P 



The same process would be continued for any number of transi- 
tions, one cosine ratio being applied for each in turn. The value 
of p" working from either end will be the same; t.e., p" is iden- 
tical in (415) and (418). 

Hence to find the architrave impedance of a composite litie: 
Ground one end, and determine the distribution of position angles 
at transitions. The architrave p" has then the value which woM 
present itself if the last single line were the only line, but mvliiplxed 
by the ratio of the cosines of the down to the up terminal position 
angleSy at each transition in turn. 

The process is well adapted to either slide-rule or logarithmic 
computation, when a number of transitions occur. A composite 
line containing n single lines will embody n — 1 transitions and 
n — I cosine ratios. 

Thus, in the case above represented in Fig. 153, using (418), 

^f o -nn ^ • u 1 KOAQQ ^ cosh 2.025608 ^ cosh 2.0 

p" = 2,o00 X smh 1.52683 X , ;, no^oo" X u h co"-^nb 

cosh 1.02683 cosh 0.52o608 
= 2,500 X 2.1932 X ^ ^^^^ ^ 1*1414 = ^'^^ ^^'^^^ 

• '*It may bo noted tlmt this formula (415) for evaluating the architrave 
impedance from tlie (msition angles is not the only one available. An alter- 
native formula is 

. , sinh 6z) sinh 3f , , ,^.». 

p = ^. sinh 0. • ^j^j^ j^ • ^j^j^ ,^ ohmsZ (41W 

This is callwl the "second method" in the original paper, Proc. Am. Ac. 
Arts & Sciences, November, 1909. The first method only will be developed 
here. 
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Again, in the case of Fig. 154, using (415), 

cosh 2.15892 



p" = 1,000 X sinh (2.56748 + i g) X 



cosh (o.57648+j') 

_COTh^0.5_ 
^ C08h"6r65892 

1 /w^r. vx • 1- o ecTJo ^, cos^ 2.15892 ^ . cosh 0.5 
= 1,000 X J cosh 2.56748 X .^ ^ ^^-^g X ^-^j^ ^ g^g-g-^ 

= 1,000 X 6.5549 X^^.^S X HSt = 44,247 ohms. 

0.59843 1.2251 

Leak Admittances of Equivalent 11. — The admittance of the 
leak g^A of the hyperbolic IT is equal to the line admittance at 
A, minus the architrave admittance. By (127) the line admit- 
tance at -4 to ground at F is GgA in the c.c. case or YgA in an a.c. 
case. Using the latter for generaUty, 

YgA = t/i coth Sa 

= 10-» X coth (2.56748 + j ^) = 10"' X tanh 2.56748 

= 0.98829 X 10-' mho. 

The architrave admittance will be v = 1/p" = 1/44,247 = 
0.02260 X 10-»; so that 

q^'a = YgA — V = t/i coth Sa — V mhos Z (419) 

= (0.98829 - 0.02260)10-' = 0.96569 X 10-«mho. 

Similarly, the admittance of the leak gr'V is equal to the Une 
admittance at F minus the architrave admittance. The line ad- 
mittance at F to ground at A (Fig. 153), is GgF (or Ygy in the gen- 
eral case) 

YgF = t/3 coth 6p mhos Z (420) 

= 0.4 X 10-' coth 1.52683 = 0.4 X 10"' X 1.09905 
= 0.43962 X 10-' mho; 

so that 

9"r = t/i coth 6y — V mhos Z (421) 

= (0.43962 - 0.02260)10-' = 0.41702 X 10"' mho. 

The leak admittance at either terviinnl of the equivalent II of a 
composite line is therefore the line admittance of that terminal, re- 
duced by the architrave admittance. 
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General Considerations Concerning the Equivalent IT of a 
Composite Line. — Since the line admittance will, in general, have 
different values at the two terminals of a composite line, it follows 
that the terminal leaks of the equivalent II of a composite line han, 
in general, different valites; or a composite line has a dissymmetrical 
equivalent IT. Similarly, a composite line has, in general, a dis- 
symmetrical equivalent T. 

The architrave impedance of a composite-line equivalent 11 is 
the receiving-end impedance to ground; because if one terminal 
is grounded and the other voltaged by V, the current to ground 
must be V/p" amp. 

If, therefore, a motor-end load, of impedance <t ohms Z, be ap- 
pHed successively to each terminal of a composite line, and the 
other terminal is at the same time voltaged to the same potential 
Vy the current received through the load will, in general, be dif- 
ferent in the two cases, unless a =0. This is for the reason 
that the value of the shunt applied to a by the leak at that 
terminal will be different in the two cases. 

In order to find the architrave and the leak at one terminal 
of a composite Une, it is only necessary to work out the distribu- 
tion of position angles over the system in the direction toward 
the required leak. If, however, both leaks are required, so as to 
complete the equivalent n, then it becomes necessarj'- to work 
out the position-angle distributions in both directions over the 
system. 

Terminal Cantilevers. — Cantilever is the name proposed for 
the architrave and one leak* of an equivalent 11. The architrave 
and the leak at the voltaged end, such as can be computed from 
one series of position angles toward that end, as in Fig. 156, may 
be called the '^ A cantilever" of the composite Une. The corre- 
sponding oppositely developed architrave and leak as in Fig. 157 
may be called the *'F cantilever" of the same line. Although 
both cantilevers have to be worked out, in order to complete the 
equivalent 11 of a composite line, yet, in particular cases, it may 
be necessary to work out only one of them. For example, if the 
composite line is to be voltaged at .4 and grounded at F, it is of 
no immediate practical interest to determine the F leak of the 

*Thc term "Ganinia" (r) has been suggested to denote one leak and 
the architrave of an equivalent II; but this term is not easily applied for 
the opposite case CI). The term "cantilever" may be considered as ap- 
plying to either case. 
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equivalent 11; because, by assumption, that leak is to remain 
short-circuited. It is, therefore, only necessary in that case, to 
work out the A cantilever, and to ground the distant end of the 
architrave. When, however, the complete equivalent 11, and 
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FiQ. 156. — A-cantilever of three-section composite line. 

both cantilevers, are computed, there is the advantage of the 
check that the architrave impedance p" should be the same in 
both. 
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Fio. 157. — F-cantilever of three-section composite line. 



Artificial-line Elements in a Composite Line. — If any single 
line in a composite-line system be replaced by its proper conju- 
gate artificial lumpy line, having any number of T or 11 sections, 
the steady-state distribution of potentials and currents in the 
rest of the system ^^ill remain unchanged. Consequently, any 
composite-line system may be completely replaced by the corre- 
sponding system of conjugate artificial lines, with or without 
corresponding loads at their ends. 
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Loads. — Loads in a line may be either regular or caxwL 
Regular loads are such as are applied at regular inter\'ak, in 
order, for instance, to improve the current delivery on telephone 
cables. Casual loads are of an irregular or incidental character, 
such as might occur at transitions, or at the terminals of a com- 
posite line. In the former case, they would be intermedkU 
casual loadsy and in the latter case terminal casual loads. We 
shall discuss regular loads in Chapter XVI, so that only casual 
loads will be considered here. 

Loads may also be divided into two classes, namely: impedanct 
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Fia. 158. — Three-section composite line with terminal resistance load at A. 

loadSf or those inserted in the line, such as resistors or reactors; 
and leak loads y applied in derivation to the line. 

Terminal Impedance Loads {Motor-end or Down-end). — Ter- 
minal impedance loads commonly present themselves in practice. 
They are necessarily the rule rather than the exception. Fig. 
158 shows the same three-section composite line as in Fig. 153, 
but with a terminal load of 100 ohms at A. With the line 
voltaged at F^ and grounded at A, this is a motor-end load. 

No position angle can exist within a simple impedance load. 
On the upside of the A terminal, however, 6a = tanh~^ (100/ 
1,000) = tanh-i (0.1) = 0.100336 hyp. The successive transi- 
tions in position angle arc indicated at B, C, D and F. At F, the 
position angle is dp = 1.527390 hyps., and this is the angle sub- 
tended at F by the loaded composite Une. The admittance at 
F is, therefore. }> = 0.4 X 10"' coth 1.527396 = 0.43957 X 
10~' mho. The architrave impedance is, by (418), 
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// -It cosh do cosh da cosh 5^, , . />ioo\ 

= zt smh dp c^- c^T r-r ohms Z (422) 

cosh 5b cosh dc cosh 5^ 

= 2,500 X sinh 1.5274 X "^^^^ X ^^ 

cosh 1.0274 cosh 0.52981 

cosh 

^ c^h 0.i6034 

= 2,500 X 2.19454 X^^^^g^ X j^ggg X j~^^^ 

= 46,819.7 ohms. 

It may be observed that when the system AF of Fig. 153 
is reduced to a single line, by eliminating discontinuities at 
B-C and D-E, formula (422), becomes equivalent to formula 
(134). The architrave admittance is thus v = 1/48,620 = 
0.020568 X 10-' mho. Subtracting this from the Une admit- 
tance at F, we obtain the F leak of the equivalent U; i.e. 
(0.43957 - 0.02057)10-' = 0.41900 X 10"' mho. This com- 
pletes the F cantilever, so that for 1.0 volt applied at F, the 
current entering the Une is 0.43957 miUiamp., of which 0.41900 
may be regarded as going to ground directly through the F 
leak, and 0.02057 milliamp. through the load at A to ground. 

It is important to notice that when the motor-end load is 
included in the architrave, as in the case just considered, there is 
ordinarily no need of knowing the value of the leak ^"^ in the 
equivalent 11 at the motor end, because it becomes short-cir- 
cuited by the ground connection beyond the load. The genera- 
tor-end cantilever is all that is necessary for determining the 
electrical conditions at the terminals of the composite-Une 
system. 

Change in Equivalent 11 to Include a Motor-end or Down-end 
Terminal Load. — Another way at arriving at the change in the 
F cantilever when a terminal load is added at A, which does not 
require a recomputation of position angles over the line, is 
indicated in Fig. 159. In the upper part of the figure, a load of 
a ohms Z, or /i = l/<r mhos Z, is added to the line at the A terminal. 
If we employed the equivalent T of the system, it would be 
necessary only to add a ohms to the A arm of the T, and the 
proper modification in the equivalent system would be made. 
But since the equivalent IT is more generally useful, we proceed to 
find the n which may replace the T of Fig. 159, AoAFgi, This 
substitute n is shown in the lower part of the figure, with sloping 
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pillars. The architrave p" is greater than the original architraTe 
p, by the load a and the term pagi. The leak at A o is the origiiial 

leak a I mhos multiplied by the ratio — . — ; or in this cm 

fi + p + gi 

r^> which reduces the Aq leak to 



10 



10 



10 + 0.0226 + 0.96569 10.9883 
0.87884 X 10-' mho. The architrave is 
p' = p-\-a + fxrQi ohms Z (423 

= 44,247 + 100 + 4.4247 X 10« X 0.96569 X 10"' 

= 44,347 + 4,273 = 48,620 ohms. 



i4« <r-*//;i A 



p-% 



loon-ioxw'o 



442470- 0.022600 X 10*'U 



9 
9 

to* 



Kuj, UMV 




486200 - 0.020668 x 10*'O 



-?^) 




0.41900xl0'*O 

MiHlitii*ation of a i\Hujxi5?iti^Une equivalent n so as to include 
n teniiinHl impedance load. 



mho6Z (424) 



The additional leak at F is 

in this onsi\ 

022liO 
^Hmoi> \ 10 ^ \ , \ ••; , = 0.0019S6 X 10-', 

whioh Hvldinl to tho o\i<:ir.c leak ar C: makes the new F leak 
IUHH> \ 10 ^ iv.ho. W::h tho <\-<!em inxmnded at -4o. the 
.1; Vi^K IS or\h!.;\ri!> v>: r.o i:v.:vr:A:uv. 

Termiiuil LoaJ At the Generator End or Up End. — If the ter- 
v,v.r.,s' *v\Hv: ,• o:r.i.s ^ :s ,s:^:vu\: ,s: :ho gx-'sensitor end, then as Id 
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i Fig. 154, we ground the system at F, and distribute position 
^- angles toward A. No change occurs in this distribution, but 

the line impedance ZgAo is increased by <r (Fig. 160) with a corre- 
= spending change in the line admittance YgAo. 

The line impedance ZgA at A, as in Fig. 154, is 1,011.9 ohms, 

with the F end grounded. The cantilever at A, before applying 
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Fio. 160. — Composite line loaded at the generator end with a terminal im- 
pedance, and the corresponding Ao cantilever. 



the load, has an architrave impedance AF of 44,247 ohms and a 
leak of 0.96569 milUmho = 1,035.5 ohms. The new line im- 
pedance at A will be 1,011.9 + 100 = 1,111.9 ohms. The effect 
of the load with its change of terminal from A to Ao is to increase 

both architrave and leak impedances in the ratio of the new line 

1 111.9 
impedance to the old; or //xi^ q = 1.0988. That is, 



and 



or 



g"i = gi ( 
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Thus the Ao cantilever, Fig. 143, has an architrave impedance 

of 

p" = 44,247 X 1.0988 = 48,620 ohms, 

and sf"i = 0.96569 X - ^S6 = 0.87884 niillimho, 

i.uyoo 

1 10' 

or ,7 = ^ ^at^ai^ X 1.0988 = 1,035.5 X 1.0988 = 1,137.9 ohm?. 
g I U.yoooy 

This is a general principle expressible in the following terms. 

Effect of a Terminal Load on the Cantilever at That TerminiL- 
The addition of a terminal impedance load to any composite lim 
alters the impedance of the architrave, and of that terminaVs Itdk, 
in the ratio of the increase in line impedance, when the diMant end 
is grounded. This proposition holds whether the compoate- 
line system had or had not other loads before the addition of the 
terminal load. The proposition also holds whether the terminal 
to which the load is added is a generator end or a motor end; bat 
it is serviceable only when the position-angle distribution has 
l)een worked out with the unloaded terminal as a motor terminal 
to ground in order to determine the value of Z^a = Za tanh hi 
ohms Z. 

If, therefore, we apply 1 volt at Ao, Fig. 160, the total cur- 
rent taken by the composite-line system will be (0.87884 + 
0.02057)10-' = 0.89941 X lO"' amp', of which 0.87884 X 10-' 
amp. i>a8S through the virtual terminal Ao leak to ground, while 
0.02057 X 10"' amp. will pass out at F, the distant grounded 
end of the system. If the potentials and currents along the 
line are required, they will foUow respectively' the sines and cosines 
of the position angles, except that from Ao to A, there are no 
|H>sition angles and the line current in the terminal load is con- 
stant with a simple Ohm's law potential drop. 

By similar rea^^oninp. if an impedance is removed from a ier- 
tfiimiL the im}Hdafice of the architrave and of the same ferminals 
hak in tht: com }H>.^iti -line equivalent U will be altered in the ratio of 
the termifial-Iine iffi}H dance before and after the change, the distant 
tenniKal hei^icj to grouftd. 

It instead of the A cantilever, the full equivalent 11 of AJF 
is roquin^l. the chance in the F leak can be determined by (424i; 
or by 421 . after distributing position angles from A© grounded 
up to F. 

In tho o:iso oi :\ siiiclo u::ifv»rni lino .*'. Cv» we know that Zgx = 
T; tanh !^ will have tho same value from each end in turn. Con- 
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sequently, the addition of a terminal load <r will have the same 
effect on the architrave at whichever end it is applied. Before 
loading, the architrave will he p = zq sinh d, and after loading, 
by (425), see ( 135). 

p" = Zo sinh B I - - t-^ -) = ^0 sinh 6 + a cosh 6 

\ Zo tanh d / 

ohms Z (428) 

But in the general case, the Hne impedance Zg of a composite 
line will be different at the two terminals A and F; so that the 
effect on the architrave of a given terminal load <r will be different 
when it is appUed to each terminal in succession. In the case 
of the three-section composite Une of Figs. 153 and 154, apply- 
ing <r = 100 ohms at A, makes the AqF architrave 48,620 ohms, 
as above; whereas applying <r = 100 ohms at F, makes the AFo 
architrave 46,192 ohms. 

Virttial Angle of a Generator-end Terminal Impedance. — 
We have already seen in (89) and elsewhere, that a simple motor- 
end or down-end terminal load <r, although devoid of hyperbolic 
angle in itself, yet possesses a virtual angle 6' when added to a 
line of definite surge impedance. In the same way, a generator- 
end or up-end terminal load <r possesses a virtual angle ^", when 
added to a line of surge impedance 2i, which may form the first 
section of a composite-line system. 

Let the architrave impedance of the composite-line equivalent 
n be 

p = Mzi sinh 5a ohms Z (429) 

where M is a multiplier consisting of cosine ratios, as in (415). 
Then, the architrave impedance of the equivalent 11, after the 
addition of the load at A, Fig. 161, will be, by (425), 

Ix5t ^ = tanhd" numeric Z (431) 

Zi 

where 0" is the virtual angle of the 8cnding-(»nd load when applied 
to the line of surge impcdant^e Z] ; then 

// »r • 1 * /tanh 5a + tanh ^"\ , , /.o^n 

p" = MziSinhd^ I / ^ ) ohms Z (432) 

\ tanh 5a / 

= Mzi (sinh 5a + tanh ^" cosh 5a) ohms Z (433) 
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and, applying (506), 

sinh (5x + e'') 
cosh^" 



= Mzi 



ohms Z (4^1 



These conditions are illustrated in Fig. 161 for the case already 
considered. Here 0" = tanh-^ (100/1,000) = 0.100336 h}-p. 
Formula (434) is well adapted for logarithmic or slide-rule work 



m an a.c. case. 
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Fio. 161. — Composite line of three sections loaded at the A terminal. 



Impedance Loads at Each Terminal of a Composite Line.— 

Applying an impedance load to each terminal of a composite 
line, we may ground one terminal and lay out the position- 
angle distribution up to the other. We may then use (434) in 
order to determine the cantilever from the up terminal. This 
cantilever will give the currents at both terminals of the sjrstem 
when the impressed potential is given, and from these, the poten- 
tials at the terminals of the composite Une are readily found. 

An example is given in Fig. 162, using the three-section com- 
posite line already referred to. The Une is groimded at f o, 
through a terminal load of a- = 100 ohms. The position angle 
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at A is then 1.52740 hyps. The A cantilever has an architrave 
impedance of 48,620 ohms and an A leak of 0.41900 millimho. 
Impedance, 2, = 200 ohms at the sending end, is then added to the 
A terminal. This load has a virtual angle of tanh-^ (200/2,500) 
= 0.08017 hyp. The cantilever at Ao has then an architrave 
impedance of 52,890 ohms, and an Ao leak of 0.38515 millimho. 
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Fig. 162. — Composite line loaded at both ends and its A-end cantilever. 

Alternating-current Example of Composite Line. — The follow- 
ing example may illustrate the application of the foregoing 
principles to an a.c. case. In Fig. 163, we have a diagrammatic 
representation of a threensection composite telephone line. At 
A is the generator, of angular frequency 5,000 radians per sec. 
(/ = 796'^), impressed on a 5-km. section of a standard twisted- 
pair telephone cable from A to B, Then from C to D there is a 
250-km. overhead section of double-wire telephone line, and 
finally from E to F another 5-km. of underground wire like that 
between A and B, At F is a terminal load, such as a receiving set 
between the wires of the circuit. The impedance of this load, at 
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impressed frequency, is taken as 1,500Z70** ohms per loop; i.e., 
750Z70° ohms per wire. It is required to find the distributions 
of position angle, potential and current over the composite line, 
assuming 2.0Z0° volts applied across the lines at A; i.e,, l.OZO' 
volt per wire. 

The Unear constants of the three single lines are recorded in 
Table XVI. The angle subtended by each underground line is 
0.3324 + jO.2199 = 0.4793Z46°.096 hyp., and that subtended 

by the overhead Hne 1.171 + jf2.785 hyp. = 1.171 + i4.375 = 
4.53Z75°.017 hyp. 

In Fig. 164, we have at the top, the three sections. Their re- 
spective single equivalent 11 's are given below these. The under- 

B 0< ^250 km ' *'D E 



FiQ. 163. — Composite telephone circuit of central overhead section and 

terminal cable sections. 

ground-section II 's are clearly realizable in the laboratory. The 
overhead-section U is not, however, realizable by ordinary simple 
impedances. At A" B" E" F", the three n's are joined end to 
end, and adjoining leaks are merged by vector addition. The 
central II, at B" E", is then replaced by its equivalent T at 
B'" E"\ As the next step, the T at A'" F'", which happens to be 
symmetrical in tliis case, is replaced by its equivalent n, a'/', 
with sloping pillars. Finally, the terminal leaks are merged by 
vector addition, and we obtain the merger II of the system, at 
^IqQ' The architrave has an impedance of 1,113^103°.4 ohm^, 
an unrealizable value with ordinary simple impedance elements 
in series. P^iU'h leak has 2.35Z16°.933 milUmho. The merger 
II of a three-section line calls for two II — T or T — n trans- 
formations, and a merger II of an /i-seetion Une calls, in general, 
for n — \ such transformations, besides incidental auxiUary com- 
putations. It is a tedious, and error-provoking process. 

It is evident from this merger II. that if the composite Une 
were dinn'tly grounded at F, and voltaged with l.OZO** at A, the 
received current at F would he 0.89S4Z103°.4 milUamp. Al- 
though apparently leading the impressed e.m.f. by 103°.4, the 
received current would actually lag 360° - 103°.4 = 256°.6 be- 
hind it. 
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The hyperbolic II is worked out in full in Fig. 148, with the 
aid of the "Chart Atlas of Complex Hyperbolic Functions." 
The first step is to lay off the position angles, each of which takes 
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^38 

104. — Successive steps in determining the merger n of the three-section 

composite line. 



one line on the page, and two references to the chart. Thus, 
in finding 5/^, we require to find tanh 5^ = tanh (0.3324 + 
j0.2199). The charts do not, as a rule, admit of being used to 
this degree of precision, but wc can readily find from Chart 
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IX^, tanh (0.33 + jO.22) = 0.471Z41°.5, the last digit of the size 

being doubtful. We then have to find from the same chart 
tanh~^ (0.3703Z13**.64), by entering on the rectilinear background 
for 0.370Z13**.6, and interpolating on the curvilinear system, 
0.36 + i0.065 hyp. 
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Fig. 165. — Full computation of hyperbolic n for the three-section com- 
posite line. 

After establishing the position angles, we know that in any one 
section, the potentials are as their sines, and the currents as their 
cosines, there being no discontinuity at junctions. We start at 
A, where the potential is given, and where the current is, by 
(128), I A = yi coth bA = 2.559Z37°.243 milliamp. 
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The architrave p" of the hyperbolic 11, by (415), appears be- 
neath dA in Fig. 165. In the formula, there are five successive 
references to chart X-XI. The result is l,119\103°.l, as against 
1,113\ 103^.4 by the merger method. The discrepancy is attrilv 
utable to the Umits of graphic interpolation precision in the 
charts. By numerical interpolation in the corresponding tables, 
a closer approximation would be obtainable, at a greater expendi- 
ture of time. 

At the bottom of the arithmetic is the computation for the a 
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Fio. 166. — Complete computation of the A cantilever of the three-section 
composite line including the terminal load at G, 

leak; namely 2.341 X 10-3Z16°.87 mho. Ordinarily, the / leak 
could not be found without a new distribution of position angles 
from A to F] but, in this case, by symmetry, the/ and a leaks are 
identical. 

In Fig. 166, we have the merger II extended to include the 
receiving instrument between / and G, The new n, which is dis- 
symmetrical, has an architrave impedance a'g of 2,100^26^.4 
ohms. One volt applied at a' would, therefore, deliver a current 
through the receiving instrument of 0.4763Z26°.4 milliamp. 
Fig. 167 gives the corresponding A cantilever by the hyperbolic- 
function method. The position angles have been recast from 
G to .4. The final result gives an architrave impedance a'g^ of 
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Fia. 167. — Merger n of composite line including terminal load at G. 
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2,108\26°.5 ohms, and an a' leak admittance of 2.406/3? 
millimhos. One volt at A would, therefore, send 0.4744/26"^ 
milliamp. through the receiving instrument, which means that 
2.0 volts across the circuit in Fig. 163 would send this same cur- 
rent through the l,500Z70°-ohm instrument at F. The poten- 
tials and currents at transitions are also indicated in the upper 
part of Fig. 167. The discrepancy of 0.4 per cent, between the 
hyperbolic and merger architraves is again attributable to the 
limits of graphic interpolation in the use of charts. 
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FiQ. 168. — ^Line loaded at each end and the A cantilever. 

Altemating-cuxTent Case of Impedance Loads at Each Ter- 
minal. — As an instance of terminal loads at each end of a line, 
the case of Fig. 168 may be taken. Here the single line subtends 
an angle of ^ = 1.871 + jl.835 = 1.871 + iL168 hyps., and has 

a surge impedance of 285.5\45° ohms. The motor-end load DE 
has an impedance Zr = 776.4/86^.55; so that it subtends a 

• . 1 1 en, . u 1 /776.4Z86°.55\ , , , ,^^,^, 

virtual angle of 6' = tanh"^ ( 28^'^\4^°~/ ~ t^^^^h-* (2.719Z 

131°. 55) = - 0.23 + jO.820 hyp. by Chart XII. Similarly, the 

the virtual angle of the generator-end impedance is tanh"* 

/71 8Z82° 8\ 

\285 5\45°) " tanh-« (0.2515Z127°.8) = - 0.149 +j 0.1 28 hyp. 
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also by chart. The A cantilever of this system has therefore 
by (434) an architrave impedance of 

sinh (1.492+ J2.116) cosh 

p zGD,D\^o A cosh(-0.149+ i0.120) ^ cosh (- 0.23 + jO.820) 

=285.5^45° X "; -^T^-r^r:^ iT X w-r. 

1,680\173*'.95 ohms. 



2.118\168°.5 _iOZO^ 
0.363^37^.8 0.99i2<l°.75 



A potential of 1.0Z0° volt impressed at -4, Fig. 168, would thus 
send a current of 0.0595Z 173*^.95 milUamp. through the terminal 
impedance at DE, 

Intermediate Impedance Loads in a Composite Line. — A case 
of an intermediate impedance load is represented in Fig. 169. 
A resistance of 100 ohms is introduced between the AB and CD 
sections of Fig. 153. At AiFi, the positioa angles are distributed 
from F grounded, toward A. At C, the position angle is dc = 
2.15892, as in Fig. 154, and Zgc = Zi tanh dc = 2,000 tanh 
2.15892 = 1,947.385 ohms. At B this line impedance is increased 
to ZgB = 2,047.385 and the new position angle at B is 

Sb = tanh-i (^-^) hyps. Z (435) 

= tanh-^ (^'l^^~ ") = ^^^^'' 2.047385 = 0.534 + i ^ = 

0.534 + jl. 

The position angle then advances regularly to 5^ = 2.534 + j 

The distribution of potentials and currents now commences 
from some point where either the potential or the current is 
given. The potentials from this point follow the sines and the 
currents the cosines of the position angles to the nearest transi- 
tions. At transitions, there is no change in line current, and 
also no change in potential, except at BC, where there is an 
Ohm's law vector drop from B to C. 

The A cantilever has its architrave determined by (415). 
That is, 

t /^/^/^ • A^ /c^rnA i • ^\ cosh 2.15892 cosh 0.5 

p = 1,000 smh (2.534 + 7 „)• - * v/i ..1-0^^0 = 

'^ ' \ •'2/ u //Mro>i I -^X cosh 0.65892 

cosh (0.534 + J rt ) 

45,766.5 ohms, 
and V = 1/p = 0.02185 X 10"' mho. 
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The line admittance at A is Yqa = j/i coth dx = 10~' X coth 
(2.534 +il) = 10-3 X tanh 2.534 = 0.98749 X 10-» mho. Sub- 

tracting v from YgA, we have the A leak admittance ^i = 0.965^1 
X 10~' mho. One volt applied at A would thus deliver 0.98749 
milliamp. to the system, and 0.02185 milliamp. to groimd at F. 
If the complete equivalent 11 of the system is desired, we must 
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^''<i. 109. — Three-section composite line with series intermediate load. 

ground A at A 2, and develop the position angles toward fs, 
Fig. 1(59. At /?, the angle is 5^ = 2.0 and Z^b = Zi tanh 5^ = 
1,000 tanh 2 = 964.026 ohms, as shown. At C, this is increased 



to 1,064.026. The position angle 8c = tanh-^ ( ''-) = tanh 

/M)6 ^^*^ 

\ 2," 



064.026^ 
QQQ ) = tanh-» 0.532013 = 0.59295 hyp. From this point 
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on to Ff the position angles advance in the manner already de- 
scribed. Potentials now follow sines and currents cosines, start- 
ing from some point where either the potential or the current 
is known. No discontinuities are made at transitions, except 
at B-C, where an Ohm's law vector drop occurs. 
The F cantilever now follows, by (418), 

o Knn • u 1 K0K01 vy ^^^ 2.09295 ^ cosh 2.0 
p = 2,500 sinh 1.53531 X -^^^ ^-^353^ X ^-^j^ 0.59295 = 

45,766.5 ohms, 

and V = 1/p = 0.02185 X 10"' mho. This provides a check 
on the computation, since p" must have the same value from 
either terminal of the system. The line admittance Ygp = 
0.4 X 10-' coth 1.53531 = 0.4 X 10~' X 1.0973 = 0.43892 X 
10-» mho. The F leak is thus 0.41707 X lO"' mho. 

A. 5£ ££ .F 442470 

lOOOA nc DE ^ Moaonn 

Ao*^WWV\>« ' ^ —•^^ •F 48620n 

B lOOO C D E 

A • »^wwwt ' >F 457660 



BC ^ lOOO E „ .^^ni^^ 

n .vwyw y •F 45680O 



BC D E F lOQO „ 
A • ■ -;v«w«/i 461920 

FiQ. 170. — Effect of position of a scries load in a composite line upon the 

architrave resistance. 

The above process indicates that when the position angles 
have been adjusted, to make allowance for an intermediate im- 
pedance load, the architrave of the equivalent IT is obtained 
by the same formula (415) or (418), as though no intermediate 
load had l>een introduced. 

The effect of a given impedance load on the architrave im- 
pedance of the system will, in general, differ at different positions 
of insertion. For the particular case of the three sections here 
discussed, Fig. 170 shows the effects of introducing a resistance 
of 100 ohms at different points. It will be seen that the system 
architrave impedance varies from 45,680 to 48,620 ohms. 

In a.c. cases, such diflFerences may be surprisingly largo. 

Terminal Leak Loads. — It is obvious that if a leak be applied 
at one terminal of a composite-line system, it will have no effect 
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on the system if that terminal is grounded, and the distribution 
of position angles toward the opposite terminal will be the same 
as before the leak was applied. If a terminal impedance to 
ground is added after applying the leak to the terminal, the leak 
will serve to modify the value of the terminal impedance by 
shunting it. 

If the leak be applied at the up terminal, or generator terminal, 
then a given voltage applied to that terminal will produce the 
same distribution of potential and current over the line as before 
the load was applied, except that a current to ground will flow 
through the leak by Ohm's law. 

Similarly, if terminal leaks are applied simultaneously at 
both ends of the line, the changes produced in the system will 
be of a simple and self-evident character. The equivalent n 
of the system will be unchanged in architrave; but the terminal 
leaks will be respectively increased by the values of the terminal 
leak loads. 

Intermediate Leak Loads. — A casual intermediate leak in a 
composite line may always be assumed to be applied at a junc- 
tion between sections; because, if it should actually occur within 
a single section, that section may be regarded as divided into two 
single lines, with a junction at the leak. 

An example of an intermediate leak load is offered in Fig. 171. 
Here a leak of 0.5 millimho is applied at junction DE. If the 
Fi terminal be grounded, position angles may be distributed 
toward A. At E, 8e = 0.5, Zgg = Zi tanh ds = 2,500 tanh 
0.5 = 1,155.29 ohms. Converting this into an admittance 
YgD = Vz coth 8b = 0.86558 X 10~' mho. To this line admittance 
we add the admittance of the leak 0.5 X 10*"', making Ygs = 
1.36558 X 10~'. Consequently, the impedance load at D on the 
section CD is Zgg = 1/YgE =- 732.289 ohms. The position 
angle at D is thus 

8o = tanh-i (^^f) = tanh-i (I^OOO") " ^anh^^ 0.361145 = 

0.38396 hyp. 
The remaining position angles to A i are worked out in the usual 
way. The potentials and currents are then distributed in the 
manner previously described, without discontinuities at transi- 
tions; except that, at /), the line current suddenly drops by the 
amount supplied through the leak. 

If we seek the A cantilever, the architrave impedance is 
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P = 



^ ^:^u i ^^^^ ^c cosh 8s Zgs 
Zi Sinn 5a- — i—.- • , . • „ 
cosii d^ cosh od ZigD 

^ «;w>u X ^^S^ ^c cosh hn Ygo 

Zi Sinn oa' ~r~^ r-r" * \t^ 

cosh Bb cosh do YgB 



ohms Z (436) 
ohms Z (437) 



= 1,000 sinh (2.58135 +i^) X 



cosh 1.88396 
cosh(o.58135 + i^) 



X 



cosh 0.5 ^^1,155.29 /.no^in u 

coSro:38396 X "feo = ^^'240 ohms. 
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Fig. 171. — Three-section composite line with leak load. 

The A leak is found in the ordinary way (419). 

It will be observed that in addition to the usual cosine ratios 
appearing in the formula for the architrave, we have to introduce 
an additional ratio of either line impedances, or line admittances, 
on each side of the leak load. 

18 
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To complete the equivalent n, we ground at A, develop 
position angles toward F, and take the leak into account in the 
same way as above. The architrave impedance is then 

. , - cosh 8d cosh 8b Zgo , , ,.oc 

p = Zasmh^F ' — i-^ • --L~«^ ' ^ ohms Z (438' 

cosh 8e cosh 8c ZgE 

= 60,240 ohms, as before. 
The F leak is then worked out regularly. 
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0.589U X 10 



Development of equivalent II of composite line having a leak 
load y at the junction DE. 

It will be observed on comparing equivalent tt's in Figs. 155 
and 171, that the effect of the intermediate leak load has been 
to increase the architrave impedance, and also each pillar leak. 
It may in fact be easily shown that if, as in Fig. 172, a composite 
line AF is divided into two sections AD, EF, each with its equiva- 
lent n as shown, then the merging of these two sections with 
their combined leak y at DE, gives rise to the equivalent H, 
AF with architrave p. The effect of an added leak at DE of 7 
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y 

mhos is to increase the architrave by an amount — ohms, and to 

V1V2 

distribute increments to the terminal leaks in direct proportion 

to the architrave admittances vi and V2- In this case y = 0.5 X 10~' 

1^1 = 0.0407273 X lO"' and V2 = 0.767614 X lO"'. The incre- 

0.5 X 10-' , 

ment in p is thus n'ofofio' v^lTv-? ~ 15,993 ohms. Also va/vi = 

18.84, and this is the ratio of the increments due to the leak 

, , , 0.119094. 

load, namely ^ -gg- = 18.84. 

Bifurcating Composite Lines. — Considering the composite 
line in Fig. 171, with its leak load at Z>, it is evident that this 



^,= 2.0 ^1*1.5 



^j-lOOO BC Zt"2000 




Fig. 173. — Bifurcated composite line. 

corresponds to a case of a composite line bifurcating at Z), as 
in Fig. 173. The branch DG is grounded at G, Its surge resist- 
ance may be, say, 4,000 ohms, in which case its line angle must 
be 0.54931 hyp. Its Une admittance at D will be 0.25 X lO"' 
coth 0.54931 = 0.5 X 10~' mho. Consequently, a bifurcation 
in a composite Une may be dealt with, either by regarding the 
two branches DF and DG as constituting jointly a terminal load 
at Z>, and distributing the position angles over the system on 
that basis; or, one branch, such as DG, may be regarded as a 
casual leak, at the junction DE of the composite line AF. 

There is thus no difficulty theoretically in dealing with any 
system of composite lines, consisting of a generator end, a main 
section leading therefrom, and any number of bifurcations 
or successive ramifications proceeding from this or from its 
branches. Each branch is assigned a definite terminal load, 
which is zero if that branch is grounded, and infinity if it is 
freed. Volt-ampere-wattmeter measurements, in the general 
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case, fix the values of the terminal loads. The line admittance 
or impedance of each branch is then determinable at the point 
where it joins the supply main. Any tree system of mains, 
therefore, possesses its natural distribution of position aof^es, 
and comes under the domain of our hyperbolic theory. 

Tabulation of Changes in Architrave Formula witii Casual 
Loads. — The following table, which may be useful for reference, 
contains a summary of the changes made in architrave impedance 
by the casual loads already considered. 



Table XVII 




Nature of load 


Change introduced by load into the 
formula (415) forp 


' Nev 

formuli 


Terminal impedance: 
At down end A 


cosh 0/cosh 6a 

ZgAo/ZgA — (ZgA + ^)/ZgA 

also sinh (Sa + ^O/cosh e" 


(422) 


At UD end A 


(425) 


At UD end A 


(434) 




! 


Intermediate impedance 


None 

i 


Terminal leak : 
At down end 


None 

None 1 

1 




At up end 








Intermediate leak at D-E i 

1 




-- 1 

ZgS YgD 

ZgD YgE 


(436) and 
(437) 



Plurality of Loads in a Composite Line. — It appears that the 
corrections introduced into the architrave impedance p, for 
casual loads, are mutually independent. That is to say, when 
several casual loads occur simultaneously, in a composite s^'stem, 
whether they are of the same kind, or of different kinds, they 
each call for their independent individual corrections. 

An example of a three-section composite line, with three 
casual loads in Fig. 174. Here the same three sections AB, CD, 
EF as before, have an intermediate impedance load of 100 ohms 
at BCy a terminal impedance load of 200 ohms at GH, and a leak 
load at FG, This leak is virtually an intermediate leak. 

Referring to Table XVII, we see that no change in the archi- 
trave formula is introduced by the EC load, and the leak at ¥G 
introduces one extra impedance ratio. When the H end is 
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down and grounded, the terminal impedance GH, introduces one 
extra cosine ratio. When the H end is up, the same terminal 
impedance introduces one extra resistance ratio Zgu/Zga* 
Thus grounding at Hi, the architrave impedance is 



— ' h fi ^9^J£ ^^^ 1' cosh Zga 
^ cosh 5b cosh Bd cosh Bf Zgp 



ohms Z (439) 
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Fio. 174. — Three-section composite line with one leak load, one intermediate 

series load and one terminal series load. 

= 1,000 8mh(2.5306 +;•') X - -•^^-^-2:27648 

cosh(o.5306 + j2) 



cosh 0.577076 _ cosh 

"cosh 0.77648" ^ cosh 0.07707"6 192.31 



- 1,000 X i6.32032 X .^-ggggg X ^^^^^^ X ^^^397 >< 192.31 



200 

92.3 
1 200 

297 192.3 
51,615 ohms. 
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Again, grounding at At, the architrave impedance is 
Zan . . . cosh Sd cosh Sb Z^f 



ZgF cosh 8g cosh 8c Zgo 

1,765.14 



ohms Z (440) 



2,278.32 X 2.500 X sinh 1.53531 X '^^fi 

cosh 2.0_ 2^278^ 
■^ cosh 0;59295 ^ 1,565.14 

= 0.7760 X 2,500 X 2.21368 X 'j^^^ X f;}|^ X f^g^J 

= 51,615 ohms. 



^1 



B,C, 



Ot 



Zt 




Zt Ot 0^ 

S El Zz Fi Gi Z^ 



9 



/l 



^1 



BtCa 



^t 



2s 







9> 



2r 



« FtGf 



^4 



-•wwwwv 



/i 



^1 



^8^3 



^a 2:, D Hi 



Zi Dz 



Ez 



Om 



«8 



^4 









Fig. 175. — Treatment of inductively connected composite lines. 

Case of an Altemating-ciirrent Transformer Inserted in Com- 
posite Line. — In Fig. 175, we have a composite line AB, CD con- 
nected inductively through a transformer with another composite 
line EF, GH grounded at /f, through a terminal load a ohms. 
The four single lines have the respective angles and surge im- 
pedances dif ^2, Ssj 04 and Zij 22, Zsf 24. The transformer may be 
assumed to have a voltage ratio of n, in the sense that after 
deducting the primary IZ drop, 1 volt of internally induced pri- 
mary c.e.m.f. will be associated with n volts in the secondarj' 
winding. Both the primary and secondary windings have im- 
pedances comprising the effective resistance r, and the effective 
self-reactance jx ohms. The self-reactance is that reactance 
which is due to magnetic flux not linked with the other winding. 



COMPOSITE LINES 279 

From this standpoint, a transformer contains a pure resistance- 
less mutual reactance and a pair of external impedances, one in 
each circuit. 

We may next assume that the transformer is changed to a 
level transformer, with ratio 1, and with equal numbers of mutual 
turns in primary and secondary winding. The levelling may 
be imagined as effected to either primary or secondary voltage. 
We may assume, as in Fig. 175, that the primary winding re- 
mains imchanged, but the secondary winding is levelled to it. 
All impedances in the secondary system must now be divided 
by n^, and all admittances multiplied by n*. This condition is 
indicated at £2, /^2, (?2, II2. The two level-voltage composite 
systems may now be joined conductively at F, at a leak 7, which 
has such admittance as will carry the observed exciting current 
of the transformer when a corresponding exciting voltage is 
applied at D. The composite system Az — Iz is now a four- 
section composite line, with a terminal impedance of a/n^ ohms Z 
at HI, an intermediate impedance DzEz, and a leak 7 in the 
same. The section angles dz, O4, have not been altered by the 
ideal process described. 

After the position angles have been assigned to the modified 
through composite line Azh, the potentials and currents may be 
worked out in the usual way. The resulting potentials are then 
multipUed by n, between Di, and /i, to derive the actual poten- 
tials with the actual unlevel transformer, and the resulting cur- 
rents are Ukewise divided by n, between Z>i and /i. The vector 
powers on the imaginary level system will agree with the vector 
powers at corresponding points of the actual system.* 

If more than one transformer Unk occurs in the system, the 
procedure is the same. There will then be three or more voltage 
levels, any one of which may be selected as reference level, and 
the others reduced thereto, by the proper transformation ratios. 
Thus, if there is a step-up transformer at one end of a section, and 
a similar step-down transformer at the other, then either the 
high-voltage or low-voltage level may be accepted as the refer- 

* The Application of Hyperbolic Functions to Electrical Engineering 
Problems," p. 157. 

C. P. Steinmetz, *' Theory and Calculation of Alternating-current Phe- 
nomena," New York, 1897. 

A. E. Kennelly, "On the Predetermination of the Regulation of Alter- 
nating-current Transformers," Electrical World, N. Y., vol. xxxiv, p. 343, 
Sept. 2, 1899. 
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ence level, in constructing the conductive system. Ordinarily, 
the low-voltage level is the more convenient. The levelling 
process introduces no change into the angles which the variou? 
sections subtend. It changes only the surge impedances alonp 
with all the impedances and admittances of the same circuit. 
If there were negligible impedance and negligible losses in the 
transformers, their effect would be confined arithmetically to 
changing the surge impedances of the sections aflfected. 

Composite-line Tests in the Laboratory. — The following case 
is taken from experimental tests, at 60^^, of a two-section com- 
posite line consisting of a telephonic resistance-condensance line, 
like that indicated in Figs. 122 and 127, joined to part of the 
line specified* in Table XIII. The connections are indicated in 
Fig. 176. At the impressed frequency of 60.5-^, the artificial 
telephone Hne AB subtended 0.654 + jO.4068 hyp., with a 

surge impedance of 1,365\44°.02 ohms: while the artificial power 
line CD subtended 0.127 + jl.008 hyp., with a surge impedance 

of 347.6\3.°92 ohms. The equivalent n of each section and the 
equivalent n of the composite line AD are also shown in Fig. 
176. The composite line equivalent 11 has an architrave of 
535Z107°.5 ohms, and two dissymmetrical leaks, one of them 
having a size more than three times that of the other, the slopes 
also being very different. The composite line was loaded at D 
with 1,000Z0° ohms. 

The results of the Drysdale potentiometer tests, reduced to 
100Z0° volts at A, appear in Fig. 177. The curves indicate 
the values of potential and current over the conjugate smooth 
line, while the circles represent the observations at selected 
junctions along the composite artificial line. It will be seen that 
the voltage falls along a nearly straight line over the artificial 
telephone line, from lOOZO^ at ^, to 11.07^14°.76 at B. It 
then rises to 23.21^ 103^44 at D. 

Fig. 178, is a schematic representation of reflected voltage 
waves over the composite line, assuming that an outgoing wave 
of lOO.ZO*^ volts is suddenly launched from A without any ac- 
companying splash or oscillatory disturbance. The coefficients 
used are given in Table XVIII, based on (360), (410), (411), 
(412), and (413). 

* Those tests arc recorded in theses at the Massachusetts Institute of 
Technology by Messrs. C. W. Whitall, and F. W. McKown, June, 1916. 
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Thus, the first outgoing wave from A, in Fig. 178, arrives at B 
in the condition 52.00^36°.61 (line 5, column 1, Table XVIII), 
or 41.74 — j31.01 volts. At junction BC this wave splits, the 
transmitted portion is 21.96\4°.33, and the reflected portion 
35.43Z 124^.06. This reflected portion returns to A under 
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Fio. 176. — Connections of composite artificial line in laboratory test, 



attenuation, then to B, again is partially reflected back to A, and 
so on, for four ABBA return trips, before it is cxhauste<i to 
below 0.1 volt in size, after which it is ignored in the schedule. 



282 



ARTIFICIAL ELECTRIC LINES 



SHrTiSf -t-awo-'f 




A 



c 

c 

c 
c 
c 



c 

X- 

>«- 

c 
c 
c 



3 

t 

■4 
-4 

-4 
'i 

1 

J 

J 



c 



c 

c 



3 



282 



ARTIFICIAL ELECTRIC LINES 



JBc^f + awTO-'f 




COMPOSITE LINES 283 

Fig. 178 recognizes 40 successive vector increments at B, 32 
such increments at C, and 29 at D. The vector sums of these 
various series appear at the foot of each column. The vector 
sum at B is 1L33\13°.73 volts, and at C 11.17^16'^.37. These 
sums differ because of the neglect of wave tailings below 0.1 
volt in size. If the summations were extended, without mistakes, 
to a sufficiently great number of terms and wave increments, 
they would agree with each other, and with the steady-state 
hyperbolic function value 11.07\ 14^.76 volts, as shown below 
on the lowest line. 

Fig. 179 is a similar schedule of current waves, and of their 
descendants by rupture at junctions. Here 29 increments are 
included at A, 38 at B, 50 at C and 49 at D, before extinction 
to below 0.1 milliamp. The vector sums are compared with 
the steady-state hyperbolic values on the two lowest Unes of 
the schedule. 

It is clear from Figs. 178 and 179 that if we had to depend on 
vector summation of reflected and transmitted waves for arriving 
at final steady states, as in these schedules, the work would 
frequently be prohibitively laborious. The hyperbolic-function 
method, on the other hand, by virtually summing up to infinity all 
these series of vector increments, is a most effective labor-saving 
device. 

Time Interval of a Line. — The apparent velocity of transmis- 
sion over an artificial line of hyperbolic angle di + jd% and 
representing L km. (or miles) of actual conjugate-line length 
varies somewhat with the frequency, and is by (352), 

o) Lo) km. /4tt\ 

t; = = ^ (441) 

a% 6% sec. 

and the number of transits per second made by a wave at this 
velocity in either direction over the line is 

n = - numeric (442) 

while the time consumed in any transit in either direction is 

r = ^ = ^* sec. (443) 

n (A) 

This may be called the time inierml of an a.c. real or artificial 
line, for the impressed angular frequency w. 
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In the last three formulas, w is expressed in radians i>er second, 
and 6% in circular radians; but if 6% is expressed in circular quad- 
rants, w may be correspondingly expressed in quadrants per sec- 
ond, where 

quadrants (444) 

Wfl = 4/ 

sec. 

Thus, the artificial power hne CD, 1,200 km. long, subtending 
an angle of 0.1273 + jl.008 hyps., and the impressed frequency 

being 60.5 '^, the quadrantal angular velocity would be w^ = 242. 
Hence n = 242/1.008 = 240 single transits per second, T = 
1.008/242 = 0.00416 second, and v = 1200 X 240 = 288000 
km./sec. 

It is, therefore, evident that all of the vector increments sched- 
uled in Figs. 178 and 179 are delivered in less than 3^4 sec. after 
closing the switch at the generator end A of this composite line. 
The smaller the losses in the sections, and the higher the attenua- 
tion coefficient size e"**, the more numerous these successive 
increments must be, in order to reach exhaustion below assigned 
limits of voltage and current. On the other hand, either on an 
infinite line, or on a finite line with very great attenuation, the 
first wave will be the only one to consider in determining the 
steady state. 

Fig. 180 shows the results of the tests on the composite line 
when the power line was connected to the generator and the 
telephone line loaded with 1,000Z0°, ohms as at A'D\ in Fig. 176. 
Here the voltage rises from 100Z0° volts at A\ to 294\112°.9 volts 
at B\ and then falls nearly on a straight line to 129.9\128°.6 volt« 
at Z). As in Fig. 177, the curves follow the computed values 
over the conjugate smooth line and the circles mark the observed 
values on the artificial line. 

Estimating Composite -line Attenuation in Miles. — It has been 
the custom among telephone engineers to state and compare 
degrees of attenuation in the sizes of their transmitted telephonic 
alternating currents in '^ miles of standard twisted-pair cable." 
This procedure, while very useful as a first step to engineering 
accuracy, is quantitatively inferior to the use of architrave or 
receiving-end impedance. A telephone line, single or composite, 
becomes commercially unserviceable when its architrave impe- 
dance, including that of the receiving terminal apparatus, exceeds 
certain values at certain frequencies. It is not yet, however, 
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accurately known what the minimum number of defining fre- 
quencies is, or what the limiting impedances are at those fre- 
quencies. The "mile" is by comparison with the "architrave 
ohm" a mere makeshift. In the first place, its effect is not in 
simple arithmetical progression, but in geometrical progression. 
Although the same percentage is lost by normal attenuation in 
each mile, the actual loss is greater in the first mile than in a 
more distant mile, which gives an element of perplexity to esti- 
mates based on length. Again, the "reflection losses" at the 
junctions of a composite line, when stated in equivalent miles of 
standard cable, ignore the cumulative effects of such transi- 
tions. It would be hopelessly complicated to classify and tabu- 
late with precision, all the necessary corrections in such reflec- 
tion losses; whereas the architrave impedance of the equivalent 
n or cantilever is capable of giving the correct value at once. 



CHAPTER XV 

QUARTER-WAVE AND HALF-WAVE LINES 

If an a.c. line has quarter-wave length to a given frequency, it 
follows that its hyperbolic angle is then expressible in the form 

^H = ^i + jI = ^1 + Jl hyps. ^ (445) 

When such a line is freed at the motor end, we know that the 
ratio of the generator-end to motor-end voltage, at the same 
frequency, is, by (101) or (113), 

^^ = cosh 6^ = cosh ( ^1 + i rt) = j sinh ^i numeric Z (446) 

On a line of small transmission losses and low attenuation, the 
real quantity ^i may be much less than unity, in which case 
sinh ^1 ^ ^i, and the A/B voltage ratio on the quarter- wave line 
is very nearly 

y^ ^ jBi numeric Z (447) 

' B 

or the voltage at A is to that at B in the quadrature ratio of Oi. 
Such a line develops what is commonly called a large Ferranti 
effect at no load. 

Similarly, if this quarter-wave line is shorted or grounded at 
the far end, we have, by (111), 

. , ^ cosh l^i +irt) 

I A cosh ^H \ *^2/ . . U/» • • /I4Q\ 

T = — i-iP^ = ^ = J smh ^1 numeric Z (448) 

Ib cosh 1 

which is the same ratio as in (446), or the ratio of currents at 
generator and motor ends (grounded) are approximately in the 
quadrature ratio of di. 

An approximate particular case is presented in Fig. 142, where 
a line of 1.405Z69°.7 = 0.487 + ^1.318 = 0AS7 + jOM9 hji). 
This line had only 83.9 per cent, of a quadrant or quarter-wave 
length, but its observed free-end voltage ratio was about 1.75; 
or Va/Vb = 0.57, and sinh 0.487 = 0.506. 

288 
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Similarly a quarter-wave line whose angle was 0.1 + jl would 

have an A/B voltage ratio of approximately 0.1 or B/A voltage 
ratio of 10. In power transmission at fundamental frequencies 
of 60^^ or less, lines are hardly ever sufficiently long to reach 
quarter-wave length; so that this large resonant quarter-wave 
rise of potential on open circuit was computed* before it was 
even observed on artificial lines in the laboratory. 

An experimental test of this resonant rise was madef on the 
laboratory artificial line of Table XIV with the connections shown 
in Fig. 181. The line had a length of 240 miles (386 km.) 
corresponding to 500,000 circ. mils or 250 sq. mm. cross-section, 
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Fia. 181. — Connections for quarter-wave line tests. 

in eight sections of 30 miles (48.3 km.) each. In order to make 
this a quarter-wave line, the impressed frequency was raised to 
189^^. The data concerning the line at this frequency are given 
in Table XIX. The angle subtended by the line was then found 
to be 1.5712Z88.2 = 0.0493 + il.5706 = 0.0493 + jl hyp. Ac- 
cording to (447), the ratio of home to far free-end potential 
should be 0.0493, with a resonant-rise ratio of 1/0.0493 = 20.28. 
This was in fact observed within the limits of experimental 
error. The dots in Fig. 182 indicate observations and the curve 
connects the computed corresponding values. Table XIX gives 

•"Resonance in Alternating-oiirrcnt Lines," by E. J. Houston and 
A. E. Kennelly, Trans. A. I. E. E., April, 1895. 

"The Influence of Frequency on the Equivalent Circuits of Alternat- 
ing-current Transmission Lines," by A. E. Kennelly, Electrical H'orW, 
Jan. 21. 1909. 

"The Application of Hyperbolic Functions to Electrical Engineering 
Problems," Chapter Vll. 

t "Resonance Tests of a Long Transmission Line," by A. E. Kennelly 
and Harold Pender, Electrical WorW, Aug. 8, 1914. 
19 
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the observations at junctions and their position angles. In this 
case, therefore, 1,000 volts applied at the generator end between 
any pair of the three conjugate smooth-line conductors, at 189~, 
would produce more than 20,000 volts at the free ends 240 miles 
(386 km.) distant. A corresponding current ratio was also 
measured with the line grounded at the distant end, in accord- 
ance with (448). 

Table XIX. — Voltages at Section Junctions of Quarter-Wave 

Artificial Line Freed at Far End 



Pouition 

1 

1 


Position angle 
Sp hyps. 

with B grounded 



Cosh ip 
by chart 


Con 

V 


Potential V 

iputed, 
oltA 

'^90'' . 


p 

Okwerved. 
volts 

1 


B 


1.000 z o^o 


1,044 


1,033 


1 


0.1964Z88\2 


0.98 Z OMO 


1,023 


X89° . 9 


1,015 


2 


0.393 Z88°.2 


0.924 Z 0^25 


965 


X89^75 


960 


3 


0.589 Z88^2 


0.832 Z 0°.75 


869 


'^89*' . 25 


860 


4 


0.786 Z88^2 


0.708 Z 1°.3 


739 


'^SS'' . 7 


735 


5 


0.982 Z88^2 


0.555 Z 2^7 


579 


^^87° . 3 


559 


6 


1.178 Z88^2 


0.383 Z 5°. 3 


400 


^^84**. 5 


397 


7 


1.375 Z88°.2 


0.200 zir.5 


209 


\78** . 5 


211 


A 


1.571 Z88^2 


0.0493Z90°.0 


51. 


5^ 0°.0 


51.5^0' 



In power-transmission practice, there is at present no reason 
for fearing the results of any such large resonant rise of potential, 
partly because of the great length of line necessary, at 25-^ or 
even at 60^^, to approximate quarter-wave conditions, and 
partly because expedients are available for keeping down the 
motor-end voltage at light load, should it rise seriously. This 
may be done by means of a synchronous-motor reactance at 
the far end, or of inductive reactances applied at points along 
the line. It may be expected, however, that harmonic frequen- 
cies in the impressed voltage wave, on a relatively short line, 
may happen to excite quarter-wave resonance, and so produce, 
by perpendicular summation, a relatively large rise at the distant 
free end. Thus, a 5 per cent, harmonic, multiplied twenty-fold 
by accidental quarter-wave resonance, would produce a 100 
per cent, harmonic component at the distant open end, which, 
by (395), would give rise to 41.4 per cent, increase in local r.m.?. 
voltage, negl(*ctiiig any normal rise in voltage due to the funda- 
mental frequency alone. 
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Three-quarter, five-quarter and odd-quarter wave lines, in 
general, give rise to resonant free-end voltages of the same 
general character as those on quarter-wave lines, but ordinarily 
much less marked in size. 

Half-wave Lines. — On the other hand, half-wave, whole-wave 
and even-quarter wave lines generally, are characterized by 
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FiC3. 182. — Theoretical curve of voltage alonfi; conjugate smooth line and 

observed values at artificial-line junctions. 



comparative uniformity between the potentials at their ter- 
minals.* A half- wave line has an angle dy;^ 

^H = ^1 + JT = e,+ j2 hyps. Z (449) 

and when freed at B, the A/B potential ratio is, by (111), 

**'An Artificial Transmission Line with Adjustal)le Line Constants,, 
by C. E. Magnu8»on and S. R. Burbank, Froc. A. L E. E., Sept. 5, 1916. 
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Vb . 1 .^ 

smh J 2 



= cosh 6^ = — cosh ^1 numeric (450) 



When 01 is less than 0.2, 

cosh ^1 ^ 1 + ^i numenc (451) 

so that for half-wave lines of very small attenuation, 

V- ^ - (1 + ^i) = (1 + ^i)Z180° numeric Z (452) 

or Va is greater in size than F^, 

Similarly, if a half-wave line is grounded or shorted at the 
motor end 5, the currents at A and B have, by (111), the ratio 

I A cosh By^ cosh (^1 + j^) 1 /J u /J ^tono 

, = , -: = ^ ^^—^ = — cosh ^i = cosh ^i^l80 

Ib cosh 1 

numeric (453) 

or in the case of small real attenuation with cosh ^i ^ 1 + ^, 
the currents at the two ends of the line will have opposite phases 
but nearly the same strength.* 

General Remarks Concerning Voltage and Current Ratios oa 
Single Lines. — It follows from (99) and (109) that if a single 
uniform line of any length or number of waves, is freed at the 
motor end, and the A/B voltage ratio under a given impressed 
frequency is denoted by the complex number N, then when the 
same line is shorted or grounded directly at the motor end, the 
A/B current ratio under the same frequency must also be N; 
because, while the i4/i^ voltage ratio is a sine ratio, yet because 
the open end virtually adds an imaginary quadrant to the posi- 
tion angles throughout, this ratio becomes virtually a cosine 
ratio, similar to the A/B current ratio. 

As an example to illustrate the above relations, we may con- 
sider the case of the smooth line referred to in Chapter XI, 
having a linear hyperbolic angle of a = 0.0025 -f- jO.Ol and a 

surge impedance of zo = 400\8° ohms. This 800-km. line, when 
freed at the motor end B and voltaged at the generator end 

* "The Propagation of Electric Energy by Standing and Traveling 
Waves, Experimental Test of an Artificial Transmission Line," by John 
F. H. Douglas, Electrical World, Aug. 10, 1912. 
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with l.OZO" volts, develops the distribution of position angles, 
potentials and currents shown in Table XX and indicated to 
polar coordmatea m Fig 183 Referring to the t^,b]e, the first 
column indicates positions along the line, with their correspond- 
ing distances from A in the second column The third column 
gives the position angles of those positions Column IV gives 




FiQ 183 — Graphs of potential and current along line of B = 2 + j8 aad 
zo = 40O';8° grounded at B 

the sines of the position angles, from pages 90 to 105 of the 
"Tables of Complex Hyperbolic Functions." The potentials 
in column V are in direct proportion to the sines of column IV, 
starting with V^ = l.OZO". Column VI gives the cosines of 
the position angles from pages 106 to 121 of the book of tables. 
The currents in column VII are directly proportional to the 
cosines in column VI, starting with Ia = V^/C^o tanh 5a) amp. 
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Because all the position angles have round numbers, their siws 
and cosines can be taken directly from the tables, to five decimal 
places, by direct inspection. In more general cases, eitber 
niimerica) interpolation would be required for any high d^rw 
of precision; or the chart atlas could be used for swift graphical 
interpolation of lesser precision.* 






In Fig. 183, the heavy line is the potential graph; while the 
broken line is the current graph. The current leads the potential 

• II niiiy lie noted that whi-n, as in the case considered, the potential or 
currpnl clistriliution cxlcnds over a cunsiderabic range of circular angle or 
pliaxc dis]>laiTnicn(, the twiiits nlims the tiiiu at which the position angles 
are (iiiadrnntul, or have an integral number of quadrants in the imaginary, 
can always be found, and at these piiinte the aines or cosines are always 
obtainable, from tablets of real hyperbolic functions, to at least five plana 
of decimals. 



QUARTER'WAVE AND HALF-WAVE LINES 295 



over considerable portions of the line. Both the potential and 
current curves describe two complete revolutions in phase; but 
the diflference of phase between them is not constant. 

In Table XXI and Fig. 184, the same line is considered as 
freed at the B end, and voltaged at A with l.OZO** volts. The 
table is prepared in the same manner as its predecessor No. XX. 
The position angles of Table XXI exceed the corresponding 
position angles of Table XX by one imaginary quadrant, since 

the free end adds jf «, or jl, to all the position angles. It will be 

seen on comparing the two tables, that the sizes of the sines in 




A X 9 IX 8 VIH 7 Vn 6 VI 5 V 4 IV 8 in 2 11 1 IB 

Fio. 185. — Sizes of potentials and currents alonK smooth line of $ ^ 2 -{- jS 
and 2o ~ 400^8° when grounded at B and subjected at A to l.OZO** volt. 

one are the same as those of the corresponding cosines in the 
other; or, from (113) and (114), 



sinh la +irt) I = I cosh a 



numeric (454) 



and 



cosh (a +j^j = 



sinh 



a 



numeric (455) 



Consequently, the relative sizes of the currents along the line 
to ground are identical w^ith the relative sizes of the potentials 
along the line freed, and reciprocally. The same relation can 
be observed in Fig. 184, which gives the graphs of potential and 
current along the line, and which may be compared with Fig. 
83 for this purpose. 



296 



ARTIFICIAL ELECTRIC LINES 



Figs. 185 and 186 are corresponding "size-distance" diagrams 
of voltage and current for the same line, grounded and freed at 
Bj respectively. Referring to Fig. 185, the continuous line 



V 



Vo follows the size of potential along the Une from 1 to 



0; while the broken line I2 . . . lo follows the size of the current 
from 2.59 to 0.689 milliamp. The abscissas are marked off in 
positions, in kilometer distances, and in wave lengths from B. 
It will be observed that the V curve passes through either an 




IX 8 VUI 7 VU 6 VI 



Fig. 186. — Sizes of potentials and currents along smooth line of d = 2 + j8 

1^8* when freed at B and subjected at A to l.OZO** volt. 



and zo = 400^8' 



actual maximum, or a tendency to a maximum size, at each 
odd quarter-wave distance from B. The maximum at the first 
quarter is the most marked, and the successive subsequent 
maxima dwindle and gradually disappear. The / curve shows on 
the other hand, minima at the quarter-wave points and maxima 
at the zero and half-wave points, the oscillation in size being 
greatest near the B end, and gradually disappearing. 

Turning now to Fig. 186, where the conditions are represented 
for an open end at 5, the Fline has its minima at odd-quarter wave 
points and the / line its maxima at these points. If the scale of 
potential and current sizes were suitably selected, the two sets 
of curves in Figs. 185 and 186 would completely coincide, the V 
curve in one with the / curve in the other. With the particular 
scales shown, the agreement Is fairly close. 

In the case of a large slope /3° in the linear hyperbolic angle a, 
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that is, in lines having small linear losses and large linear react- 
ances, as for example a large-conductor aerial line operated at 
a high frequency, the successive oscillations in the sizes of poten- 
tial and current continue for a number of waves, with but little 
damping or diminution. In the case of the line represented in 
Figs. 185 and 186, the oscillations in size rapidly diminish after 
the first wave length. In lines of large losses and low linear 
reactance, even the first oscillation may be imperceptible. 

Figs. 185 and 186, show in connection with Tables XX and XXI, 
that if the line therein considered is open at By a potential of 
0.06716 volt at the quarter-wave point 100 km. from fi, would 
develop 0.2658 volt at fi, a resonant B/A voltage ratio of nearly 
4. At the half-wave point III, 200 km, from B, an impressed 
potential of 0.2997 volt would produce 0.2658 volt at B, a drop 
of 0.1276 per unit, or 12.76 per cent. By proceeding in this 
way, the ratio of generator to motor end potential or current can 
be found from these figures for any length of this type of line, 
at the selected angular frequency of w = 5,000 (f = 796^^), 
with the line either open or shorted at the motor end. 

If the smooth line considered in Figs. 185 and 186 were re- 
placed by its equivalent T or 11 line, the graph of potential and 
current sizes would manifestly be a succession of straight lines. 
For example, if the artificial line was a 11 line of eight sections, 
each representing a quarter wave at the selected frequency, the 
potential sizes at terminals and junctions would coincide with 
those indicated at the points F2, Fiaii, Fi^ . . . Vo, and would fall 
from one such point to the next in a simple straight line. The 
current size on the other hand would be in successive horizontal 
sections with sudden drops at leaks. 

Quarter-wave Artificial Lines. — A quarter-wave artificial line, 
which needs only to' be constructed of a single section, has the 
property of producing a relatively large rise of voltage at the 
motor free end, when voltaged at the generator end with the 
correct frequency. Such a device becomes, in effect, a fre- 
quency-change detector, since if the frequency varies, in either 
direction, from the normal for which the line section is designed, 
the motor-end voltage falls off rapidly. Such a quarter-wave 
artificial line is, however, only a particular set of connections for 
producing resonance between inductive and condensive react- 
ances at a critical frequency. 
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CHAPTER XVI 
REGULARLY LOADED LINES 

Regular loads on a line are similar loads which recur at regular 
intervals. They may be either regular series loads (impedance 
loads) or regular leak loads. Regular series loads are well known 
and much used in long-distance telephony. 

In dealing with series loads, their easiest elucidation is perhap? 
through the use of the equivalent T; while in dealing with leak 
loads, the equivalent IT may be used. 

Regular Series Loads. — ^Let a uniform line, of surge impedance 
fo ohms Z, be divided into uniform sections of angle 6 hyps. Z. 
Let an impedance load of 

S = 2<r ohms Z (456) 

be inserted between adjacent sections ab, cd, e/, as shown in Fig. 
187. The end sections will, by symmetry, terminate in a terminal 
impedance load of a ohms Z. It is required to find the angle and 
surge impedance which each loaded section AB, CD, EF, appears 
to possess. 

First form the equivalent T of any unloaded section by for- 
mulas (246) to (249). These are indicated in Fig. 187 at oV, 
c/d', and e'f\ These are the artificial-line T sections conjugate 
to those of the original smooth line. Each has arms of p' ohms, 
and a leak of g' mhos. 

Next add to each arm of a T its adjacent semi-load a ohms Z, 
as indicated at A'B\ CD\ and E'F\ The leaks g' remain 
unchanged. These T's, as amended, are clearly equivalent to 
the loaded sections -AiBi, CiDi, EiFi, 

Finally revert from the amended Ts to their equivalent 
smooth Unes, using (256) and (257), finding 6i and zq,. This 
completes the required solution. 

In the particular case of Fig. 187, each unloaded section sub- 
tends an angle of ^ = 0.35174 hyp. with a surge impedance of 
zq = 1,436.1 ohms. The nominal T of such a section has, there- 
fore, a total line impedance of 0.35174 X 1,436.14 = 505.14 
ohms, and a total line admittance of 0.35174/1,436.14 = 0.24492 
X 10~* mho. The correcting factor for the T arms is tanh 
0.17587/0.17587 = 0.98982, and that for the TstaflF, sinh 0.35174/ 
0.35174 = 1.02077. Applying these factors, the equivalent T 
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has a resistance in each arm of p' = 250.0 ohms, and a staff 
admittance of 0.250 X 10~' mho. Adding in the impedance 
semiloads tr to each arm, the amended T has arms of CO, OD' = 
350.0 ohms. In the amended T line, therefore, r = 700, and 
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0.209165 hyp. The corrected 



g = 0.25 X 10~'. The apparent angle of a half-section is 

e VO.175 0.41833 
" = 2 = 2 = "2 
semi-section angle is y = winh-' (0.209105) = 0.20767 hyp. and 
0, = 0.41.5^)4 hyp. The apparent surge impedance of the 
amended T sectioHs in Zo. = v'"00/0.25 X 10"' = ■\/2.8 X 10* 
= 1,673.32 ohms, and the corrected value zt, = 1,673.32 couh 
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0.20767 = 1,673.32 X 1.02164 = 1,709.53 ohms. The loadingcrf 
the Hnc has, therefore, changed the section angles from 0.35174 to 
0.41534 hyp. and the surge impedance from 1,436.14 to 1,709.53 
ohms. The new sections behave as though they contained 
710.04 ohms smoothly distributed resistance and 0.24296 X 10"' 
mho smoothly distributed leakance. 

It should be observed that whereas before the loading, any 
section length of the smooth line had the same values of 6 and 
Zoy after the loading the new values 6, and Zo, apply only at section 
junctions, or mid-load points. If we cut into the loaded line 
at random, we cannot expect to find these values in a section 
length on either side of the cut. 

If we analyze algebraically the steps of the process above 
indicated, we are led to the following formulas: 

If 6 be the angle of a smooth line section before loading, 

6, be the angle of the same line section after loading, 
zo Ixi the surge impedance of the section before loading, 
Zo, be the surge impedance of the section after loading, 

then 



where 



tanh [Jj = A/tanh f j • tanh ( + dj numeric Z (457) 



tanh d = numeric Z (458) 



Zo 



or 



d = tanh-» (J) hyps. Z (459) 



Also 



cosh d, = cosh 6 + sinh 6 numeric Z *(460) 

Zo 

Zo, sinh d, . , /j/3i\ 

= . , ' numeric Z (461) 

Zo smh 6 

As an a.c. example, consider the case represented in Fig. 188 
of a twisted-pair telephone cable having the linear constants 
presented in Table XXII and loaded in sections of 2.607 km. 
(1.62 miles) with 4.535+j441.5 ohms per wire. The angle 
subtended by a section at w = 5,000 radians per sec, before 
loading, is 0.20005 + j0.2072() hyp., as shown at AB, Fig. 188, 

*"()n I^Kided Linos in Telephonic Transmissions,'* by G. A. Campbell, 
Phil. Mag., series vi, vol. v, p. 313, March, 1903. 
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the surge impedance being 247.284^43.48'.16" ohms. The 
nominal T of euch a section is indicated at aOb. The equivalent 
and the amended T, after the addition of a semi-load on one side, 
are marked at A'OB' . The conjugate smooth-line section of 
the amended T appears at A"B". It will he seen that the load- 
ing has changed the section angle from 0.20065 + jO.20720 to 
0.06216 -I- jO.7384; while it has changed the surge impedance 
from 247.284^43='.48'.16" to 579.776M°.25'.48". 

L- 2.M7km. 








2S8U L U°U'14" 
























£-2401 km. 
ff'-0.0B2ie+j0.Tffl4 
> O.IltDt ^ SE 11'17 g'l 



Without going through the process indicated in Fig, 188, 
we may use (457) as follows: 

tanh (") - 0.144243Z45°.3r.21" 

_ 220.76^89°.24'.41" 
" 247.284^43°.48'.16" 



tanh 5 = 
whence 



■ 0.89274Z133M2'.57' 



■ 0.37051^85Mr.l7" 



», - 0.74102^85M1'.17" hyp. 
Also by (389) 

!,, - 247.2M^43".48'.1C" X 



0.07,TO(iriz:8()°..")'.20" 
■ 0.288311z:4()°.42'.52" 
. 579.77(i^4».25'.48" ohms. 
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Regular Leak Loads.— If tbe 

BQiooth line AE, Pig. 1S9, ii 
divided into equal sections, audi 
leak of r mhos is applied at each 
junction, with half-leaks of i; ot 



= 27 



mhos Z (462) 



at terminals {A'B'C'D'E'). Then 
each smooth section may be re- 
placed by its equivalent II. To 




each pillar leak of a IT is added 
the leak 7, thereby producing an 
amended IT. This amended II is 
then reverted to its conjugate 
smooth line of angle 0., and surge 
impedance, zt,- 

Ah an example consider the case 
represented in Figs. 190 and 191. 
Here auniform smooth-line section 
of surge impedance zo = 2,000 
ohms, or surge admittance 1/0 = 
0.5 X 10-* mho, and linear hyper- 
bolic angle 0,005 hyp. per km., is 
loaded at each end A', B', with a 
leak of 0.5 mil Ii mho. The un- 
loaded section AB subtends an 
angle of 0.25 hyp. It contains a 
total conductor impedance of 
0.2.5 X 2,000 = 500 ohms and a 
tola! dielectric admittance of 
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1 0.25 X 0.5 X 10-' = 0.125 X 10"* mho. These are the values 
'■ to be inserted in the nominal n, which has an architrave im- 
' pedance of 500 ohms, and two leaks each of 0.0625 X 10~' mho. 
The correcting factors are sinh 0.25/0.25 = 0.25261/0.25 = 
1.01044, and tanh 0.125/0.125 = 0.12435/0.125 = 0.99480. 
Applying these to the elements of the nominal n, we obtain the 
equivalent 11, ab, Fig. 190, with an architrave of 505.22 ohms, 
and two leaks, each of 0.062175 X 10~' mho. We now increase 



^ 


■ 

1 












t, T 




e, - 0.SM1 top. 
t"'!ix,.nn 

-VAW^ — 1 



c"-o.(aB5iiii>*'0 



each pillar leak to 0.312175 X I0~' mho, leaving the architrave 
unaltered as at o'6'. Fig. 191. The total line impedance r of 
a section is thus 505.22 ohms and the total leak admittance g 
0.62435 X 10"' mho. The apparent angle subtended by half 
the amended n is thus 



V505.22 X 0.62435 X 10"' 



= 0.280818 hyp. The corrected value is i- = sinh"' (0.280818) 
= 0.27725 hyp. The apparent surge imiwdancc ia ?"o = 
■\/505! 22/624.35 X 10"* = 899.552 ohms. The corrected value 
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iszo, = 899.552/co8h 0.27725 = 899.552/1.03868 = 866.05 ohms, 
and 2/0, = 1.1546 XIO"' mho. 

The loaded sections, therefore, behave as though they had a 
total conductor impedance of 0.5545 X 866.05 = 505.22 ohm? 
uniformly distributed, and a total dielectric leakance of 0.5545 X 
1.1546 X 10-' = 0.62435 X lO"' mho, uniformly distributed. 

Instead of going through the steps indicated in Figs. 190 and 
191, we may derive the following formulas directly, 6 being the 
unloaded section angle, d, the loaded section angle, t/o the surge 
admittance before loading, yo, the surge admittance after 
loading. 



where 



or 



Also 



tanh (^A = Jtanh Q • tanh (| + «) numeric Z (463) 

tanh d = — numeric Z (464) 

d = tanh-i p) hyps. Z (465) 

cosh 6, = cosh ^ H — sinh 6 numeric Z (466) 

2/0 

t/o, sinh^, . . ..^^. 

= .-,-' numeric Z (460 

t/o smh d 

A remarkable analogy is presented between the groups of 
formulas (457 to 461) and (463 to 467). 

In the case above considered 6 = tanh~^ (0.25 X 10~V0.5 X 
10-') = tanh-i 0.5 = 0.549307 hyp. so that 

tanh ( 2 ) = Vtanh0.125~X tanh 0.674307 

S 
= VO. 12435 X 0.58780, = 0.270357; whence 2" = 0.27725 and 

d, = 0.5545 hyp., as already found. Again 

2/0, ^ sinh 0.5545 ^ 0.58336 

0.5 X 10-3 sinh 0.2500 0.25261 

whence 7/0, = 1.15466 X 10" ' mho, and Zo, = 866.05 ohms, as 
above. 

The effect of leak leading in this example has been to increase 
the section angle from 0.25 to 0.5545 hyp. and to diminish the 
surge impedance from 2,000 to 866.05 ohms. 



= 2.30931. 
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As an a.c. example, we may consider 2.607-km. sections of 
smooth standard twisted-pair cable, referred to in Table XXII 
and* Fig. 188. Thia line is loaded with leaks of r= (0.013332 - 
jl.3332)10-» = 1.33327 X 10^* \89''.25'.37" mho per wire at 
junctions, such as would be produced by a reactor of 7.5 ohms 
and 0.15 millihenry, to ground at each junction. Thus 7 = 
(0.006666 - j0.6666)10-* = 0.666635 X 10"* ■^89''.25'.37" mho. 

J L-I.«7i>». a a" b" 



S-a.xKH-jo.ama-B.^ 




If 
111 





A' L-LMTkB. ; 

0i-o.iieM-ii),o<n=o.io«ai \n°s3 
«-ii.wi)ti3-Twi-7i.-iw /a";'! 









■jwimmna ssmt^ 



" 'Tad'i 



idinK. 



in (I nftor rcgiilur Iciik 



The unloaded section is indicated at AB, Fig. 192, and its 
equivalent 11 at A"B". After adding in the leaks, we obtain 
the amended n, AiBt, and finally, by reversion, the conjugate 
smooth section A'B'. It will be observed that the loading has 

'Further particulars concerning the elTecta of aeries loading are given in 
Chapter VIII of "Tlio Applic-ation of lljijcrbolic Funotione to Electrical 
Engineering Problem a." 
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changed the section angle from 0.20065 + i0.20720 to 0.0854 - 
i0.0689 hyp., and the surge impedance from 247.284^43° .48M6" 
to 649.6Z41°.55'.50". 

Although these leak loads have reduced the real component 
of the section angle nearly as much as the series loads of Fig. 188, 
yet, in general, the benefit of reduced attenuation is much more 
localized toward a critical frequency in leak loading than in 
series loading. In other words, the benefits of series loading 
extend in this ease over a larger range of frequencies than those 
of leak loading. 



CHAPTER XVII 

VARIOUS TYPES OF ARTIFICIAL LINES 

Classification of Lines. — If we attempt to classify a.c. artificial 
lines on the basis of the nature of Hne impedance and leak admit- 
tance, we may assume that there are three ideal types of conduc- 
tor, namely: (a) resistances; (6) inductances; (c) capacitances. 
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FiQ. 193. — Fundamental types of artificial lines. 
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In practice, it cannot be expected that these three types should 
be met with in the pure state. There is almost always some ad- 
mixture, as for example when a resistance is found to be asso- 
ciated with a small amount of inductance, an inductance with a 
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small amount of resistance, or a capacitance with a small amount 
of either resistance or leakance. For many purposes, however, 
the three types can be obtained sufficiently nearly pure, to per- 
mit of classification and discussion. 

On the foregoing assumption, there are nine fundamental 
types of artificial line, together with a large number of mixtures', 
aggregations and subtypes. These nine ideal tyi>es are repre- 
sented as T sections in Fig. 193. Numbers 1, 2, and 3 have pure 
resistance in the line; 4, 5 and 6 have pure inductance in the 
line; while 7, 8 and 9 have pure capacitance in the line. Any of 

these types may be described as series, shunt. Thus, 

number 1 is a resistance-conductance type. It will be seen that 
three types, Nos. 1, 5 and 9 have the same sort of conductor both 
in series and shunt. These types are all-resistance, all-induc- 
tance and all-condensance lines respectively. We may call these 
three types '* homologous types." 

The types of line met with ordinarily in engineering practice 
are Nos. 3 and 6, t.e., the resistance-capacitance and inductance- 
capacitance types, but the other types deserve to be recognized 
and examined, even if their present utilities are insignificant. 
For this purpose, the elementary properties of the nine funda- 
mental types in Fig. 193, in regard to angle and surge impedance, 
are collected in Table XXIII. It is assumed that the size of the 
angle 6 is so small, that the lumpiness correcting factor of these 
sections may be ignored. Approximately pure five-section lines 
of all the types in Fig. 193 have been constructed in the labora- 
tory, and all have been tested* to some extent. 

Column III in the table indicates algebraically the nature of 
the scries impedance for each type; and column IV indicates 
similarly the type of leak admittance. The products of the en- 
tries in III and IV give d^ in column V; while their ratios give2o* 
in column VI. The hist two columns express 6 and Zo for each 
of the types of Hno, uncorrected for lumpiness. 

We may note the following deductions from Table XXIII. 
1. For all of the nine pure types of line considered, both d and 
Zo are reals, imaji;inaries, or senii-imaginaries. 

2. The three homologous typos (Nos. 1, 5, and 9) all have 
d real, and independent of w. 

* *'yVrtificial Line Tests," a thesis towards the degree of Master of Science 
at the Massachusetts Institute of Technology, by Chas. W. Whitall, 
May, 1916. 
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3. Three types — Nos. 1, 6, and 8 — have zo real and independent 
of w. 

Hence it is inaccurate to assume that all types of a.e. artificial 
lines necessarily involve complex hyperbolic functions, becau« 
any homologous type of line carrying alternating currents sub- 
tends real hyperbolic angles. 

Furthermore, if we take any homologous artificial line of & 
given number of short sections, in each of which the ratio of the 
leak impedance to the series impedance is the same real number, 
then if the artificial line be grounded ai the distant end, and aperaied 
at any single frequency, the fall of potential over the line vnU he 
the same whether the line is of the all-resistance, all-induciance or 
all-capacitance type,* 

The same proposition holds if the homologous artificial line 
of constant shunt-series impedance ratio is freed at the B end 
instead of being grounded. 

The proposition holds because the position angles at corre- 
sponding junction points on all these homologous lines will ha^*e 
the same real values, independent of the value of the impressed 
frequency. In the first case, the potentials will follow the sines, 
and in the second case the cosines of these real position angles, 
and the phases of all these potentials will be the same as the phase 
of the impressed potential at A, assuming that the type of conduc- 
tor in the artificial line is pure. 

We may take, as an example, the three-section homologous 
lines of unit shunt-series impedance ratio, indicated in Fig.^ IW. 
At A I and Ao we have the same all-resistance line of r = 100 
and 1/g = 100 ohms per section, with 1.0 volt of d.c. voltage 
from a voltaic source impressed at (3). The terminal leak im- 
pedances are given their proper 11 values. In the Ai case, the 
line is freed at B; while in the A2 case, it is grounded at B, The 
potentials, currents and line resistances are indicated on the 
diagrams for these two cases respectively, as derived from Ohm's 
law deduction. The corresponding values of potential as de- 
duced from hyperbolic functions are set forth in Table XXIV. 

The apparent angle subtended by a section of any of the 
homologous lines in Fig. 194 will be 1 hyp. by (140). The sec- 
tion angle corrected for lumpincss will be, by (170), 

* A string of suspension insulators, as used in tower-line construction, 
furnishes an example of homologous artificial line (Fig. 194^1 1) of the all- 
capacitance type. 
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Fio. 194. — Unit-ratio homologous artificial lines, in three II sections. 
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6 = 2 sinh-i (0.5) = 0.96243 



hjT). 



This value of 6 would be independent of the impressed frequency, 
on the assumption that the resistance, inductance or capacitance 
of any of the elements in Fig. 194 is independent of the frequency. 

Table XXIV 

Distribution of Position Angles and Potentials over a Three-section Homolo- 
gous Artificial Line Voltaged with 1.0 at A and either 

Freed or Grounded at B 




VI 



B grounded, 
volta 



B freed, 
volta 



VII 



VIII 



B grounded, 
volts 



B freed, 
volts 



3 
2 

I 

1 
B 



;2. 88729 
11.92486 
0.96243 




yi.25 

V6 



1.000 
0.375 

0.125 




1.000 
0.388 
0.166 
O.lli 



8 
3 
1 




18 
7 
3 
2 



Columns V and VI of the above table show the potentials at 
junctions of the artificial line when the B end is respectively 
grounded and freed. These values are plotted in Fig. 195. 
They are proportional respectively to the sines and cosines in 
columns III and IV. 

It is to be observed that in Fig. 194, the homologous line at 
ila is an all-capacitance three-section n line^ with the same unit 
shunt-series ratio; i.e., equal impedance in the leaks and line 
sections at any or all frequencies. Again, at A 3 is depicted an 
all-inductance three-section n line of unit ratio. Assuming that 
the capacitances and inductances in the lines At and A a are pure, 

* It may be noted that the numbers in columns III and VII are in the ratios . . . . -8, 
— 3,-1,0,1,3,8,21,55. . . . which constitute what may be called a hyperbolic-sine infin- 
ite Hcries of integral numbers, possessing the property that any member ia equal to the sum of 
its next adjacent members on each side, divided by the constant b of the aeries. Thus 8 ■ 
(21 + 3) -T- b; where 6 « 3. Similarly the numbers in columns IV and VIII are in the ratio 
. . . 18,7,3,2,3,7,18 .... which constitute what may be called a hyperbolic-cosine 
in6nite series of integral numbers, possessing the same property and constant b. In this 
case, also 6 «> 3. These hyperbolic infinite integral series are infinite in number. They are 
perhaps unknown. They have some remarkable properties. Theoretically, any of them 
may be presented by the potentials at the junctions of a homologous artificial line, when 
either freed or grounded at the distant end. and with the shunt-series impedance ratio appro- 
priately selected. Thus, if as in column VIII, Table XXIV, 18 volts were applied at Ai, 
Fig. 194, the junction potcntiab up the line would be 2, 3, 7, 18 volts, and so on for more 
sections. 

In Table XXIV, the hyperbolic sine series of column VII may be expressed as 
0.89443 sinh (0. 96243 A0> ^he re A" is the number of the position, or of the term in the series. 
Similarly, the cosine series o^ column VIII may be expressed as 2 cosh (0.96243^0* Also 
6 « 2 cosh 0.96243. 
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an impressed alternating potential of 1.0Z0° at A, would develop 
the same junction potentials with the B end freed or grounded, as 
in the corresponding A i or A 2 case. Moreover, this condition 
is independent of the frequency, and of the absolute magnitudes 
of the resistances, capacitances or inductances used. Thus, in 
the line Ai of Fig. 194, all the resistances — except in the terminal 
elements — have 100 ohms. But the junction potentials de- 
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Fio. 195. — Fall of potential along homologous three-section line of unit 

ratio, when freed and grounded at motor end. 

veloped would be the same if they were all 500 ohms, or had any 
other pure resistance value, provided the shunt-scries impedance 
ratio was maintained at unitv. 

Series combinations of the different types of line presented in 
Table XXIII, produce composite groups, some of which possess 
remarkable properties. These relate more closely, however, 
to transition or transient phenomena, than to the steady-state 
phenomena which are here under consideration. 



CHAPTER XVIII 

MISCELLANEOUS USES OF ARTIFICIAL LINES 

In addition to the steady-state uses, described in previous 
chapters, to which an artificial line may be put, there are two or 
three others, of an incidental character, to which reference may 
here be made. These all relate to and depend upon the sensi- 
tiveness of such lines to changes in impressed frequency. A suit- 
ably selected artificial line may be used: 

1. As a frequency filter. 

2. As a detector of even-frequency harmonics in a source of 
alternating e.m.f. 

3. As a detector of changes in frequency from the normal. 
The Use of an Artificial Line as a Frequency Filter. — We have 

already seen that when a telephone line is loaded with lumps of 
inductance, too large or too far apart, the line t«nds to arrest 
and suppress frequencies above a certain value by increasing the 
real component dt of the loaded line angle. In this manner, it is 
possible to select an artificial inductance-capacitance line of such 
section elements that it shall offer but little impedance to im- 
pressed frequencies below a certain critical value; but shall offer 
rapidly increasing impedance to frequencies passing beyond that 
value. Moreover, by selecting a suitable capacitance-inductance 
line, it is possible to perform the inverse operation, i.e., to have 
this line offer but Httle impedance to frequencies above an 
assigned critical value, but offer rapidly increasing impedances to 
frequencies below that value. By associating together an 
inductance-condensance line with a condensance-inductance line, 
it thus becomes possible to filter through the combination an 
assigned normal frequency with relatively little absorption, while 
opposing rapidly increasing impedance to other frequencies 
diverging from the normal and critical value on either side. 
This plan was suggested by Mr. G. M. B. Shepherd in 1913.* 

♦ G. M. B. Shepherd, "Note on High-frequency Wave Filters," Tkt 
Electrician^ June 13, 1913, vol. Ixxi, pp. 399-401; see also Science AhttraeU 
(Engineering), August, 1913, No. 833, p. 424. 
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Upper Hannonic Suppression. — The simplest way of analyzing 
the matter is perhaps to assume that the artificial line has pure 
inductance-condensance sections of the type represented at No. 
6 in Fig. 193. We know from (170) that the angle subtended by 
such a section is 

^ = sinh-' (>'-^^^?) hyp8.Z (468) 

From an examination of "Tables'' or ''Charts of Complex 

Hyperbolic Functions/' it is easy to see that so long as — ^ — 

does not exceed unity, 6 lies between + jO and + j2. That is 
to say, 6 remains purely imaginary, so long as <jj\/£C does not 
exceed 2. Such a section with a purely imaginary section angle 
would be able to change the phase of an a.c. passing through 
it, but could not reduce its size. As soon as a)\/jCC exceeds 2, 
however, the angle 6 develops a rapidly increasing real compo- 
nent dt, which involves loss of energy and attenuation in the 
traversing current. If, for example, <jj\/£C = 3, then 

2 = sinh-Kl.5) = 0.9624 +i^, or ^ = 1.9248 +>. 

Consequently, the critical frequency of this line section, above 
which it rapidly imposes a barrier to alternating currents is 

2 radians ,^^^, 

" = V£C -ser- (^««) 

or 

1 cycles ,, , 

irv£C sec. 

Thus, if the section capacitance were C = 2 X 10~* farad, and 
the section inductance £ = 0.18 henry, then the critical fre- 
quency of an artificial line containing one, two, or more such 
sections would be 

10» __ 1,000 __ 
^-T X0.6 - 1.885 -^^^•^'^- 

In practice, the presence of resistance associated with the 
inductance in the series elements of the line would exercise a 
modifying influence, in detail, on the computation, the steps of 
which could, nevertheless, be carried out with the precision 
afforded by the measurements of the impedances, by the use of 
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(170); but the approximate formula (470) would probably suffice 
for many purposes. 

Under Harmonic Suppression. — Again, if the artificial line 
were of the pure capacitance-inductance type, as indicated at 
(8) Fig. 193, then the angle subtended by the section would be 
(Table XXIII) 

^=sinh-(^^.^y hyps.Z (471) 

So long as the bracketed quantity ^ — 7^7^ does not exceed 

unity, 6 is purely imaginary, and lies between and j2. As 
soon as the bracketed quantity exceeds unity, 6 develops a 
rapidly increasing real component, with accompanying attenua- 
tion and energy loss. The critical value of impedance, therefore, 
is, when w falls below the angular frequency, 

1 radians 

"'WJC Tec7 (^^^ 

or 

^ " 4^Vj:C sec. ^^'^' 

With L = 0.18 henry, and C = 2 X 10-« farad, as before, VTC 

10' 
= 0.6 X 10-^ and/ = 7 C42 = 132.6'^. Frequencies above this 

» 

critical value would pass attenuated only in phase or slope. 
Below this value, they would pass attenuated both in size and in 
slope. The value of y/ ZC in a condensance — inductance section 
necessary for the critical value of 530.5^^, would be four times 
less than in an inductance-condensance section. 

Theoretically, therefore, a C-JC section of C = 0.5 X 10^ 
farad, and £ = 0.045 henry, in series with a Z-C section of £ = 
0.18 and C* = 2 X 10~^ should produce a composite line, which, 
with pure resistanceless elements, would offer no impedance to 
altornating currents of the critical value 530.5'^, but would offer 
rapidly increasing; impedance to frequencies deviating on either 
side from this critical value. 

(iualitativo experiments have already verified the preceding 
theory, but published quantitative tests as to the degree of 
attenuation ofTered by such opposing composite lines on currents 
of deviating friHiuencv are still lacking. 

In the case of the two-wire artificial line recorded by Shepherd, 
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the line condensers had each 0.08 X 10~* farad, and the shunt 
coils 0.2 henry. Reducing this to the single-wire basis C = 0.08 

XIO- and£ = 0.1. Hence by (473) J = --^ -^7 ^^^^^ = 

10^ 10,000 o_^ ^ ... .,, ,, , 

12 57"X 8944 ^ ir24' "^ 889.7'^, which agrees with the value 

reported. 

Detection of Even-frequency Harmonics. — We have already 
seen, in Chapter XV, that a quarter-wave line subtends an angle 
0^ = di + jl hyps. For simplicity, we may assume that a 
certain smooth line has negligible conductor resistance and di- 
electric leakance; so that when operated at quarter- wave fre- 

quency, ^i = 0, and B^ = io ~ i^ '^yP- '^^^ current entering 
this line at the generator end will be, by (128), 

I A = VaVq coth Ba amp. Z (474) 

where t/o = ^t ohms, a real conductance. If now the line is 

first grounded and then freed at B, the corresponding values of 
^A are j\ and j2 imaginary quadrants, respectively, and the 

corresponding entering currents will be VaVq coth {j\) and F^t/o 

coth ( j2). But coth jl = jO, and coth j2 = j a ; so that with 60^^, 

say, the entering current will be zero with the line grounded at 
Bf and infinity with the line freed at B, 

Moreover, this state of affairs would be presented for all odd 
harmonic frequencies. Thus, if a triple-frequency e.m.f. were 
impressed on the line, still with negligible losses, its angle would 
be i3 hyps, and coth j3 = coth jl. As in the preceding case, the 

line would take zero current at A when grounded at 5, and an 
infinite current at A when freed at B. 

But if an even-harmonic frequency were applied at -4, the 
lossless line would develop an angle of corresponding even numl)er 
of imaginary quadrants. In that case, its cotangent would be 
infinite when the far end was grounded, and zero when the far 
end was freed. Thus, if the double-harmonic frequency (120^^) 
were impressed at A, this would be the half- wave frequency, 
and the line would develop the half-wave angle j2 hyps. The 

entering current would now be infinite with B grounded, and zero 
with B freed. The same would be true for any even-harmonic 
impressed frequency (240^^, 360^^, 480^^, etc.). 
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If next a 60^^ generator is applied afc -4 , with a complex hannonic 
e.m.f., or containing a number of harmonic frequencies, and the 
line is grounded at B, then the fundamental-frequency current 
and all the odd-harmonic currents will be zero at A; but the 
even-harmonic currents would be infinite. The line therefore 
acts as a sieve at the A end, suppressing all the odd-harmonic 
currents, land increasing indefinitely the even-harmonic curraits. 

In any actual line, there will necessarily be some oondoetor 
resistance and dielectric leakance, so that there will be 
in the line when it carries alternating currents of any 
and the line angle will not be a pure imaginary. It wiU 
a real component ^i. In the case, however, of a weU-iimiiM 
line of large carrying capacity, this real component mMjfht 
expected to be relatively small. Consequently, when such aine 
of quarter-wave length at fundamental frequency, is groonded 
at the far end B, and has a complex or multi-frequency wave d 
e.m.f. impressed upon it at A, the old-frequency components 
will not be zero, but may yet be very small, and the even-fre- 
quency components will not be infinite, but may yet be very 
large. Such a quarter-wave line is, therefore, a magnifier of 
such even-frequency harmonics as exist in the e.m.f. wave, and 
especially of the first or double-frequency harmonic, since the 
magnification will be less, the higher the even multiple. A prop- 
erly constructed a.c. generator is ordinarily supposed to produce 
no even-harmonic components of e.m.f., and they are admittedly 
small, but they may be larger than is expected. When the gen- 
erator is used to excite a quarter- wave line grounded at the distant 
end B, and an oscillograph is inserted at A, the resulting cmrent 
oscillograph will contain magnified even harmonics, and tniiniiiiH 
odd harmonics including the fundamental. 

For the purposes of such a test, the line may conveniently be 
a quarter-wave artificial line, with as little linear resistance and 
linear leakance as is practicable. An oscillogram of the current 
wave at the generator end, when the distant end is grounded, 
may he expected to reveal the presence of the magnifiied even* 
harmonics. If these magnified even harmonics are notably pres- 
ent, thoy will distort the oscillographed current wave with re- 
spcjct to the zero line, the shape of the positive half-waves being 
rendered different from that of the negative half-waves. 

* "AnnlyzinR Electric Waves for Harmonics," by C. W. Ricker, Elec- 
trical World, Sept. 18, 1915. 
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In the case of the artificial line speciEed in Table XIV and 
tested by Mr. Ricker as a quarter-wave line, the size of the eend- 
ing-^nd impedance, with B grounded, was found to be 2,799 ohms 
at 60 — , and 42.0 ohms at 120 — , a magnification ratio of 66.7 in 
favor of the double-frequency harmonic. 
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Via. 196. — Oscillograms of impressed voltage wave (60~) impressed on a 

auiirter-wftve artificial line, and also of the generating-end current with the 
istaat end freed and grounded. The apparent phase relations of these 
three oscillograms are not significant. 

, Fig, 196 showa the wave forms of the current entering this 
quarter-wave line, with the distant end B freed and grounded 
respectively, suitable shunts being applied in each case, so as to 
keep the wave amplitude normal for being photographed. It 
will be seen that the wave form with B on open circuit is sub- 




Fio. 197.— Oscillogram 
third and fifth hnrmnnics 
artificial lines. 

stantially a smooth sinusoid. Here the fundamental and odd- 
harmonic componf'iits are favored and the even-harmonic com- 
ponents repre.iscd. In Ihc; case of B end shorted or grounded, 
when the even harmonics are magnified and the odds repressed, 
the wave form not only departs from the sinusoidal, but it 
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is also dissymmetrical on the + and — sides of the mid-line.* 
This indicates the presence of even-frequency harmonics in the 
generated wave, which, from its oscillograph in Fig. 196, might 
not be suspected. 

An artificial line may also be used to magnify some particular 
harmonic frequency, either odd or even. By shortening a line 
to the amount necessary for resonance to that particular harmonic, 
an oscillograph may enable this magnified harmonic to be 
detected or measured. Thus, Fig. 197 shows the oscillograph 
of the same impressed e.m.f. as in the last preceding case, and 
also oscillograms of its third and fifth harmonics, as magnified 
by this process. 

Since in all these cases of harmonic magnification, the magni- 
fication factor can be computed to a satisfactory degree of pre- 
cision, from the constants of the artificial line used, they enable 
such artificial lines to be used as adjuncts to oscillographic 
measuring apparatus. 

Artificial Lines as Detectors of Frequency Variations.— The 
marked and often objectionably obtrusive influence of variations 
in the impressed frequency, on the distributions of potential, 
current and impedance along an artificial line under tests, 
naturally suggests the use of such a line for the purpose of 
detecting and manifesting frequency changes. One such use 
has already been suggested at the end of Chapter XV in relation 
to quarter-wave lines. 

* This mid-line, or zero line, does not appear on the oscillogram. 
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APPENDIX B 

PROPOSITIONS RELATING TO ALTERNATING 

CONTINUED FRACTIONS 

Constant Continued Fractions. — A continued fraction of the 
type 

F^(c) = --- — r numeric Z (529) 

c+- ^1 



.„ c + 



'o. - ^ 1 






c + 

is called a ''constant continued fraction,*' because the quantity 
0, which may be positive or negative, integral or fractional, real 
or imaginary, constantly reappears in each denominator. 

Let us denote a constant continued fraction of even number 
n,, of stages, by Fn,,{<^)i and one of odd number n, of stages, by 

Then* 

Ti f \ cosh n,V . , /en/\\ 

Pn,W = -^-uu — ^i i\ r numeric Z (530) 

smh{(n, + l)v\ 

and 

Pn,Xo) = — ui/---irTrT numeric Z (531) 

cosh{(n,, + l)v\ 

where 

V = sinh""^ ( j or sinh v = o numeric Z (532) 

Let us assume that (530) is true for some particular value of 
Then 



1 sinh (n, + l)v] . . ,-^^x 
1- = , ; . ' numeric Z (533) 

^®'°*''' + sinhr(n; + l)i;} 
which agrees with (531). 

* "The Expression of Constant and of Alternating Continued Fractions 
in Hyperbolic Functions," by A. E. Kennelly. The A nnals of Mathematics, 
2d series, vol. ix, No. 2, January, 1908. 
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Similarly, assuming that (531) is true for some particular value 
of n,,. 
Then 

""■^^^'^ c + F^Jcj ■ sinh n::v 

^«^'^*'" + cosh|(n,,+l).} 

'^l!-!^'-X-J!1 numeric/ (.534: 
8mh{(n„ + 2)rj 

which agrees with (530). 

The entire series of integral values of n from 1 to « is thus 

ensured in (533) and (534), if we can show that 

„ , X cosh r 1 
F\\c) = . , o = • 
smh 2v c 

But 

cosht; coshv 1 1 . , ,.^.. 

• u o = o"~- k ~ u = b • u = numeric Z (53o 
smh 2v 2 smh v • cosh v 2 smh v c 

which completes the demonstration. 

When n approaches oo, it is evident from (530) or (531) that 

F<r{c)= €-*•= cosh V- sinht; = ol V ^ "'"s "" V ^^"^^"^ ^ ^^^^ 

As an example, we may consider the four-stage constant con- 
tinuous fraction, 

1 

1.2375 + --^. — - 

1.2375+ J 



1.2375 + 



1.2375 



The successive convergcnts of this fraction by ordinary arith- 
metic, are 0.80808, 0.48886, 0.57925 and 0.55043. Using (530), 
we have 

TT /. r.o^rx sinh 4y , . , 1.2375 ^^^^o-tp 

/^^C 1.2375) = 1 > 1 where smh v = —^ = 0.61875. 

cosh ov 2 

By tiiblos, /. = 0.58483, so that 4v = 2.33934 

and 5v = 2.92417, so that 
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The limit of this fraction for an infinite number of stages would 
be, by (536), € -«"«3 = 0.55720. 

Alternating Continued Fractions. — A continued fraction of 
the type 

Fn{(i, h) = r numeric Z (537) 

a+ 

X « + -" 

b + 

is called an "alternating continued fraction." The example given 
in (537) is a " four-stage alternating fraction " or briefly a "four- 
stage alternate," denoted by ^'4(0, h), a being the first denominator. 
It is easy to see by trial that 

dXF^h) ^ ^ = ^- 1 



b+ b + 

1 



Q + 



1 



numeric Z (538) 



bd+ ^ - 



The process can manifestly be extended to all of the stages of 
any alternate. It is evident that the effect of multiplying an 
alternate f n(o, b) by a constant d, is to produce a new alternate 
whose odd denominators are all a/d and whose even denominators 
are all bd. 

In the particular case where the constant d has the value 

r/ = a/, numeric Z (539) 

the new alternate has odd denominators « . \/ = \/ab and even 

denominators 6\/. = \/(ih. That is, if we multiply any alternate 

continued fraction of a given number of nta-gea by the square root of 
the ratio of the first denominators in their order ^ the new alternate is 
reduced to a constant continued fraction of the same number of stages; 
so that 
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and 



J^-/^n(a,6) =Fn(\/a6) numeric Z (540) 

Fnia,b) = J^-Fn{Vai>) numeric/ (541) 



or, in full, 

1 lb 1 



'I 



a-\ -, y/ab + 



1 



6+--- Vo6 + -_ 

'°^„ a+ - , Vab+ - -- 

K b+ ""'^e, Va6 + 



numeric Z (542) 



^6 _ 1 _ 

c' , " 1 
C + -----J 

c + 
where c = \/a6. 

Thus, any alternating continued fraction may he expressed (w a 
coefficient tifnes a constant continued fraction of like number oj 
stages, the constant denominator y/cA being the geometric mean of 
the denominators a, b, in the alternate, and the coefficient being 
\^b/a,the square root of the latter in inverse order. 

The values assigned to a and b in (537) to (542) may be any 
whatever, except that if 6 = —a, and 0<c^<4, a case which 
is unlikely to occur in practice, we obtain 

E. / \ sin 7ic 1 

^-(«'-«^=8lnr(«+l)c|= . - 1 

a+ J 

-a-\ 

- a 4- 
= numeric Z (543) 

1 

'o « 1 






a — 



whether n be odd or even. This particular case, solved in t^rms 
of circular functions, is known as Strehlke's theorem, and was 
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published by him in 1864.* Curiously enough, although readily 
derivable from (530), (531) and (542), it does not lead back to 
those formulas. 

In view then of (530) and (531), it follows that any aUemating 
continued fraction Fn{a, h),of n stages in a and 6, may he expressed 
as a constant factor y/hja times the ratio of functions of nv and 
(n + l)vj where v is an auxiliary hyperbolic angle, or we may write 

r* / v\ P eOSh n,V . . /rAA\ 

FnXa. fc) = Va • sinh{(», + 1).| ""'"'"' ^ ^^^^ 

P^n.Xa, t) = \/ * u(/ I i\ 1 numeric Z (545) 

\a cosh}(n,, + l)i'| 

where r = sinh~M ^ ) = 8inh~M ^ * o ) i^umeric Z (546) 
As an example, consider the three-stage altornatc 

F,(a,h) = ^ 

0.00025 + ---- 

^^^ + 0.00025' 

Here a = 0.00025, and b = 500. We transform this into a con- 
stant continued fraction, using (542) 



n(a, b)-yjl F3( V«6) = ^/^_^25 >< 



1 

1 



\/0.125 + 

\/0.r25 + 

\/0.125' 
By (544) this becomes 

.Awiiuwww* <*<J'^h 3/? . . ,_,/\/0.125\ 

V 2,(K)0,0(H) • . , , ' where v = sinh M ... I 

sinh 4r \ 2 / 

353554 
= " ' ' = 0.176777. We find in tables, that the angle 

whose sine is 0.176777, is 0.17586 hyp. Hence 

^3(0.00025, 500) = 1,414.214 X • \, if,./'; = 2,117.7. 
' ' sinh 0.70344 

* A. B. Sthkhlke, GruiuTl's Archir dtr Mnihvmntik itnd Phyxik\ 1S04, 
vol. xlii, p. ;Mi{. 
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Terminally Loaded Alternating Continued Fractions. — If an 
alternating continued fraction Fn{a, 6), of n stages in denominators 
a followed by 6, terminates in a denominator m, where m has any 
value real, imaginary or complex, it is called a terminally loaded 
continued fraction, and the fraction 1/m is the terminal load. 
That is 

Fn(a, fe)i = - ^ numeric / (547) 



1 + 



6+ -^- 



a+ . . . _^_1 



m 



In dealing with terminally loaded alternates, it is convenient to 
use an ascending notation, thus: 

Fo(ay 6)1 = numeric Z (548) 

Fi(a, 6)1 = numeric/ (549) 

a -\ — 
m 

Fiiby a)i = numeric Z (550) 

" 6+ -^- 

a + 
?n 

etc. See (148) to (153) and (180) to (191). 
Then it is easily shown from (544) and (545) that 

„ . ,v Ih sinh(n,t' + r') . . ,_^,v 

Fn, (a, 6)1 = -J • u,/ T IN jr~>T numeric Z (5ol) 
« \(/ coshj(w, + l)r + t'') 

Fn,A<hh)i =x • ... -7,l-J_ /-| numeric Z (5o2) 
m ><' smh|(/?,, + l)r + r'} 

where r is the sauu* as before, see formula (546) and v' is a new 
Jiuxiliary hyperbolic angle, obtained as follows: 

If tfi is less tlian e*" • a/ » then 



(ffi-J, — sinh I 
cosh V 



— / hyps. Z (553) 



APPENDIX B 333 

If, on the contrary, m is greater than €* • -v/ > 

t^'=t;"+i| hyps. Z (554) 

and 

v'' = tanh- Y ^^""^ ^ - \ hyps. Z (555) 

mW, — sinh v 

In that case (551) and (552) become 

E» / L\ 1^ cosh (n,t; + 1;") . . ,___. 

Fn, (a, 6) 1 = \/ • -. - u , / - - Y ? X - 1^- ,,-, numeric Z (556) 
'm \a smh{(n, + l)t; + r"} 

c / i.\ f*^ sinh(n,,t; + v") . . ,-_^. 

Fn.Xa, &)i = \/ uf7 V i\ -_r- h\ nmnenc Z (557) 

m A/o cosh{(n,, + l)t; + r") 

In the particular case when w = 6* • a/ 

v' = t;" = oc hyps. Z (558) 

In the case when m = fc/2, v' = by (553) and 



and 



Fn,(«,6)./^ = V„--h(-(-^l)„j numeric Z (559) 



F.„{a, 6)./6 = yjl ■ ^^^^^^^ numeric Z (560) 
It may also be noted that if 

F.ia, 6)1^ = ^l ■ _^,-{ ({^':^\y-,- numeric Z (561) 

then 

where / and /' are hyperbolic functions determined according to 
(551) and (552). That is, the inversion of a and 6 in an alternate, 

terminally loaded or not, only inverts the coefficient -W , and 

does not afTcct tlie hyperbolic fraction. 

Alternating Continued Fractions Loaded at the Upper Terminal. 
— If any quantity q is added to an alternate, it may be described 
as an upper load to the alternate, and the alternate is said to be 
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loaded at the upper terminal. Thus q + Fn{Q, 6)1 , is an alter- 

m 

nate loaded at both ends. 

Thus a three-stage alternate loaded at both ends would be 

1 
1 
1_ 



q + F,{a,b)i =q + 



m 



+ 



b + 



a + 



w 



b 
2 



If 5 = 6/2, the alternate becomes, by (551), 

J- I' f„ h\, - jblVab sinh(n,i' + 1>') 1 



-4 



cosh{(n, + l)v + v'] i 

. , , sinh (n^v + v') 

, sinh V H uT7 I T\ Z /I 

a I coshl(n, + l)v + r j 



cosh V ' tanh{(n, + l)u + r'} 



numeric Z (5(>3) 



and 

b 
2 



MP fn h\^ - ^ ' ^^^ o. cosh(n,,t' + i; ) 

m \at 2 smh (n,, + l)t; + r' 



-^ 



cosh t' • coth{(M,, + l)v + r'j 



numeric Z (564) 
If w exceeds €". V 6/a, then, as before, jo + t'" must l)e substi- 
tuted for v\ see (556), and this will lead to the mutual inversion 
of tunh and coth in (503) and (564). 
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A, B sizes of complex numbers (numeric); also resistances of a 
pair of bridge arms (ohms). 
Atf A\, A"v arbitrary constants in solution of line differential equa- 
tions (volts Z). 
Aif A'if A"i arbitrary constants in solution of line differential equa- 
tions (amperes Z). 
a, h successive denominators of an alternating continued 
fraction (numeric Z). 
a a hyperbolic angular velocity (hyps, per sec.). 
a linear hyperbolic angle (hyps, per km. Z). 
ro = V^— j4ir7/iw = aj — jat = \/J2ir7/i« — i\/2ir7/ic») (cm."* Z). 

a, I a„ linear hyperbolic angle per wire km. and per loop km. 

respectively (hyps./km. Z). 
a\f at real and imaginary components of linear hyperbolic angle 
(numeric/km.). 
Bv arbitrary constant in solution of line differential equa- 
tions (volts Z). 
Bi arbitrary constant in solution of line differential equations 

(amperes Z). 
B susceptance of an a.c. line (mhos). 
6 = c« linear susceptance of an a.c. line (mhos/wire km.). 
/?, /3i, Pi circular angles (radians or degrees); also slopes of complex 
quantities (degrees). 
C capacitance of a condenser or of a section conductor (farads). 
Co linear capacitance of pair of round parallel wires (stat- 

farads/loop cm.). 
c,, linear capacitance of pair of round parallel wires 
(farads/loop km.), 
c linear capacitance of pair of round parallel wires 
(farads/wire km.); also a constant quantity forming the 
successive denominators of a constant continued fraction 
(numeric Z). 
7 admittance of a leak (mhos ^). 
7 = 1/p conductivity of a substance (abmhos per cm.); also the 
slope of the radius vector of an equiangular spiral (degrees), 
r = 2y admittance of a leak load (mhos Z). 

D interaxial distance between two parallel cylindrical con- 
ductors (cm.). 
d = r/ V dcpres.sion factor of a leak applied to a line (numeric Z ) ; 
also in theory of alternating continued fractions the ratio 
y/a/b (numeric Z). 
A', ^" auxiliary hyperbolic angles (hyps. Z). 
^Ai Soj 5c, Sp position angles at generator end A, at motor end B and 
at points C and P, on a line (hyps. Z). 

335 



336 ARTIFICIAL ELECTRIC LINES 

^Nt 5n position angle of junction N or leak N of an artificial 
line (hyps. Z). 
E electromotive force (r.m.s. volts), 
c = 2.71828 . . . Napierian base. 

/ impressed frequency (cycles/sec). 
Fn( ) a continued fraction of n stages, 
/(ny), /'(nu) generic hyperbolic functions of nv in the theory of alter- 
nating continued fractions (numeric Z). 
G total dielectric admittance of a line (mhos Z); in thed.c. 
case total dielectric conductance. 
Gi, Gif Gi line admittances to ground on each side of a leak respect- 
ively, and their sum (mhos Z). 
Gpy Gc line admittance beyond any point. P and a reference 

point C of a line (mhos Z ). 
<7n, G'n line admittance at leak N excluding and including that 
leak respectively (mhos Z). 
G"n line admittance at junction iV of a 11 line including the 
half leak g/2 only (mhos Z). 
GcN, GcK line admittance at position of junction N, or of leak N od 
a conjugate smooth line (mhos Z). 
g linear dielectric admittance of a line (mhos /wire km. l\ 
in the d.c. case linear dielectric conductance. 
g,yg,, linear dielectric admittance per wire km. and per loop km. 

respectively (mhos/km. Z). 
gij Oi pillar leak admittances of an equivalent n (mhos Z). 
go = 1/ro surge admittance of a line, in the d.c. case surge con- 
ductance (mhos Z). 
g"o = \/g/r apparent surge admittance of a II section, uncorrected for 
lumpiness (mhos Z). 
g leak admittance per section of artificial line (mhos Z). 
g' admittance in the staff of an equivalent T (mhos Z). 
g" admittance in the pillar of an equivalent n (mhos Z^. 
9 angle subtended by a line comprising a plurality of sec- 
tions (hyps. Z). 
Oa apparent angle subtended by a T or n section, uncorrected 
for lumpiness (hyps. Z). 
01, B'i, Bi hyperbolic angles (!iyp. radians or hyps. Z), angles sub- 
tended by successive sections of a composite line (hyps. Z). 
0iy 0t real and imaginary' components of a hyperbolic angle 

(nuinerirs). 
Oy ile hyperbolic angle and element (hyp. radians Z). 

6 angle subt<»nded by a line (hyps. Z). 
0,y 0,, hyperbolic angle per wire and per loop (hyps. Z). 

e' angle subtended by a terminal impedance load at motor 

end of lino (hyps. Z). 
0, sort ion angle after regular loading (hyps. Z). 
0" auxiliary hyperbolic angle of a sending-«nd impedance. 
/ line current at any point of a smooth line (amperes Z). 
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/i line current at a point 1 km. beyond the reference point 

(amperes Z). 
I A line current at generator end A of a line (amperes Z). 
Ib line current at motor end B of a line (amperes Z). 
Ic line current at point C on a line, where the electrical con- 
ditions are known (amperes Z). 
Ip line current at point P on a line, where the electrical con- 
ditions are known (amperes Z). 
Im maximum cyclic current strength (amperes). 
Iifj In line current at junction N and leak N of an artificial T 
line (amperes Z). 
IcNt ^cK line current at position of junction N and leak N on a con- 
jugate smooth line (amperes Z). 
iiy it changes in line current on each side of a leak due to its 
admittance (amperes Z). 
lai It active and reactive components of a stationary vector 

current / (r.m.s. amp.). 
Joiaox) Bessel function of (aox) of zeroth order (numeric Z). 
Ji(aox) Bessel function of (aox) of first order (numeric Z). 

;=V-~i. 

k = V/v correcting factor for a leak applied to a line (numeric Z); 
also the ratio <r/ro of a terminal load to the surge impedance 
(numeric). 
A:* correcting factor for the semi-section angle v of an artificial 

line section (numeric Z). 
kp^ correcting factor for line branches of a nominal T 

(numeric Z). 
kg, correcting factor for staff leak of a nominal T 

(numeric Z). 
kp,, correcting factor for architrave of a nominal n 

(numeric Z). 
kg^, correcting factor for pillar leaks of a nominal n 
(numeric Z). 
K permittivity of a dielectric (nominal numeric). 
L length of a line (km.). 
Lif Lz distances of a point on a line from the generator and 
motor ends respectively (km.). 
£ inductance of a coil or of a line (henrys). 
I linear inductance of a line (henrys/wire km.). 
Zo linear inductance of a pair of parallel wires (abhenrys/loop 

cm.). 
I,, linear inductance of a pair of parallel wires (henrys/loop 

km.). 
X wave length on an a.c. line (km.). 

M complex multiplier of Zi sinh 8a in the theory of composite 
line equivalent n architrave (numeric Z). 

m — ,. -\- <r impedance beyond leak I of a 7* line (ohms Z); also the 

denominator of the terminal load of an alternating con- 
tinued fraction (numeric Z). 

22 
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m 

m, transmission coefficient of voltage wave at transition from 

Zi to Zi (numeric Z). 
file transmission coefficient of current wave at transition from 

Zi to 2i (numeric Z). 

M = 9 + 7 admittance beyond motor end terminal of a 11 line, in- 
cluding terminal leak (mhos Z ) ; also in theory of composite 
lines n ^ l/<r admittance of a terminal load (mhos Z); 
internal permeability of a wire (gausses /gilberts per cm.). 
Nf N number of a junction and of a leak, respectively, in an 
artificial line, starting from the motor end (numeric), 
n number of sections in a multi-section line (numeric); also 
number of stages in a continued fraction; also exponent 
of a number (numeric); also ratio of voltage transforma- 
tion in a transformer (numeric), 
n,, n,, odd and even numbers of stages in a continued fraction. 
p = 1/p" admittance of a n architrave (mhos Z). 

vif V2 architrave admittances on each side of a leak load 
(mhos Z). 
Pa active component or real component of complex power 

(watts). 
Px reactive component or imaginary component of complex 
power (j watts). 
Ppt Pc volt-amperes or size of complex power at selected point P, 
and at reference point C of a line (volt-amperes); volt- 
amperes or size of complex power. 
PeXt f^cn volt-amperes at position of junction N or leak N on a con- 
jugate smooth line (volt-amperes). 
n a delta connection of three impedances simulating a line 
at an assigned frequency. 
T = 3.14159 . . . 

q the imaginar>' component of a complex hyperbolic angle 
expressed in quadrants instead of in radians. 
Rs impedance at junction iV, especially in c.c. case (ohms Z). 
Rnj R'n impedance at leak .N, excluding and including that leak 

respectively (ohms Z) especially in c.c. case. 
R/Aj RgA line impedances at generator end A, when respectively 

freed and grounded at far end (ohms Z). 
R/\j /?„.v corresponding line impedances at and beyond junction 
iV (ohms Z). 
/?/, R^ impedance oflferod by a line when freed and grounded 
respectively at the distant end (ohms Z). 
R* = 1, (7 impedance equivalent of a total line leakance G (ohms Z). 
Ri n»cciving-end impe<lance of a Une, in c.c. case receiving- 
end resistance (ohms Z). 
R total conductor impedance of a line (ohms Z); in the d.c. 
case, total conductor resistance, 
y?,, R,, total cond\ictor impedance per wire and per loop respect- 
ively (ohms Z). 
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R'^if line impedance at junction iV of a n line, including a half- 
leak only (ohms Z). 
Rb, Rct Rp line resistance beyond a generator end -4, a motor end B, 

a reference point C and a selected point P (ohms Z). 
?" = 1/(7" impedance in pillar leak of an equivalent n (ohms Z). 
ReNf Reft line impedances at positions of a junction N and leak N, 
respectively, on a conjugate smooth line (ohms Z). 
r linear conductor impedance of a line (ohms/wire km. Z); 

in the c.c. case linear conductor resistance, 
r' linear resistance of a round wire as influenced by skin 

effect (ohms/wire km). 
r, linear resistance per wire km. (ohms/w. km.). 
r,, linear resistance per loop km. (ohms/1, km.). 
= y/r/g surge impedance of a line (ohms Z). 

r©', To" surge impedance of wire line and of loop line, respectively 
(ohms Z). 
r'o apparent surge impedance \/r7g> uncorrected for lumpiness 
(ohms Z). 
r line impedance per section of an artificial line (ohms Z). 
p length of a radius vector in polar coordinates (cm.); also 
size of a complex quantity (numeric); also radius of- a wire 
(cm.) ; also virtual internal resistance of a condenser (ohms) ; 
also resistivity of a substance (absohm-cm.). 
^ p' resistance in branch of an equivalent T (ohms Z). 
p" resistance in architrave of an equivalent n (ohms Z). 
8, ds arc and arc element (cm. or circular radians). 

a- impedance load to ground or zero potential at motor end 
of a line (ohms Z). 
2 = 2<r regular impedance load (ohms Z). 

T a star connection of three impedances simulating a line 
at an assigned frequency; also the time of single transit of 
a voltage or current wave over a line (sec.). 
i elapsed time (seconds). 
V = d/2 semi-section angle (hyps.); also apparent velocity' of propa- 
gation aUmg a line (km. /sec). 
»/, i;" auxiliary hyperbolic angles in theory of continued fractions 
(hyps. Z). 
Va apparent semi-section angle of a T section, uncorrected for 

lurnpincss (hyps. Z). 
V potential at anj' i>oint on a line (volts Z). 
Vi potential at a point 1 km. beyond the reference point 

(volts Z). 
Va potential at generator end A of a line (volts Z). 
Vb potential at motor end H of a line (volts Z). 
Vc f)otontial at a point (■ of a line, wh(Te the electrical con- 
ditions are known (volts Z). 
Vp potential at a point P on a line (volts Z ). 
Vx potential at an unknown point A' on a line fed from both 
ends (volts Z). 
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ViT, Vb potential at junction N and leak N of an artificial line 
(volts Z). 
Vejfi VeB potential at position of junction N and of leak N, resper- 
tively, on a conjugate smooth line (volts Z). 
V potential at a leak in the presence of its admittance 
(volts Z). 
V'lf F'j, V'l . . . Fourier sine component amplitudes of a complex ha^ 

monic voltage wave (volts). 
V"i, V'"j, F"i . . . Fourier cosine component amplitudes of a complfi 

harmonic voltage wave (volts). 
VVi, Vr2j Vrs . . . Fourier resultant component amplitudes of a complex 

harmonic voltage wave (volts). 
Vof Vi, Fj, V| . . . Fourier resultant r.m.s. component amplitudes of a 

complex harmonic voltage wave (volts). 
^ phase angle of a condenser (defect from 90**) (degrees). 
W maximum cyclic energy in a.c. circuit or conductor (joules). 
Wa active or real component of W (joules). 
Wg reactive or imaginary component of W (joules). 
Wm = 2Tf, maximum cyclic magnetic energy in a.c. circuit or coft- 
ductor (joules). 
X reactance of a coil or of a line (ohms) ; also in the theorr 

of skin effect, the radius of a conducting wire (cm.). 
X Cartesian coordinate on X axis; also distance along & 
line from a reference point in a down-energy direction (km.); 
also radius of a point in the cross-section of a wire (cm.). 
Y dielectric admittance of a line (mhos Z). 
Y/Ai YgA line admittance at A, with motor end freed and grounded 
(mhos Z). 
y Cartesian coordinate on Y axis. 
r/o = l/zo surge admittance of a line (mhos Z). 

ijo' surge admittance of a line after regular leak loadini 
(mhos Z). 
y - g -\- jh linear dielectric admittance of a line (mhos/wire km. Z). 
y" linear dielectric admittance of a line (mhos/loop km. D- 
7/ou = l/'?oo limiting value of surge admittance of a line neglecting 
losses (mhos). 
Z = R -\- jX impedance of a coil or of a line conductor (ohms Z). 
Z/A, ZgA line impedance at A with motor end freed and grounded 
(ohms Z). 
2' linear impedance of a round wire due to skin effect 

(ohms/wire km. Z). 
Zo surge impedance of a line (ohms Z). 
2o" surge impedance of a two-wire line (loop ohms Z). 
z'o apparent surge impedance \/r7g of a T line (ohms Z). 
z"o apparent surge impedance \/r/g of a n line (ohms /). 
z = r -\- jx linear conductor impedance of a line (ohms /wire kra. Z i- 
z,, = r,, -f jx,, linear conductor impedance of a line (ohms/loop km. ^l 
Zr impedance of a motor-end load (ohms Z). 
w = 2irf angular velocity or angular frequency (radians per sec.). 
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M« = 4/ angular velocity or angular frequency (quadrants per sec.). 
2oo — \^l/c limiting value of surge impedance ignoring losses (ohms). 
zi, ztj 2s in theory of composite lines, surge impedance of succes- 
sive sections (ohms Z). 
zo, surge impedance of a line section after loading (ohms), 
oc sign of infinity. 
Z sign of a complex quantity or of the slope of a complex 

quantity. 
\a size of the complex quantity a (numeric). 
a slope of the complex quantity a (degrees or radians). 
^ sign for "cycles per second." 
sign for ohms impedance, 
r) sign for mhos admittance. 

^ sign for "nearly equals," or approximate equality. 
/ sign for farads capacitance. 
tif sign for microfarads capacitance. 
myif sign for millimicrofarads. 
MMf sign for inicromicrofarads. 
logh hyperbolic logarithm to base c. 
log common logarithm to base 10. 
hyp. contraction for "hyperbolic radian." 
r.m.s. contraction for "root mean square." 
B.C. contraction for "alternating-current." 
c.c. contraction for "continuous-current." 
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Abhenry or C.G.S. magnetic unit of Becker, G. F., 120 



inductance, 143 
Active conductance, 129 

resistance, 125 
Actual velocity of propagation, 153 
Addition and subtraction of vectors, 

117 
Admittance, linear wire, 149 
Aggregate conductor resistance R of 
a line, 16 
dielectric leakance Goia, line, 1 6 
Ahlbom, G. H., 213 
All-capacitance artificial line, 312 
All-inductance artificial line, 312 
All-resistance artificial line, 312 
Alternating continued fractions, 327 
Alternating-current artificial lines, 
fundamental properties of, 
164 
simple circuits, 124 
Anderson bridge, 234 
Angle hyperbolic of a line, 16 
Angles, real circular, 6 
real hyperbolic, 6 
Apparent velocity of propagation, 

152 
Architrave admittance, 242 
Artificial line, as frequency filter, 
316 
definition of, 1 
homologous types of, 310 
principal purposes of, 1 
sections, unrealizable, 167 
various types of, 309 
lines and duplex telegraphy, 2 
historical outline of, 2 
Attenuation nmstant of a.c. line, 
151 
of a line, 16 
factor, normal a.c, 156 
normal of a line, IS 
Axis of imaginaries, 114 
of reals, 114 



Bedell and Crehore, 127 
Bessel functions, 147 
Bifurcating composite lines, 275 
Bouton, C. L., 123 

Cable circuit, pure, 156 
Campbell, A, 236 
Campbell bridge, 234 
Campbell, G. A., 110, 302 
Campbell mutual-inductance bridge, 

235 
Cantilevers, 252 
Casual loads, 254 
Changes in architrave formula with 

casual loads, 276 
Characteristic resistance of a line, 19 
Chrystal, G., 123 
Circuit, distortionless, 154 
Circular angles, real, 6 

and hyperbolic formulas list of, 
3i23 
Clerk-Maxwell, 141 
Cohen, B. S., and Shepherd, G. M. B, 

181 
Cohen, B. S., 233 
Complex liarmonic waves, 192 
hyperbolic angles, 119 
quantities defined, 113 
Composite line, a.c. example, 261 

of impedance terminal 
loads 268 
architrave and casual loads, 
276 

impedance, second method, 
250 
attenuation in miles, 286 
definition of, 15 
ecjuivalent II of, 249 
intermediate leak loads in, 272 

impedance loads in, 2((9 
laboratory testu of, 280 
terminal series loads of, 254 
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Composite line, leak loads in, 271 
transformer in, 278 
lines, 240 
bifurcating, 275 
line-current distribution over, 

247 
position-angle distribution 

over, 245 
power distribution over, 247 
Condensive susceptance, 129 
Conjugate smooth line, 62, 64 
Constant, attenuation, of a line, 16 
continued fractions, 327 
propagation, of a line, 16 
wave-length, 152 
Constants, linear of a real line, 15 
Contacting polygons, internal and 
external, to equiangular 
spiral, 169 
Continued fractions, alternating and 

constant, 327 
("orrecting factor for a leak load, 111 
factors for T and n sections, 91 
Cosine of complex hyperbolic angle, 

120 
Cosines of real circular and hyper- 
bolic angles, 9 
( -rab addition or perpendicular sum- 
mation, 194 
Cunningham, J. H., artificial Hne 

design, 5 
Current at point along line in terms 

of position angle, 39 
Cycloid, 136 

Depression factor of a leak load, 
defined, 111 

Design and construction of artificial 
a.c. lines, 196 

Detection of even-frequency har- 
m<mics, 319 

Detectors of frequency variations, 
artificial hues, 322 

Distortionless circuit, 154 

Distribution of c.c. line tests among 
observers, 106 

Disturlmiices in i)otential and cur- 
rent due to a leak, 106 

Division of vectors, 118 



Double surge impedance, T and U 

sections of, 211 
Douglas, J. F. H., 292 
Drysdale, C. V., 158, 224 
Dr>'sdale-Tinsley potentiometer, 222 
Duplex telegraphy and artificial 

lines, 2 

Even-frequency harmonics, detec- 
tion of, 319 
Equiangular spiral, 157 

polygon, 169 
Equivalent circuits defined, 89 
n defined, 89 

of composite line, 249 
T defined, 89 
Estwick, C. F., 215 
Exponential case, 45 
Exponentials, geometrical interpre- 
tation of, 12, 13 
External contacting polygon to 
equiangular spiral, 169 
linear loop and external linear 
wire inductance, 141, 142 

Factor, normal attenuation, of a 

line, 18 
Feldmann and Herzog, 92 
Fictitious impedance diagrams, 140 
Filter of frequencies, artificial line 

for, 316 
Fleming, J. A., 115, 116, 224, 235 
Four-wire artificial lines, 56 
Fractions, alternating continued, 327 
Frequency filter, 316 

limitations of artificial lines, 239 
measurements, 238 
Frequencies, range of, 125 
Functions, Bessel, 147 
Fundamental and secondary con- 
stants of a line, 22 
differential equation of line, 
complete solution of, 28 
of a smooth line, 24 

CJftti, B., 233 

Croneral Railway Signal Co., artificial 
track circuit, 215 
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Generator end of line defined, 30 
Graphical relation between poten- 
tial and current spirals, 159 
Gray, A., 110 
Greenhill, A. G., 135, 157 
Grover, F. W., 237 

Half-wave and quarter-wave lines, 

288 
Harmonic suppression, under, 318 

upper, 317 
Harmonics, detection of even-fre- 
quencies, 319 
sine and cosine, 193 
Heaviside, O., 24, 29, 154, 163, 243 
Herzog and Feldmann, 92 
Historical outline of artificial lines, 2 
Homologous types of artificial line, 

310 
Huxley, R. D., 204 
Hyperbolic and merger n of compos- 
ite line, 243 
angle, linear, of a line, 16 
angles, complex, 119 
real, 6 
Hyperbolic-cosine, infinite scries of 
integers, 314 
radians, 7, 16 

-sine infinite series of integers, 
314 

/ Sections of artificial line defined, 

166 
Imaginary axis, 114 

component of rectangular vec- 
tor, 114 
Impedance graphs on artificial and 
a.c. conjugate smooth lines, 
184 
model of a.c. line, 231 
tests, 219 
Inductive reactance, 125 

susccptance, 129 
Infinite scries of numbers, hyper- 
bolic-sine and cosine, 314 
Infra.su r^e impedance, 51 
Initial current at sending end, 161 
Intermediate impedance load in 
composite line, 269 



Intermediate, leak loads in compos- 
ite line, 272 

Internal contacting polygon to equi- 
angular spiral, 169 
linear impedance of a wire, 148 
loop and internal linear wire 
inductance, 141, 142 

Involution and evolution of vectors, 
119 

Iterative resistance of a line, 19 

Jahnke and Emde, 147 

Laboratory tests of composite line, 

280 
Laws, F. A., and Pierce, P. H., 147 
Leak loads, 254 
regular, 304 
Leblanc, M., 163 
Lewis, L. v., 215 
Line admittance, 48 

current tests by ammeter, 232 
impedance, 48 
reactors, design of, 197 
resistance in unsteady state, 51 
Lines regularly loaded, 300 
Linear and total hyperbolic angles of 
a line, 21 
complex hyperbolic angle of line 

or section, 149 
constants of a line, 15 
dielectric leakance and admit- 
tance of a real line, 15 
hyperbolic angle of a line, 16, 17 
impedance, internal, of a wire, 

148 
inductance, 141 
loop capacitance, 142 
inductance, 141 
reactance, 145 
susccptance, 147 
resistance and impedanco of a 

real hue, 15 
wire admittance, 149 
capacitance, 144 
impedance, 147 
inductance, 142 
reactance, 145 
susccptance, 145 
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Loaded lines, regularly, 300 
Loads, casual, 254 

leak, 254 

regular, 254 
leak, 304 
Loop capacitance, linear, 142 

inductance, linear, 141 

-kilometer or loop-mile con- 
stants, 21 

reactance, linear, 145 

surge impedance, 161 

susccptance, linear, 147 
Lossless line, 154 
Lumpy artificial lines classified, 55 

lines, definition of, 2 

Magnusson, C. E., Goodorham, J., 
and Rador, R., 204 
and Burbank, S. R., 204, 291 

McCready, Harold, 213 

Measurement of individual induc- 
tances, 233 

Merger n, 243 

Motor end of line defined, 30 

Muirhead, Alex, artificial submarine 
cable, 3 

Multiplication of vectors, 117 

Natural resistance of a lino, 19 
Negligible line leakancc and reduc- 
tion t^) Ohm's law, 36 
Nominal II, defined, 91 

r defined, 90 
Normal a.c. attenuation, 156 
defined, 45 
factor, 45 
of a line, 18 
graphs on a. c. lines, 167 
spiral. 157 
waves, 161 
Numb«»rH, hypcTbolic-sino and rosino, 
infinite scries of, 314 

O Serf ions of artificial line defined, 

iri6 

Orthogonal prnjei'tion, 13 
Os}>orne, 11. S., and IVmlcr, H.. 144 
Overhead aerial lines ami tiieir leaks, 
28 



Pender and Huxley design of reactor, 
144, 205 
and Osborne, 144 
Perpendicular summation or crab 

addition, 194 
ll-line admittance on each side of a 
junction, 74 
currents at junctions, 77 

at mid-sections, 84 
defined, 57 
distributions worked out, 78, 79, 

80 
impedances at junctions, 69 

at mid-sections, 84 
junction potentials, 76 
lumpiness correction factor, 73 
potential at mid-sections, 83 
powers at mid-sections, 84 
section angle, 72 

Plane vectors defined, 113 
polar, 115 
rectangular, 114 
Plug contact piece, 209 
Plural frequencies on a.c. lines, 

192 
Position angle, definition of, 37 

distribution on composite 
line, 245 
angles, solution in terms of, 37 
Potentials in terms of position 

angles, 38 
Potentiometer and voltmeter meth- 
ods compared, 230 
tests of c.c. artificial line, 103 
Power at any point of a line, 53 

on a.c. hues, 187 
Primitive of fundamental differen- 
tial equations of line, 28 
Prolat*' trochoid, 136 
Projection orthogonal, 13 
Propagation constant of a line, 16 
Properties of real circular and hyper- 
bolic angles, 7 
Pupin. M. I., artificial lines, 4 
Pure cable circuit. 156 

Quadrant measure for circular 
angles, 123 



INDEX 



347 



wave and half-wave lines, 
288 

hyperbolic, 7, 16 
f frequencies, 125 
I formula for skin effect, 148 
ge, 219 

zeleas surge impedance, 163 
k circuit, 155 
I, non-ferric, 204 
ire frame, 202 
3, 114 
liar and hyperbolic angles, 

common properties of, 7 
numerical values of sines, 

and cosines, 8 
igles, 6 

ponent of rectangular vec- 
tor, 114 

crbolic angles, 6 
itities defined, 113 
g-end impedance defined, 52 
als of vectors, 119 
jlar plane vectors, 1 14 
•n of formulas from circular 
to hyperbolic trigonome- 
try, 10 

n coefficients for individual 
waves, 243 
leak loads, 304 
s, 254 

y loaded lines, 300 
3e, characteristic, 19 
itive, 19 
iral, 19 
e, 18 

n from T or II section to 
conjugate smooth line, 93 
1 W., 320 
n, D., 23H 
power (liagrarn, 134 
or diagniins, 132 
f\., 144 

y and fundamental con- 
stants of a line, 22 
nglc, uncorrected, 58 
-citanccs, measurements of, 
236 



Semi-imaginary quantities, 154 

Sending-end impedance measure- 
ments, 220 

Sending end, initial current at, 161 

Series-resistance method of measur- 
ing capacitances, 237 

Shepherd, G. M. B., 197, 316 

Shepherd, G. M. B., and Cohen, 
B. S., 181 

Silsbee, F. B., 144 

Similarity of sectors in normal atten- 
uation spiral, 160 

Simple alternating-current circuits, 
124 

Sine and cosine harmonics, 193 

of complex hyperbolic angle, 
121 

Sines of real circular and hyperbolic 
angles, 9 

Single-wire and two-wire line con- 
stants, 20 
artificial lines, 55 

Size of vector defined, 115 

Skin-effect in round wires, 147 

Slope of vector defined, 1 15 

Smooth lines, definition of, 1 

Splash, 161 

Square-frame reactors, 202 

Standard twisted-pair telephone 
cable, 150 

Statfarad or C.G.S. electrostatic unit 
of capacitance, 143 

Stationary vector diagrams, 132 

Steinmetz, C. P., 127, 279 

Strehlke, A. B, 331 

Super surge impedance load, 42 

Surge admittance, 162 
impedance, 160 
reactanceless, 163 
uncorrected, of a section, 59 
resistance of a line, 18 

T and n sections of double surge 

impedance, 210 
Tangent of complex hyperbolic 

angle, 123 
Tangents and antitangents, 41 

of real circular and hyperbolic 

angles, 9 



